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FROM THE PREFACE TO THE RUSSIAN EDITION 


THEORETICAL astrophysics is the scicnce which studies and explains, 
using the laws of physics, the physical processes occurring in the heavenly 
bodies. In doing so, wide use is made of mathematical methods, but 
these play only a subsidiary part. 

Although theoretical astrophysics is a young and very rapidly deve- 
loping science, its results are already of great importance in all branches 
of astronomy and in many branches of physics. The subject has been 
developed particularly in the USSR. 

The first Russian textbook on theoretical astrophysics appeared in 
1939, and was written by the editor of the present work. During the 
past twelve years, this young branch of astronomy has made so much 
progress and has undergone such profound changes that it was necessary 
to abandon the idea of merely revising the old book, and to compile 
an entirely new one. 

In 1939 the main content of theoretical astrophysics was formed 
by probleins of the radiative transfer of energy and of the excitation 
of atoms im stellar atmospheres and in the nebulae.-Today, although 
the treatment of the radiation field and radiative equilibrium has been 
considerably developed and refined, the processes occuring in the macro- 
scopic electromagnetic fields which exist in the stars and in the Sun 
are becoming more and more important in theoretical astrophysics. It 
is casy to see why these problems began to be developed much later 
than those of the theory of radiative equilibrium. By observing the 
radiation of the stars and nebulae, direct information is obtained about 
the radiation field in the form of values for the intensity of radiation 
emerging from these bodies. These results are both the basis and the 
test of the theory of radiative equilibrium. The study of the macroscopic 
electromagnetic fields is more involved, since we must draw our conclu- 
sions from the effects of the fields on the motions of charged particles. 
The observation of these motions is very difficult, and is possible only 
by the use of new techniques. The importance of these fields is fairly 
well understood only in the case of the Sun. 

Sovict scientists who work in the field of theoretical astrophysics 
are guided by the method of dialectical materialism, and always link 
their work to reality, using mathematical and physical methods as an 
important and powerful means of studying the heavenly bodies. 


xil From the preface to the Russian edition 


In the field of theoretical astrophysics, Soviet scientists now occupy 
the leading place in the world. The authors of this book have made 
by their investigations considerable contributions to the branches of 
theoretical astrophysics which they discuss. The treatment of many 
topies in the present work is therefore completely original, and sometimes 
differs sharply from anything that has been published in scientifie lite- 
rature. This fact should be kept in mind in studying the book. 

Parts I, I, and III were written by Is. R. Musteu’, Parts 1V, V, 
and VI by V. V. Sopotev. Part VIL by A. 3B. Severnyi, and Parts VIII 
and IX by V. A. AMBARTSUMYAN. 

The authors express their gratitude to $8. B. PIKEL’NER, who wrote 
Chapters 18 and 22 in Part III. 

The course is designed for university students, graduates, and 
scientific workers. In a new branch of science, errors are inevitable, but 
it is hoped that this book contains as few as possible. 

We shall be very grateful to any reader who points out errors or 
submits critical remarks. 


1952 V. A, AMBARTSUMYAN 


PREFACE TO THE ENGLISH EDITION 


Four years have passed sinee the Russian edition of this book was 
published. This is no little time in the rapidly developing subject of 
astrophysies. When the Pergamon Press undertook to publish an English 
edition, they asked me to examine the MS of the translation and to 
make any neeessary changes and additions. This has been done by my 
fellow authors and myself. We have eonfined ourselves, however, to 
the most essential additions and eorrections, and have not rewritten 
any part of the book. 


The pioneers of theorctical astrophysics — JxEans, Epptneron, 
MILNE — were Englishmen, and wrote in English. The researches of 


the present generation of British scientists in this ficld are also very 
well known. We, the authors, therefore, while happy to see our book 
appear in English, have also a fecling of responsibility. 

We are grateful to the Pergamon Press for their initiative and perse- 
verance, and to the translator for what is, so far as we can judge, an 
exeinplary picee of work. 


May 1956 V. A. AMBARTSUMYAN 


Editor of the Russian edition 


NOTE 


THE system of transliteration used is that reeommended by the Royal 
Society. All names of Russian astronomers have been rendered in 
accordance with this system, but the Index of Names contains many 
of the alternative forms that have been used at various times. 


References to Russian journals have been retained, but those to 
Russian textbooks not at present available in translation have been 
omitted. 


My thanks are due to numerous colleagues for their valuable advice, 
and to Miss HeatuER Carter for her labours at the typewriter. 


J.B.S. 


PART I. 


THE THEORY OF THE RADIATIVE EQUILIBRIUM 
OF STELLAR PHOTOSPHERES AND THE 
CONTINUOUS SPECTRUM OF STARS 


Chapter 1. Introductory remarks 


In Part I of this book we shall consider questions connected with the 
physical structure of stellar photospheres. Observations of the nearest 
star to us, the Sun, have enabled us to establish that its atmosphere 
may be divided into a series of layers differing from one another in 
their physical characteristics. The lowest and densest part of the solar 
atmosphere is called the photosphere. The photospheric layers emit 
practically all the radiant encrgy which the Sun sends out into space. 
The continuous spectrum of the Sun is basically the spectrum of the 
photospheric radiation. 

The absorption lines in the solar spectrum (apart from the centres 
of strong absorption lines) are formed in approximately the same layers 
of the photosphere as the continuous spectrum. The division of the 
lower layers of the Sun’s atmosphere into photosphere and reversing 
layer, which is frequently made in the literature, is of an arbitrary 
character. 

Above the photosphere of the Sun lic the chromosphere (thickness 
about 15,000 km) and the solar corona (whose extent, including coronal 
rays, amounts to several solar radii). The chromosphere and corona 
play a negligible part in the formation of the continuous spectrum of 
the Sun in the visible region, and are important only in the far ultra- 
violet region of the spectrum (beyond the limit of the Lyman series) 
and in the region of very long waves (including the ultra-short radio- 
wave range). 

As yet we know very little of the existence of a chromosphere or 
eorona in stars which are essentially different from the Sun as regards 
spectral type. The existence of photospheric layers, however, is a neces- 
sary property of every star, for it is these layers which determine its 
luminosity. The interrelation between the photospheric layers and the 
layers m which the absorption lines are produced is a more complex 
question. A number of physical considerations show that, for the majority 
of stars of non-solar type, these layers are more or less identical also. 
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Thus the gencral theoretical considerations which we shall discuss 
in Part I of this book are applicable not only to the Sun, but also to 
a very large group of stars. However, in selecting objects for study 
we shall make a series of restrictions. Firstly, we shall study only stars 
whose luminosity does not vary with time, or varices only slowly. Se- 
condly, we shal] limit our investigations to stars where the thickness 
of the photospheric layers is very small in comparison with the radius. 
Finally, we exclude from consideration stars characterised by some 
peculiarity of spectrum (Wolf-Rayct stars, P Cygni type stars. cte.). 

Let us consider these limitations in more detail. In stars of constant 
luminosity, the state of the photosphere may be regarded as stable 
and invariable in time. Of course, this statement is valid only on the 
average. In reality, as observation shows, the different parts of the 
surface of such a “constant” star as the Sun, for instance, undergo 
considerable changes at times (sunspots, faculac, ete.) Yet we may 
suppose that the state of the photospheric layers of the Sun as a 
whole is invariant. The same is true also of other stars of constant 
luminosity. 

We turn now to our second restriction. The study of the Sun has 
shown that the thickness of its photosphere is very small and amounts 
to about 100 to 300 km. In comparison with the Sun’s radius (696,300 kin) 
this is, of course, an extremely small quantity. Hence, in our problems. 
the solar photosphere may be considered as composed of plane-parallel 
lavers. Theoretical calculations show that this holds also for the majority 
of other non-variable stars. 

Finally, Wolf-Rayet stars. P Cygni type stars, ete., form a very 
special group of stars; we shall consider them later. 

It is to be noticed that the limitations which we have introduced 
exclude from consideration only a negligible proportion of the stars. 
Hence our theoretical results will be valid for a very large group of objects. 

The main problems which the theory of stellar photospheres proposes 
to solve are essentially as follows: 


(1) To find the law of variation of temperature. pressure, density, 
and other physical characteristics with depth in the stcHlar (or solar) 
atmosphere. 


(2) To explain the properties of the continuous spectra of stars and 
of the Sun, 


(3) To cxamine the law of variation of brightness over the discs 
of the Sun and of the stars. 


The first of these problems is the most important; its solution deter- 
mines that of the other two. 


Chapter 2. Basic concepts of the theory of radiation. 
The equations of transfer 


1. The part played by radiation in stellar photospheres. The physical 
state of any element of matter inside a stellar photosphere is determined 
by the interaction of this element with the surrounding medium. The 
chief question in which we are interested is by what means the transfer 
of energy takes place in the photospherie layers. In this connection we 
shall speak only of thermal energy. Jn the term “‘thermal energy’ we 
include the internal kinetic energy of the thermal motion of particles, the 
excitation energy of atoms and the ionisation energy (see below). 

The remaining forms of internal energy are unimportant in the photo- 
spheres of ordinary stars. For instanec, nuclear processes (with release 
of energy) do not play a noticeable part in stellar photospheres. The 
following processes must be considered as being capable of bringing 
about the exchange of thermal energy in a stellar photosphere. 


(1) The transfer of thermal energy by conduction. 


(2) The transfer of thermal energy by convection, i.e. the transfer 
of heat by the actual movement of masses of gas. 


(3) The transfer of thermal energy by radiation. Here it is understood 
that the radiation itself is of purely thermal character, i. e. is determined 
only by the temperature of the gas (which, of course, changes from 
point to pomt). 


Numerous investigations have shown that the first process is negli- 
gible in stellar photospheres. These investigations have also established 
that, in the overwhelming majority of cases, at Icast for the stars to 
which we restrict ourselves, the exchange of thermal energy takes place 
mainly by thermal radiation; we shall see this from later considerations. 
We therefore now turn our main attention to questions relating to 
thermal radiation, and first reeall some basic ideas of the theory of thermal 
radiation. 


2. The intensity and flux of radiation. We consider a cavity penetrated 
in all directions by radiation. In this cavity we seleet an arbitrarily 
oriented small area do and _ erect 
on it at the point ? the normal n 
(Fig. 1). Next, at an angle 9 to the 
normal we draw a line L, which 
we take as the axis of an elementary 
cone of solid angle dw. If we draw 
through every point of the bound- 
ary of the area doa line parallel to 


the nearest generator of the cone 
1* 
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dw, then we shall have a truncated semi-infinite conc dQ, similar to 
the cone dw. Its cross-sectional areca, perpendicular to L, at the point 
P will be do cos f). 

Let d#, be the total quantity of energy, passing in time dt through 
the area do insidet the cone dQ, which belongs to the frequency interval 
between v and » + dv. Then the specific intensity of radiation, or simply 
the intensity, J,, is defined as the following limit: 


dE 
L= lim pa, . (2.1) 
do, dt, dw, dy -» 0 do eos Odidwdyr 


This limit is in general a function of the co-ordinates (i. e. of the position 
in space) of the point P, of the direction ZL, of the tine ¢t, and of the 
frequency ¥. 

The appearance of cos @ in (2.1) is explained by the fact that we are 
considering a beam going not in the direction of the normal n but in 
the direction L; the quantity of energy which travels inside the solid 
angle dQ is determined not by the area do itself, but by its projection 
on a plane perpendicular to the direction L. 

From the definition (2.1), we can calculate the quantity of energy 
dE, if we know J,: 


dk, = 1,da cos 0 dt dw dy. (2.2) 


For the quantities d# and J, which are integrals over the whole spectrum, 
we have, instead of (2.2), 


d# = I da cos 6 dt dw . (2.3) 


The quantity of radiant energy d£, in (2.2) relates to the solid angle 
dw. The total quantity of energy of radiation dE* passing through 
the area do in all directions will be: 


dE* = dodtdy [ J, cos 0 dw. (2.4) 
42 


Since for 0 > 32 the factor cos 0 is negative, dFf is in fact the 
excess of energy passing outwards through the area do in time dé and 
frequency interval dy, over the energy passing inwards through that 
area. The magnitude of this excess for unit time, referred to unit arca 





+ That is, along those directions which after intersceting the areca do remain 
entirely within dQ. We obtain the aggregate of such rays if we construct at every 
point of the area do a eone containing all directions parallel to those contained 
in dw. It is elear from this that, for small do and da, the energy passing through 
do inside dQ will be proportional to do da. , 


2. The intensity and flux of radiation a 


and unit frequency interval. is called the flux of radiation 2 H, (the 
factor zt is introduced for convenience in later calculations). The flux 
x H, is obtained on dividing dE¥ by do dé dy, and thus 


aH,=/ 1, cos 0dw. (2.5) 
dn 


The total (integrated) flux a Z is clearly 


co 


xHan[H,dv=/f [ 1, cos0dway. (2.6) 
0 QO 42 


It has the dimensions of energy per square centimetre per second. The 
flux quantities aH, and aH are, in general, functions of the space 
co-ordinates and orientation of the area. 

We now introduce the expression for the solid angle dw. To do this, 
it is most convenient to use a system of spherical co-ordinates with its 
origin at the given point in the stellar atmosphere and its polar axis 
along the radius of the star. Since, by definition, the solid angle is 
numerically equal to the area intercepted on a sphere of unit radius by 
the corresponding directions, when they are drawn from the given point 
P, we have 

dw = dysin0dé0. (2.7) 


For the problems discussed in Part I, however, it may be assumed 
that the physical state of the photospheric layers depends only on their 
depth. i. e. on the distance from the centre of the star. Owing to symmetry, 
the intensity of radiation in this case cannot depend on the azimuthal 
angle y. Consequently, the expression (2.7) for the solid angle can be 
immediately integrated over all angles y. We then obtain 


dw = 2asin0 dé. (2.8) 


The flux at a given point of the star, passing radially through unit area 
perpendicular to the radius, is then given by (2.5) as 


aH, = 2a { 1,(0) cos 0 sin 0d0. (2.9) 
10) 


The expression (2.6) is changed similarly. 


In this particular case, which we shall usually be considering, the 
physical nicaning of the flux is as follows. If the unit arca is placed as 
shown in Fig. 2, i.e. with its plane perpendicular to the radius, then 
the flux is the excess of the energy passing upwards through this area 
(0< 0<}2) over the energy passing downwards ($}a<0< 2). 
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One of the chief differenees between flux and intensity is that in 
“empty” spaee (i.e. when there is no absorption of radiation), the 
intensity of a ray remains constant along its path in space. For instance, 
at the outer boundary of the Earth’s atmosphere radiation arrives from 
the Sun which is of the same intensity as that at the surfaee of the Sun 
itself (the absorption in interplanetary space being negligible). On the 






dw= dysin@d@ 


other hand, the flux of solar (or stellar) radiation deereases with inereasing 
distanee from the Sun (or star), in inverse proportion to the square of 
the distanee from the centre of the Sun (or star). 


3. The coefficients of emission and absorption. We now consider the 
following question. Let an element of mass dm emit thermal energy in 
all direetions. Then in time dé and frequeney interval y to » + dy this 
element will emit within the solid angle dw an amount of energy 


j, dm dw dt dy. (2.10) 


The coefficient of proportionality j, is ealled the coefficient of emission. 
It foHows from the definition (2.10) that j, is the energy emitted in 
unit time, unit frequency interval and unit solid angle by unit mass of 
material. 

The total energy emitted by the mass element dm in time dd is 


dtdm [ fj, dwdy. (2.11) 
0 4: 
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In the case where the coefficient 7, does not depend on direction, (2.11) 
may be rewritten 


dt dm 4st { 9, dy. (2.12) 
6 


We now introduce the coefficient of absorption. Let a beam of light 
rays whose intensity is J, fall perpendicularly on the surface of an 
absorbing layer of thickness ds. As a result of passing through the layer, 
the intensity J, of the beam reccives a (negative) increment dJ,. The 
coefficient of absorption x, is defined as follows: 


v 


di, =— TI, x, ods, (2.13) 


where o is the density of the absorbing* material. Thus the attenuation 
of the beam is, by (2.13), proportional to the intensity itself, the 
coefficient of proportionality being the coefficient of absorption. The 
correctness of the definition (2.13) is confirmed by experiment. 

We now assume that the absorbing layer has a linear thickness s, and 
calculate the intensity of the beam emerging from the layer as a function 
of the other parameters. Dividing both sides of (2.13) by J, and integra- 
ting, we obtain 


log, J, =— / x, ads + log. C, (2.14) 
6 


where log, C is a constant of integration. The solution (2.14) can be 


rewritten in the form 
8 


I, = Cexp [— [ x,ods]. (2.15) 


0 


The constant C is determined as follows. If s is put equal to zero, I, 
becomes the intensity of the incident beam, which we denote by I°. 
Therefore 


I, = exp (— f xz, ods). (2.16) 
0 


Similar formulae are obtained if we consider not the intensity J, but 
the energy /,. Consequently, the incident beam is attenuated, in passing 
through the layer, aceording to an exponential law; the index of the 
exponent is 


t, = [ x, ads, (2.17) 
0 


* The quantity @ can also be the total density of the material, in which case 
the quantity x, must be correspondingly changed; we shall discuss this later. 
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and this is called the optical thickness or optical depth of the layer. The 
optical thickness is a measure of the absorption of light in the given 
absorbing laycr. According to (2.17), the element of optical thickness is 


dr, = x, ods. (2.18) 


4. The equation of transfer of radiation. The equation (2.13) deter- 
mines the change of J, over the path ds only on account of absorption. If 
the material not only absorbs but also emits energy, the equation (2.13) 

L must be correspondingly modified. 


In this case we arrive at what is called 
dw 


the equation of transfer of radiation. 
a We consider an elementary cy- 
linder* with base area do and height 


ds, whose axis is oriented along 

some direction L (Fig.3). We denote 

the density of absorbing material in 

hy A this cylinder by o. 

do Let FE; be the quantity of radiant 

Fic. 3 energy T passing in time dé through 

the first (I) base do of the cylinder, 

inside the solid angle dw and within the frequency interval »y to » + dy. 
This quantity, by (2.2), is (cos 0 = 1) 


E, = I, dw do dt dy. (2.19) 


The radiation emerging from the cylinder through its second (IL) base, 
E,, is characterised by a different intensity J, -+-dJ,, and we have 


E, = (I, + dl,) dw do dt dy. (2.20) 


The reasons for the change of /; to F, are as follows. Firstly, the 
corresponding beam of energy emerging from the second base of the 
cylinder must be inereased because the material of the cylinder itself 
emits, and in particular emits in the direction ZL. To take account of 
this, we must add to the quantity #; the energy emitted by the cylinder 
in the direction ZL inside the saime solid angle dw, in the same tiie 
interval dt and in the same frequency intcrval dy. We call this energy 
AF em. By (2.10), it is equal to 


AF on = 1 0 do ds dw dt dy , (2.21) 

since 
dm = O dads. (2.22) 
* It is supposed that the height of the cylinder considered is negligible com- 


pared with the radius of its basc. 
+ We omit the suffix » to & for the sake of brevity. 
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The second reason for the change in #; is the absorption of radiation in 
the cylinder. The quantity of energy absorbed, AF), is, by (2.13), 


OE wy = E; Ay, 0 ds > (2.23) 


since the definition (2.13) holds not only for intensity, but also for 
energy, as we have already remarked. 

The equation which takes account of all changes in the quantity 
of energy which occur while the radiation passes through the cylinder is 


E, = E; + AB en + AF yy ’ (2.24) 


where the negative sign of 4H, has already been included in (2.23); 
this latter term may be rewritten, according to (2.19) and (2.23 


) 
AF, =—T1,z,0dsdwdodt dy. (2.25) 


Applying the formulae (2.19), (2.20), (2.21) and (2.25), and effecting the 
necessary cancelling in the equation obtained. we find the required 
equation of transfer: 

dI,jds = —I, % 0 +30. (2.26) 


This equation describes the changes in the intensity of radiation which 
occur when it passes through an absorbing and emitting medium. 

The independent variable s in the equation (2.26) is in some ways 
inconvenient. We therefore transform to another variable, namely, the 
depth of the given layer in the stellar 
photosphere. In this connection we recall 
that we are investigating stellar photo- 
spheres whose thickness is very small 
compared with the radius of the star. 
Consequently, for every element of the 
stellar photosphere we can consider the 
photospheric layers as plane-parallel. The 
normal x to these layers (which coincides 
in direction with the radius of the star) 
and the direction [ of the ray are at an 
angle 0 (Fig. 4). We now introduce the 
depth A, reckoned along the normal and increasing inwards to the 
centre of the star. It then follows from Fig. 4 that 





ds = — see 0dh. (2.27) 
From (2.27), the equation of transfer (2.26) can be rewritten as 
cos 0 dl, (0)/dh = I,(0) x, 0 —j, 0, (2.28) 


and it is clear from (2.28) that J, is a function of the angle 0. 


Chapter 3. Radiative equilibrium of the stellar photo- 
sphere. The solution of the equation of transfer 


1. The condition of radiative equilibrium. We have already remarked 
that the principal problem of our theory is to establish the law of variation 
of temperature and other parameters (pressure, density, etc.) inside the 
stellar photosphere. Let us eonsider some element of volume Av inside 
the stellar photosphere. Let the total quantity of energy gained per 
second by this element as a result of its interaction with other parts 
of the photosphere be Ey, and the total quantity of energy lost per 
second by the same element be E_. 


The temperature inside Av will be determined by the relation between 
the quantities £, and E_. If, for instance. By > E_, the internal energy 
of the volume will continually increase, and consequently the temperature 
inside it will increase. If. on the other hand, A, < E_, then more energy 
will be lost than is gained, and consequently the tempcrature inside 
the element Av will fall. We have stated in Chapter 1 that we intend 
to study the photospheres only of non-variable stars. In this case, the 
temperature inside any volume of the stellar photosphere must remain 
constant and independent of time. This will happen only if the following 
equality holds: 

E,=E_, (3.1) 


and this is the condition of energy equilibrium. 


The equation (3.1) has a very general form. However, as we have 
stated in Chapter 2, the prineipal factor which determines the transfer 
of energy from point to point in the photospheres of non-variable stars 
is the transfer of thermal energy by radiation. Consequently, the quantities 
E, and E_ are, in the theory which we consider, identical with the 
energies of radiation: FE. is the radiant energy absorbed per second by 
the volume Av, and F_ is the radiant energy emitted per second by the 
same volume. In accordance with the above remarks, we shall hence- 
forward call this theory the theory of radiative equilibrinn. 

Our first problem is to write down the quantities #4 and #_ in an 
explicit form, and we take first E_. Let the volume Ar considcred have 
a mass dim. Then the total quantity of energy emitted by the volume 
Av m unit. time ts, by (2.10), 


E_=dm f / j, dw dr, (3.2) 
0 4 


where the integration is extended over the whole spectrum and over the 
whole solid angle 42. 
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Next, to calculate #,, we take the same clement of volume Jv, with 
density of absorbing material 6. We surround this element (Fig. 5) by 
a closed surfaee 2, whose dimensions are very large compared with those 
of the surface ao which bounds the volume Av. 


We also dispose the volume Av in such a way that the distanee from 
it to any point of the surfaee Y is very large eompared with the dimensions 
of the element Av itself. We now consider a beam of rays entering the 
volume bounded by »’ and passing through 
the elements d2 and do of the surfaces SY 
and a. Let the element d2’ subtend a solid 
angle dw at do (and therefore at any 
point of the volume dz, on aeeount of 
the smallness of the latter). Then the 
quantity of radiant energy passing through 
the area do in time dt, inside the solid 
angle dw and the frequency interval from 
y to »y + dr is, by (2.2), 


I, do eos 6 dt dw dy , (3.3) 





and all this energy passes also through 
the area d2’. 


Of the quantity of cnergy (3.3), the amount absorbed in the volume 
Av is, by (2.13), 


Fig. 5 


I,dacos 0dtdwdvz, ods, (3.4) 


where ds is the height of the eylinder* dv. The product do eos @ ds is 
the volume of the cylinder dv, whose height is ds and base area do cos 0 
(sce Fig. 5). If we replaee the volume do eos 0 ds by dv, the expression 
(3.4) beeomes 


I, x, a dudt dw dr. (3.5) 


We now integrate (3.5) over the whole volume Av, and thus obtain the 
amount of radiant energy, absorbed in the whole volume Av, whieh 
has first passed through d2. The quantity 7, may be regarded as constant 
in the integration, because of the smallness of 4v and its remoteness 
from the surface ©; we thus obtain simply Av instead of dv in the 
expression (3.5). 

To take aecount of the radiation whieh falls on Av from the whole 
surfaee 2, we must integrate over w the expression whieh we have 
obtained. In so doing, the position in Av of the point from which the 


* The volume de may be regarded as a cylinder in consequence of the small- 
ness of dw. 
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solid angles dw are measured is quite immaterial, since we again suppose 
Av small and very remote from the surface X. We find for the total 
energy (#4), dy absorbed per second by the volume Av and included 
in the frequeney interval dy (using dm = 9 Av) 


(Fs), dv = x,dmdv [ Ido. (3.6) 
42 
Finally, integrating over all frequencies, we obtain 


oo 
E,—=dm { { I, x, dwdr. (3.7) 
O48 
Consequently, we may write the condition of radiative equilibrium, on 
the basis of (3.2) and (3.7), as 


oo 


[ fi dw dy = [ 1, 4% de dy. (3.8) 
O 4x QO 4 


In the presenee of radiative cquilibrium the integrated flux of 
radiation +H in a “plane” photosphere remains constant at all depths. 
To show this, we integrate the equation of transfer (2.28) over the whole 
sphere and over the whole spectrum. We then find 


1? © 
a / J I, (0) cos 0dw dv = e | J! Ul, (0)%,—j,]dwdy, (3.9) 


since the variables w, » and h are independent. The quantity under 
the differentiation sign is, by (2.6), the flux aH. But the right-hand 
side of (3.9) is zero, by (3.8). Thus the flux 7H is constant (independent 
of A). 

The following two points should be noted in eonncction with this 
result: 


(1) The constaney of the flux ~H occurs only in photospheres whose 
layers may be regarded as plane-parallel. In fairly extended photo- 
spheres (which we do not consider at this stage), the flux ~H decreases 
outwards in inverse proportion to the square of the distance from the 
centre of the star. 


(2) The result that the total flux 2H is constant for plane photo- 
spheres can by no means be extended to the monochromatic flux z//,, 
which in general varies with depth. Since, however, the flux 2H is 
constant, this means that its spectral composition varies with depth. 
In particular, as we penetrate deeper into the photosphere, radiation 
of short wavelengths plays an inereasing part. We shall give in Chapter 6 
an actual example of the depth dependenee of xz, for different fre- 
queneics. 
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2. The hypothesis of loeal thermodynamic cquilibrium. We now 
introduce into the basie equations (2.28) and (3.8) the temperature — 
the principal physical parameter of the problem. We suppose (and this 
will be the fundamental hypothesis of our theory) that in any small 
region of the stellar photosphere the ratio of the coefficients 7, and 
x, is the same as in thermodynamic equilibrium. In this ease, by 
Kirechhoft’s Law, 

), =x, B,(T), (3.10) 


where B, (7) is the intensity of radiation of a black body, determined 
by Planck’s Law: 
BT) = 7h (3.11) 
’ ce exp {hy/kT7) -—-1 

Thus we suppose that the law (3.10) may be applied to any small 
region of a stellar photosphere; we identify the parameter 7 which 
appears in this equation with the temperature at the given level in the 
photosphere. We call this supposition the hypothesis of local thermo- 
dynamic equilibrium, as distinct from the equilibrium case where the 
temperature is constant throughout the region considered. 

To justify the hypothesis which we have introduced about the 
existence of local thermodynamic equilibrium in the photospheres of 
stars, we can proceed in two ways: firstly, by using (3.10) and completing 
our theory of radiative equilibrium, and then comparing its results 
with those of observation, which is a test of the correctness of the above 
hypothesis; secondly, by developing the theory of stellar photospheres 
and determining the physieal conditions in the photospheres of stars, 
we can test the applicability of the law (3.10) from a purely physical 
point of view. In what follows we shall use both methods. It must be 
kept in mind, however, that the supposition that local thermodynamie 
equilibrium, for the appropriate temperature, exists in every sinall 
region of the stellar photosphcre is as yet only a hypothesis, so far as 
we are conecrned. 

Introducing Kirchhoff’s Law (3.10) into the equation of transfer 
(2.28) we find 


cos $ dJ,(0)/dr, = 7,(0) — B, , (3.12) 
where 
dt, = z, 9 dh (3.13) 


is the clement of optical thickness t,. It is to be noticed that we have 
introdueed the variable t, in place of the depth h. This variable is 
completely determined by (3.13) if a definite zero point of t, is speeified. 
It is convenient to reckon t, as zero at the outer boundary of the atmo- 


A 
sphere of the star. Then t, = { x, 0 dh, 
0 
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Next, introdueing (3.10) into the condition of radiative equilibrium 
(3.8), we obtain 


a ri T,(0) x, dw dy = af i B, x, dw dv. (3.14) 
O 4” 0 47 


The condition of radiative equilibrium (3.14) may be further rewritten 
as follows. Introducing the new quantity 


= da 7 
I= JO GS (3.15) 


whieh is the mean intensity of radiation at a given point, dividing (3.14) 
by 42, and notieing that B,(7') is independent of 0, we find 


ae x, dy = [8 x, dy. (3.16) 
é é 





3. The solution of the equations 
o of transfer. We must now consider 
the solution of the equation of trans- 
fer (3.12). We divide the aggregate 
of direetions of radiation at cach 
point of the stellar photosphere into 
two groups: the upper and lower 
hemispheres (Fig. 6). The intensities 


Upper 
hemisphere 






Lower Increasing 7, corresponding to directions ineluded 
hemisphere in O<0<(i a we shall eall /,(0) 
wy Ai as before. In the lower hemisphere 


(4a<0<2), we introduee a new 
reekoning of angles, from the lower 
normal n’, y= 2— 90 and denote 
the intensity by I}(y). The equation of transfer (3.12) for the lower 
hemisphere beeomes 


eos p dl; (y)/dt, = —I,(p) + B,, (3.17) 


To centre of star 


Fic. 6 


since cos 9 = — cosy. 


The equations (3.12) and (3.17) may also be rewritten 
d/,,(0)/dt, — I,(0) see 0 + B,see 0 =0, (3.18) 
dJ}(y)/dz, + I) (p) sec y — B, seey = 0. (3.19) 
Both these equations are linear equations of the form 


dy/dz + P(z)y + Q(z) =0. (3.20) 


3. The solution of the equations of transfer 15 


The solution of such an equation can be written in either of the following 
two forms, which are completely equivalent: 


— 


y = Cexp [— f P(x) da] + 


+ exp [— [ P(x) da] f Q(a) exp Lf P(x) da] dz , 


(3.21) 


y = Dexp [— { P(a2) dx] — 


— exp [— f P(x) dx] f Q(x) exp [/ P(x) dx) dz, | 


Z5 Zo 


where zy is a fixed arbitrary number, and C (or D) is a constant of 
integration. It is casy to see by direct substitution that both forms of 
the solution (3.21) satisfy the equation (3.20). 

From comparison of (3.20) and (3.18) we have 

y=1,(0), x=t,, P(x) =—sec), Q(x) = B,sec0, (3.22) 
and from comparison of (3.20) and (3.19) 

y=Ty), x=, P(x) =secp, Q(z) =— B,secp. (3.23) 

In what follows, we shall take the zcro point of optical depth at the 
outer boundary of the atmosphere of the star, i. ¢. in (3.21) the quantity 
Zy must be put cqual to zero. According to (3.13), t, will increase towards 


the centre of the star (see Fig. 6). Consequently, we have for the solutions 
of equations (3.18) and (3.19) 


f P(x) dx = — f sec 0 dt, = — 1, see 0 (3.24) 
Xe 0 

and 
f P(x) dz = / secydt, = 1, sccy. (3.25) 
Zy 0 


Using (3.21) — (3.25), we can write the solutions of equations (3.18) and 
(3.19) in the following form: 


1, (0,2,) = OC, et #9 4 ete 8eO [ Be 29 sec Odt,, (3.26) 


ty 


Th (p.t,) = D, em 88% fp eT reseev { B,e'v 8 ¥ sec p de, ; (3.27) 
6 
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in writing (3.26) and (3.27) we have emphasised that the intensities are 
ealeulated for the level in the stellar photosphere to which the optical 
depth t, corresponds. In order to distinguish this fixed optical depth 
from the variable which appears under the sign of integration, we 
have denoted the latter by ¢,. 
We now consider the determination of the constants of integration 
C, and D,. The physical meaning of these constants will become clear 
if we analyse the meaning of each term in the solutions (3.26) and 
(3.27). The quantity of radiant energy, emitted in some direction @ in 
time dt, frequeney interval (9, » +- dv) and solid angle dw by a mass 
element p ds (a cylinder) with unit base area (see Vig. 3) at a depth 
t,, is, by (2.10), 
j, @ ds dw dt dy. (3.28) 


On its way to a layer at a smaller depth 1,, this energy will be weakened 
by some exponential factor, according to (2.16). If the radiation travelled 
normally to the layers, the index of the exponential would be — (¢, — 1,). 
But since the radiation travels at an angle 0 to the normal, the index is 


—(f, —Tt,) seed. (3.29) 


Hence the energy (3.28) emitted by the element will be reduced, at a 


depth t,, to 
j, ey — tIS€ 9 4 dg dw dédy, (3.30) 


or, by (3.10), (3.13) and (2.27), 
— B,e~y ~ Ty) 88° © see O dt, dw dt dr. (3.31) 


In order to take aecount of the energy arriving at the layer 1, in 
the given direction from all deeper layers, and not only from the depth 
t,, we must integrate the expression (3.31) over all ¢, from t, to co. 
Consequently (3.31) becomes* 


co 


dw dt dy f B, ey — 8 9 see O dl, . (3.32) 


On dividing this expression by dw dé dy, we find the intensity of radiation 
arriving from below at the layer of depth 1, in the direction 0: 


1,(0,t,) = [ Bye ~ 8° see Odd, , (3.33) 


that is, the seeond term of (3.26). 


* Since the quantity ¢ increases outwards from the centre of the star, the 
integration of (3.31) must go from ¢, = cotol, = 1, (see Fig. 4). Interchanging 
the himits of integration and changing the sign, we obtain (3.32). 
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Thus the second term of (3.26) takes account of the fact that the 
radiation arriving at the layer of depth 1,, at an acute angle 0 to the 
outward normal, is composed of radiation coming from all layers at 
depths t, > t,. The first term of (3.26) accounts for additional radiation 
arriving at the layer of depth rt, but not coming from layers at a finite 
depth. This term represents the existence at an infinite depth of a surface 
eimitting radiation of infinite intensity, which decreases exponentially 
as we move outwards. In our physical problem there is no such surface, 
and therefore C,=0. 

Similarly, it is easy to see that, for radiation travelling inwards at 
an acute angle y to the inward normal, the intensity at depth 1, is 
eomposed of the intensities from the various layers of the photosphere 
lying at depths ¢, << 1,. This is the physical meaning of the second 
term of (3.27). The first term represents the radiation entering the 
photosphere from outside, which is attenuated by a factor e7' 8°" in 
reaching the depth 1,. In all cases, with the exception of close double 
stars, where the radiation of one star on to the photosphere of the other 
has a noticeable effect, the amount of radiation incident on the photo- 
sphere is negligible, and therefore we can put D, = 0. 


Thus we have 


C,=0, (3.34) 
D,=0. (3.35) 


Substituting C, = 0 in (3.26) and using (3.35), we obtain from (3.26) 
and (3.27) 


1 T,(0, T,) —= ety sec d f{ B, en'y 869 gan f) dt, (3.36) 
Lily, t) = ewer f Bret seo pit, . (3.37) 
0 


From formula (3.36) it follows, inter alia, that the intensity of 
radiation emerging from the surface of the photosphere at an angle 0 is 


oO 


1,(0,0) = [ B,e~" °° sec 0 dr, , (3.38) 
0 


since t, = 0 at the boundary of the photosphcre. 


4. The averaging of the equations of transfer over angles. Let us now 
consider the question of the averaging of the equations of transfer of 
radiation. From the mathematical point of view, both the theory of 
the radiative equilibrium of stellar photosphercs and the theory of 
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absorption lines (which we shall discuss in Part I]) are very eomptieated. 
One of the most scrious difficulties is that, in solving the problem, it 
is neeessary to take aecount of the change of intensity of radiation with 
direction, i.e. as a function of the angles 0 and y at eaeh point of the 
photosphere. If especially high aceuracy is not required in the finat 
results, it is possible to introduce some simplifying assumptions coneern- 
ing the quantities J,(0)and J}(y), by averaging them over direction. 
Where possibic, we shall estimate the crror due to averaging by comparing 
the results obtained with those of a more rigorous treatment of the 
appropriate problems. 


We repeat the equations (3.12) and (3.17): 
0< 0<42, eos 0 dl,(0)/dt, = 1,(0) — B,, (3.12) 
O<p< 3a, cospdli(y)/dt, =—Ii(y) +B,. (3.17) 


Multiplying both sides of these cquations by 1/22 and integrating 
over the eorresponding hemisphere, we obtain 


0<0<4n, 8 _ pe peas Dan = f (0)$°—B,, (3.39) 


O<ysin, a [ Ll cows’ == [te WZ +B, (8-40) 


Qn 


since B, is independent of 0 and y. We now remove cos 0 and eos py 
from under the sign of integration in (3.39) and (3.40), using the theorem 
of the mean and denoting their average values by eos 0 and cos y; it 
is elear that, sinee J,(0) and J)(y) depend on t,, eos 0 and cos y wilt 
in general depend on t, also. However, assuming as an approximation 
that these two quantities are constant, we find 


cos 0 dJ,/dt, = J, — B,, (3.41) 
eos y d/j/dt, = — I, + B,, (3.42) 
where 
= J 1,(0) $® (3.43) 
and 
if = J Lty) 3° (3.44) 


are the mean intensities over the eorresponding hemispheres. 


In order to find the intensities J, and J; from equations (3.41) and 
(3.42), we must determine eos J and cos y. Neither of these quantitics 
is a simple average of the eosine of the angle over the corresponding 
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hemisphere*. According to (3.39) and (3.40) the average values of cos 0 
and eos p are weighted means with weights J,(0) and J; (y) respectively. 
Henee the determination of cos§ and cosy must be performed taking 
account of the general properties of the radiation field in a stellar photo- 
sphere. For this purpose we abandon, for the moment, the division of 
the radiation field into two hemispheres and the averaging of the inten- 
sities, and reckon 6 as varying from 0 to z. In this ease the equation of 
transfer must be taken in the form (3.12). Multiplying the latter by 
cos 0/47 and integrating over the whole sphere, we obtain 


1 ° d d d 
dc, / I,(0) cos? 6 1. = / I, (0) cos 0 en — / B, eos 0 1. . (3.45) 
4a 47 


4x 





Since B, is independent of 6, it is easy to see from (2.8) that the second 
term on the right of (3.45) is zero. We next introduce the quantity 


kK, = f 1,(0) cos? 04% . (3.46) 
4n 


Taking into account the definition of the flux (2.5), we have from (3.45) 


dK, 4H, 
ieee (3.47) 


This equation is exaet, and docs not involve any approximation. We 
can use it to determine the quantities cos and cosy, by expressing 
K,, II, and J, (introdueed in (3.15)) in terms of mean intensities. Taking 
first A,, we find from (3.46) and (2.8) 


k,= { 1,(0) eos? 0 ha —} | I,(0) eos* 0 sin 0 dO 
4.1 . 0 


ln n 

= 4{ [ 1,(0) cos? 0 sin 0 d0 + [ I,(0) eos? 0 sin 0 0} 
0 la 
dn “hs 


=} { { 1,(0) cos? 0 sin 0 d0 + [ Lic) cos? y sin p dy } 
0 0 


ln 


In 
=3{T,(0) [ cos? 0sin 040 + T(y) [ cos? psinpdy}, (3.48) 
0 


0 





* 


\n 
The simple average of cos @ is | cos 0 om =}, and cos p is the same. 
6 


Putting cos @ = cos y =}, we obtain o very crude approximation known as 
Schwarzschild’s approximation. 
o* 
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where /,(6) and J; (w) are the mean values of the intensities in the 
corresponding hemispheres, according to the theorem of the mean. 

If we assuine that these incan values are equal to the corresponding 
means in equations (3.41) and (3.42), and calculate the integrals in the 
last braces in (3.48), cach of which equals 4, we find 


K,=iQ0,4+/). (3.49) 


By an exactly similar inethod we can calculate H, and J, from (2.5) 
and (3.15): 
H,=1,—TJ;, (3.50) 


J,=3(,4+4,). (3.51) 


Thus our main simplifying assumption is that in calculating A,, /7, and 
J, we assuine that in all three cases the mean intensitics /, (0) and 
I’ (wy) are equal to the corresponding mean valucs J, and J} in the 
equations (3.41) and (3.42). 

We could have arrived at the same expressions (3.49) to (3.51) and the 
same equations (3.41) and (3.42) by assuming from the beginning that 
in their respective hemispheres the intensities /,(0) and J) (wy) are inde- 
pendent of direction. In this case (sce Fig. 7), we have 








=TI,, (3.52) 
I’. (3.53) 
Comparing (3.49) and (3.51), we find 
that 
,=3K,, (3.54) 
and from this the equation (3.47) 
takes the form 
dJ,/dt, = 7H, . (3.55) 
From (3.50) and (3.51), this equation 
may also be written 


Bia. 7 dU, + 1))/dt, = $U,—J,) . (3.56) 





Making use of the fact that the properties of the radiation field in 
the upper hemisphere cannot differ essentially from those in the lower 
hemisphere, we assume that in equations (3.41) and (3.42) the means 
of the cosines are cqual to cach other. This is our last simplification: 


cos 0 = cos pea. (3.57) 
Consequently equations (3.41) and (3.42) take the form 

adl,/dt, =I,— B,, (3.58) 

adlijdr, = —1, + B,. (3.59) 
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Adding these. we have 
ad(/,+/{)/dt, =1,—T). (3.60) 


Finally, comparing (3.60) and (3.56), we find that a -—= 3, and thus our 
equations of transfer for the mean intensities take the final form 


2 d,/dt, = 1, — B,, (3.61) 
3 dl, /dt, = — JI, + B,. (3.62) 


The solution of these equations can be written down immediatcly. In 
fact, from a formal point of view, the last two equations can be considered 
as equations (3.12) and (3.17) with cos 0 = cos p = 3. Since the solution 
of equations (3.12) and (3.17) is given by formulae (3.36) and (3.37), the 
solution of equations (3.61) and (3.62) is 


I,=e%% [ Bye? 3dt,, (3.63) 
Ip=eit f Belt 3de,. (3.64) 
0 


Chapter 4. The theory of radiative equilibrium for 
an absorption coefficient independent 
of the frequency 


1. The variation of the temperature with depth in the photosphere. In the 
present chapter we shall consider the case where the absorption coeffi- 
cient at every depth within the stcllar photosphcre is independent of 
the frequency. Matter which has this property is called grey material. 
It must be remarked at once that the case in question is very often 
extremely far from reality. Even in stars of the Sun’s type, where the 
deviation from “‘greyness’” is least, the absorption coefficient, as we 
shall see later, varies noticeably with frequency. Nevertheless, the study 
of the properties of a photosphcre with x, = x = constant is of great 
interest in many respects. Firstly, in this case we can most easily 
estimate the error involved in the averaging of the intensities J, (0) 
and J) (y) and their replacement by the quantities J, and 1}. Secondly, 
the case where x, = x — constant is in itself a standard, comparison with 
which makes it possible to estimate the dependence of x, on the fre- 
queney. Finally, the case x, = x was historically the first to be considered, 
and with it began the development of the theory of radiative equilibrium. 


bo 
bo 
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Let us consider first the question of the temperature distribution in 
the photosphere. Since the absorption coefficient is independent of the 
frequency, i.e. the condition 


x, = * = constant (4.1) 


holds, we can write for the optical depth 
dt = xodh. (-$.2) 


The condition of radiative equilibrium (3.16) takes, by virtue of (4.1), 
the form 


J=B, (4.3) 
where 
T= J,av (4.4) 
and " 
B= / 8, dy. (4.5) 
0 


Replacing the differential dz, by dt in the equations of transfer 
(3.61) and (3.62) and integrating both equations over the frequcney from 
y=O0torv=w, we obtain 


2 dI/dt =I—B, (4.6) 
2 dI'/dt = —I' + B, 
where 
[= [4 dy, andl’= [ Tidy. (4.8) 
6 6 


Integrating the equations (3.50) and (3.51) over the frequency bet ween 
the same linits, we find 


H=I—TI', (4.9) 
J=3(14T'). (4.10) 
We now add (4.6) and (4.7), taking account of (4.9) and (4.10). We then 


obtain 
dJ/dt = 3. (4.11) 


Next, replacing the quantity J by B in accordance with (4.3) and taking 
account of the constancy of the flux ZZ with depth, which we proved in 
Chapter 3, we can integrate equation (4.11), and this gives 


B=3Ht +B), (+.12) 
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where B, is a constant of integration, which we can determine as follows. 


Since at the boundary of the star, where t = 0, the incident radiation 
vanishes, we have from (4.9): 


H=1,. (4.13) 


(jo = [ Bent 3de, (4.14) 
or, integrating over the whole speetrum, 
I,= [ Be-i'3de. (4.15) 
0 


Identifying (4.13) and (4.15) and introducing in the integral the solution 
(4.12), we have 
oo 
H= [ ({Ht+B,)e-}' de, (4.16) 
0 
where we have taken account of the fact that the function B in the 


integral depends on the variable of integration t. Next, replacing the 
quantity 3¢ in (4.16) by z, and using the general relation 


2! 


Je-tar= [ce-tae= [P87 ax = =, (417) 
0 0 0 


we find at once 


& 
i 
toh 
Sal 
cn 
_— 
2 


Consequently, aceording to (4.12) and (4.18), 
B=3H(1 +21). (4.19) 
We must now transform this to give the temperature. According 
to the theory of thermal radiation, 


tB=2n/ Bdv=oT', (4.20) 
0 


where o is a constant equal to 5-672 x 10-5 erg em-? sce} degree~*. We 
now introduce what is called the effective temperature 7’, of a star. 
It is defined in terms of the flux, as follows: 


xnH=ofT,5. (4.21) 


24 Chapter 4. Absorption coefficient independent of frequency 


Thus the product ¢ 7',4 gives the number of ergs emitted in one seeond 
in all directions and over the whole spectrum by one square centimetre 
of the surface of the star. The introduction of the effective temperature 
by means of the relation (4.21) has a somewhat formal charaeter. It is 
related to our previous remarks on the faet that stars radiate from their 
surfaces in accordance with Planeck’s Law (3.11). The effeetive tem- 
perature defines, in some sense, the mean temperature of the stellar 
photosphere and. by mcans of the relation (4.21), the total flug of 
radiation*. 
By virtue of (4.21) the absolute bolometric luminosity of a star of 
radius J is 
bL=t+a2akR?xaH=4ak?xoT}. (4.22) 


Introducing now (4.20) and (4.21) into (4.19), we find 
M=1TA +31). (4.23) 


It follows from (4.23) that the boundary temperature 7’) of the photo- 
sphere, corresponding to t = 0, is determined by the relation 


To = 37/7. (4.24) 


From this it follows that 7', = 0-841 7. 

Moreover, we find from (4.23) that at the level tr = 3 the temperature 
of the photosphere is equal to the effeetive temperature. 

Before drawing further conelusions based on the application of (4.19) 
or (4.23), we shall estimate the aceuraecy of these formulae. The theory 
of radiative equilibrium for the ease of grey material is relatively simple, 
and thus it has been possible in this case to make considerable progress 
mathematically, without the introduetion of auxiliary simplifying as- 
sumptions. 

The mathematical analysis shows that, in the ease considered, the 
exact relation between 7', and 7’, is 


)3, 


TAs NP TA, (4.25) 


from whieh it follows that 7’) = 0-811 7,. Moreover, 5. CHanpRa- 
SEKHAR, using the method of suecessive approximations developed by 
himself [29], has found in the fourth approximation, which is practically 
exact, the following dependence of Bont: 


B= 3 H(t + 0:70692 — 0-08392 e~ 145808" _ 
— 0-03619 e7 159178 _ 9.00946 e= 1103100) | (4.26) 


and the relation (4.25) is satisfied here also. 


* Of course, its spectral distribution may deviate quite considerably from 
the Planck distribution (3.11) with temperature 7 = 7,. 
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In order to compare the approximate solution (4.23) with the solution 
(4.26), we give (Fig. 8) the increase of 7 with 1, calculated on the 
basis of formulae (4.23) and (4.26) for a star with 7, = 10,500°. A com- 
parison of the two curves shows that for many practical purposes we 
can restrict ourselves to 
the approximate solution 
(4.23). On the other hand, 
this approximation really 
depends only on_ the 
averaging of the inten- 
sities over direction. Con- 
sequently, it may be sup- 
posed that this process of 
averaging the intensities 
is suitable for many prac- 
tical purposes in the nore 
general case also, where 
the absorption coefficient 
depends on the frequency. 
This supposition is confir- 
med by the corresponding Fic. 8 
numerical calculations. 





2. The law of darkening of the star’s dise towards the limb. Let us 
uow consider the application of the formulae (4.19) and (4.23) which 
we have derived. We shall examine the dependence on direction of the 
radiation emerging from a star. Even a direct observation of the Sun’s 
dise or of a photograph of it shows a decrease of the brightness of the 
Sun’s light from the centre towards the limb. This is easily explained 
qualitatively. 

We first write down the general expression for the intensity of radiation 
emerging from the surface of the Sun (or star) at an angle 0. According 
to (3.38), this intensity is, by (4.1) and (4.2), 


1,(0,0) = [ Bye"? sec 0 dt, (4.27) 
0 


since at the boundary of the star t, = Tt = 0. 


The expression (4.27) can also be rewritten 
oo oo 
7,(0,0) = [ B,e7** 9 sec 0 dt fer 806 Fcc dt , (4.28) 
i) a 


since the denominator in (4.28) 1s equal to unity. 


26 Chapter 4. Absorption coefficient independent of frequency 


Thus the intensity J,(0.0) may be regarded as a weighted mean of 
the quantity B,. It also follows from (4.28) that, the larger sce 6, the 
smaller the optical depths from which radiation reaches us. In fact, 
even for sinall ¢ considerably less than unity, the product ¢ sce 0 for 
0 -- } = becomes so large that the radiation from these depths does not 
emerge from the Sun at all (owing to the effect of the factor e~! °°). 
And since B, inereases with ¢, the radiation coming from the centre of the 
dise (9 = 0) reaches the surface from hotter (i. e. deeper) layers than 
that coming from the outer parts of the dise. For this reason the 
inequality 

I, (0, 0) < J,(0, 0) (4.29) 


must always hold. 


In particular, it follows from (4.28) that, at the limb of the Sun’s 
dise, where 0 >} 2 and see 0 + ov, we have (independently of the 
absorption coefficient) 


I,(iz, 0) ~ B,(T,) - (4.30) 


Let us now eonsider this question quantitatively, taking first the total 
radiation. To do this, we integrate (4.27) over v from 0 toce. We find 


co 


I(0,0) = | Be-!#¢ 9 sec Ode. (4.31) 


0 


Substituting (4.19) in (4.31) and effecting the integration involved (re- 
placing c see 0 by z), we obtain 


1(0,0) =4H( +3 cos 0). (4.32) 
At the centre of the disc, where 6 = 0, 
1(0,0)=%-4H, (4.33) 
whence 
(0, 0) = 1(0, 0) (1 — 2 + 2 cos 0) = 1(0, 0) (1 —u + weos 6), (4.34) 


where u = 3/5 = 0.60. 


Observations, on the whole, confirm the law (4.34) and give wu a 0:56. 
Let us now consider the law of darkening towards the limb for radiation 
of wavelength 4. Since observers commonly use a wavelength seale, we 
rewrite (4.27) as follows: 

loo) 


1,(0,0) = [ B,e-**°° see 0 de. (4.35) 


(¢) 
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The transformation from B, given by formula (3.11) to B, is effected 
as follows. Since the quantity of energy emitted by any source in a 
given spectrum interval is independent of the scale used, we may write 


B,|dyv|= B,{da|, (4.36) 

and since 
y=c/i, (4.37) 

we have 
[dy|=clda]/22. (4.38) 


Using (3.11), (4.36), (4.37) and (4.38), we obtain 


2he? 1 





B= "5s exp(he/kAT)—1 ° (4.39) 
Introducing now (4.39) into (4.35) and using (4.23), we have 
2he® e~ $89 soo O dt 
I,(0, 0) = —.- - . 4.40 
(0,0) as I comacnira +aoh—l (4.40) 


The integral in (4.40) may be calculated by numerical integration. Such 
calculations lead to the following results: 

(1) The darkening to the limb increases with decreasing wavelength. 
In particular, 
1, (3 2, 9) . 
1,(0,0) = 0, lim 


A— co 


1,(0,0) = 0-817, (4.41) 
where J,(0,0) is the intensity of radiation coming from the centre of 
the Sun’s disc, and J,($ 2,0) is the intensity of radiation coming from 
the extreme limb. 


(2) The agreement of the above theory with observation is on the 
whole satisfactory; the greatest deviation does not exceed 10 to 15%, 
and on the average it is considerably less. 


3. The continuous spectrum of the star. In order to make sure of 
the correctness of our original assumptions, the agreement between the 
theory and observations of the darkening law is not in itself sufficient. 
We must also compare the theoretical and observed distribution of 
energy in the continuous spectrum of the Sun and of the stars. This 
we can do in two ways. For the Sun, we can study the distribution 
of energy in the continuous spectrum of any point of its disc. The theo- 
retical distribution of energy in the continuous spectrum will be deter- 
inined in this case by the expression (4.40). In fact, having fixed some 
value of 0 in (4.40), we can study the variation of J,(0,0) with wavelength 
for this 0. For the stars, however, this method is inapplicable, since 
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we eannot distinguish their dises, and only the total radiation sent out 
by the entire disc of the star in question is measured. Let us now calculate 
this radiation, assuming that the observer is located sufficiently far from 
the star. 

The distanee of any point on the dise of the star from its centre is 
denoted by r. Then the area of a concentrie annulus of width dr and 


radius r is 
dS =2ardr. (4.42) 


Next, let the radiation emerging from this annulus in the direetion of 
the observer have an intensity J, (7,0) (Fig. 9). Then this annulus sends 
to the observer in time dé the following quantity of energy: 


dH, =2arI,(r,0)drdvdt AQ, (4.43) 





Fic. 9 


where JQ is the solid angle subtended at the star by the observer's 
reeeiving apparatus. Aeeording to (4.43), the quantity of energy sent 
to the observer by the whole dise of the star is 


R 
AE, = dv dt AQ 2x f 1,(r,0)rdr, (4.44) 
0 


where & is the radius of the star. Taking account also of the obvious 


relations 
r= RsinO0, dr= ReosO do, (4.45) 


we obtain 
1 


97 
AE, = dvdt AQ 2a Rh? f I,(0, 0) sin 0 cos 0 dO 
6 


= Kh a(ll,),dvdt AQ. (4.46) 


Thus we receive from the distant star radiation whose spectral com- 
position is determined by the flux at its surface; the magnitude of this 
flux is denoted by 2(/Z,)o. 
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If we now divide the expression (4.46) by a R? (the area of the 
star’s disc) and by the product dy dt AQ, we shall evidently obtain the 
mean intensity J, of the radiation coming from the distant. star. 
Aceording to (4.46) we shall then have 

L, == (7 ,)o ’ (4.47) 
i.e. the mean intensity 7, equals the flux (a H,), divided by =. 


.To ealculate (2 H,)y we can again use the approximate expressions 
of the last chapter. Aecording to (3.50), 


(Hy)o = (Ly)o » (4.48) 


since at the boundary J, = 0. Consequently, introducing (3.63), we 
obtain 


1, = (I,)yg = [| Bye-i% Bat, (4.49) 
0 
or, in the ease of grey material, 
I, = (Ho = [ Bue-#! Bde. (4.50) 
0 


The expressions (4.49) and (4.50) give the theoretical energy distribution 
in the continuous spectrum of distant stars. 

Transforming now to the wavelength scale, and using (4.50), (4.39) 
and (4.23), we find 


ca 
2 


Dh 2 ° —3t3 
I, = 7he | er id, (4.51) 
4 explhcfkaT(k + 30) 4J—1 


On fixing a definite value for 7',, corresponding to the star in question, 
we can, as in the case of (4.40), find the dependence of the stellar (or 
solar) continuous spectrum radiation on wavelength. The appropriate 
calculations show that the theoretical energy distribution in the conti- 
nuous speetrum of a star having a given effective temperature 7’, is 
very close to the Planck distribution (4.39) for the same effeetive tempe- 
rature 7. The most important deviations of the law (4.51) from the 
Planckian one (4.39) for the same 7', are the following: 


(1) The curve obtained froin (4.51) is slightly displaced in the direction 
of short wavelengths, compared with the pure Planck curve (4.39). 


(2) In the far ultra-violet region of the spectrum the Planckian eha- 
racter of the law (4.51) disappears, and J, is considerably greater than 23, 
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ealeulated from formula (4.39) for the same 4 and 7. This latter devi- 
ation progressively increases with diminishing /. 

Generally, in the observed part of the spectrum of any star, the 
theoretical cnergy distribution given by (4.51) must approximately 
coineide with the Planek distribution (4.39), if the parameter 7' is taken 
equal to the effective temperature 7, of the star. This result also must 
be compared with observational data, and we shall be interested only 
in the relative distribution of energy, i. e. the dependence of the intensity 
of the stellar (or solar) radiation on the wavelength. 

In order to be able to deseribe quantitatively the energy distribution 
in some wavelength interval, we introduce what is ealled the eolour 
temperature. We find the value of the temperature 7 = 7, for which 
the relative intensity distribution caleulated from Planek’s formula (4.39) 
best represents the observed intensity distribution in this interval in 
the star’s speetrum. This temperature is called the colour temperature 
of the star [97]. In the continuous spectrum of a black body of tempe- 
rature 7’, we have in any part of the speetrum 7’, = 7. On the other 
hand, for non-blaeck radiation the parameter 7, may vary eonsiderably 
with the wavelength interval for the same source of radiation. 


Let us now turn to the observations, and consider first the radiation 
sent out by the whole dise of the Sun. According to existing obser- 
vational data, the continuous speetrum of this radiation in the interval 
4500 to 7000 A ean be approximately represented by a Planck curve 
with 7’, = 7000° to 7200°, while the effeetive temperature 7, of the 
Sun is 5710°. There is an even greater divergenee between 7, and 7, 
for stars of non-solar type. 

The speetra of eool stars of elasses M to N are so distorted by mole- 
cular absorption bands that the introduetion of the eolour temperature 
in these eases often proves to be quite meaningless. 

Moreover, another phenomenon is observed in the interval of spectral 
classes from GO to BO. Here the intensity of the continuous speetrum 
has a discontinuity at the limit of the Balmer series (1 = 3646 A). Thus, 
for instanee, in stars of elass AO the intensity of radiation at this 
wavelength suddenly diminishes by a faetor of three as we pass towards 
shorter wavelengths. The quantity 7, up to the limit of the Balmer 
series is different in value from that beyond. In partieular, for these 
stars of elass A 0 the value of 7, beyond the series limit is approximately 
11,000°, while up to the series limit, i.e. from 4 = 3646 A towards 
longer wavelengths, the colour temperature in general varies with 
wavelength, being on the average 14,000° to 17,000°; the effeetive tempe- 
rature of an AO elass star, however, is close to 10,500°. 

Thus there is a difference between 7’, and 7, for all stars. Hence 
it follows that the theory explained in the present chapter must be 
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modified in some way, especially since the presence of a discontinuity 
at the limit of the Balmer serics in the spectra of early-type stars is 
quite unintelligible from the standpoint of this theory (see Chapter 6). 


Further development of the physics of stellar atmospheres has shown 
that the chief canse of these discrepancies is the incorrectness of the 
assumption that the absorption coefficient is independent of the fre- 
quency. In fact, the analysis of the physical conditions existing in stellar 
atmospheres shows that the absorption coefficient must vary with the 
frequency (or wavelength). Where this variation is least, the agrcement 
between the theory with x, = x = constant and the observations should 
be best. In particular, the agreement between the theory considered 
and the observations regarding the darkening to the Sun’s limb indicates 
that in the Sun’s photosphere the deviations from x, = x = constant 
are not large. 


In connection with what has been said above, we must consider 
the theory of radiative equilibrium for an absorption coefficient de- 
pending on the frequency. However, before doing so, we must acquaint 
ourselves with some subsidiary topics relating to the absorption coeffi- 
cient. 
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1. The chemical composition of stellar atmospheres. The question of 
the chemical composition of stellar atmospheres is important, for the 
following reasons. Physical theory, confirmed by experiments, shows 
that the absorbing power of any material depends on the physical con- 
ditions in which the material is placed. It also appears that the absorbing 
power and its dependence on the physical conditions are different for 
different chemical elements. Hence the resulting absorption coefficient x,, 
determined by the chemical composition of the whole photosphere, will 
depend markedly on the relative content of various elements in the 
photosphere of the star. 


The chemical composition of stellar atmospheres is determined from 
a study of spectral lines; this topie will be considered in detail in Part IT. 
Here we shall give some of the results, prefacing them with some neccessary 
remarks. 

The accumulated relevant astrophysical data indicate that the 
chemical composition of the atmosphere is approximately the same for 
the great majority of stars. Starting froin this fact, it ts possible to 
give a fully satisfactory explanation of the variations in the spectra 
of stars along the spectral sequence, assuming a change only of the 
physical conditions in passing from one star to another; agreement 
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between theory and observation ean, indeed, be attained not only quali- 
tatively, but also quantitatively. The identity of the chemical ecompo- 
sition of the atmospheres of various nain-sequenee stars has recently 
been eonfirmed by a study of spectral lines (absorption lines). It is 
true that in some eases the ehemieal composition differs from the (so 
to speak) “standard” chemieal composition. Deviations from this com- 
position exist, apparently, in the atmospheres of cool stars where the 
bifureation of the spectra into the M-braneh and the R-N-branch 
oeeurs. Moreover, these deviations are considerable for Wolf-Rayet 
stars (carbon and nitrogen series) and for a number of stars with pecu- 
liar kinds of spectrum. However, we are not considering these stars at 
present, and we shall take as a starting value for the chemical compo- 
sition the standard composition, using for this the results obtained for 
the Sun, whose ehemical composition has been the most carefully and 
eompletely studied. 

Sinee the density of material in the atmospheres of different stars 
is in general different, we shall have to speak of the relative chemieal 
composition, i. e. of the pereentage content of different elements in the 
stellar atmosphere. The relative eontent can be defined in two ways: 
(1) by taking the content of some element as unity and the content 
of the remaining elements relative to this element, (2) by taking the 
content of all elements as 100°) (or as unity) and giving the eontent 
of each clement in per cent (or in fractions of unity). 

The relative content may be given either by number of atoms or by 
mass. Let there be in 1 em? of the stellar atmosphere n, atoms of the 
first clement, 2, of the seeond element, ete. Then the relative content 
of the sth clement by number of atoms is 


a, = n,/ny , (5.1) 
or, in the second ease, 
a,(%) = "s 100 5.2 
« Wo) = a amy tee En, be x , (5.2) 
If the mass of one atom of the first element is m,, the mass of one 
atom of the second m.,, etc., then the relative content of the sth element 
by mass is 


ag, =n, m,/n,M, , (5.3) 
or, as a percentage ratio, 
mm 
O/) — sa ] a 
a = 00. 5.4 
a( Yo) MyM, + Ng Mtg +... HMM, +... x ( ) 


We must now make the following remark. In specifying for any star 
the quantities a,(ora,), we suppose that this chemical composition is 
the same for all layers of ils atmosphere, i. e. the quantities a, and a, 
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do not ehange with depth in the photosphere. A number of facts indicate 
that this assumption is quite sound, i.e. that in stellar atmospheres 
there is complete mixing of the atoms of different elements. For instance, 
an analysis of the conditions im the solar eorona has led L. 8. SimkLovskli 
and other authors to the conclusion that the ehemical composition of 
the solar corona is praetically the same as the average composition of 
the chromosphere and of those layers of the solar atmosphere where 
absorption lines are formed (i. e. the photospheric layers). Sinee the 
extent of the layers of the solar eorona where its ehemieal composition 
has been studied (the inner corona) is extremely great (about 200,000 km), 
it is in the highest degree improbable that any signifieant ehange in 
chemieal eomposition eould be observed inside sueh a thin layer as the 
Sun’s photosphere (whose thiekness is 100 to 300 km). 

After this short introduction, we give a table whieh shows, for a 
series of celestial objects, the logarithms of the quantities n,. The 
value of logy) 7, is arbitrarily taken in this table as 10 (9-8 for t Scorpii). 


Table I 
Element Sun t Seorpii Planetary Interstellar 
nebulae gas 
He 9-30( 2) 9-1F 9-3 
C 6°89 6-0 61 
N 7-08 6-4 71 
0 6-65 6-8 7-3 
Na 4:33 44 
Mg 5-57 5-6 
Ca 4-46 5:0 
K 3-01 3-6 
Al 4:17 4:3 
Si 5-12 56 
le 5-62* 
Cu 2-80 
Zn 2-52 
Sr 0-88 
Ba 0:38 
Hg 0-98 





* The results of different investigators regarding the content of iron are still 
quite considerably divergent. 


¢ The most recent determinations give much smaller values of a, for helium, 
of the order of 0-05; see Chapter 15. 


A consideration of this table enables us to draw the following 
conclusions: 


(1) The preponderant element in stellar atmospheres (and also in 
planetary nebulae and in the interstellar gas) is hydrogen. There are 
approximately ten thousand times as many hydrogen atoms in stellar 


3 Astrophysics 


ot Chapter 5. The coefficients of continuous absorption 


atmospheres as there are atoms of all the metals together. After hydrogen 
come helium, the atoms of the light elements C, N, O, and finally the 
metals. 


(2) The chemical composition of the planetary nebulae and of the 
interstellar medium is practically the same as that of the solar and 
stellar atmospheres. This points to the identity of the chemical compo- 
sition of the majority of celestial objects. 


2. The excitation and ionisation of atoms. We now turn to the 
question of the excitation and tonisation of atoms. For the sake of clarity 
we shall use the terminology of Bohr’s theory, and go over to quantum. 
mechanical concepts only where necessary. 


Since it is necessary to introduce some terminology and notation, 
we recall briefly the basic postulates of this theory. In the absorption 
of a quantum 4 v,, an electron passes from an inner orbit ¢ (a lower 
energy state of the atom) to an outer orbit k (a higher energy state). 
This process is called excitation of the atom. As a result of excitation, 
the internal energy of the atom increases by h vz,, so that 


ot 


) 


where ¢ and e«; are the internal energies of the atom corresponding to 
the electron’s being in the orbits k and 7 respectively. 


&— & SH hry (5. 


As is customary, we shall use a convenient scheme of energy levels 
corresponding to the different possible states of the atom. Since we are 
interested only in the energy difference, we can ascribe an energy of 
zero to the lowest level. The energy necessary to transfer an electron 
from the lowest level to some given level is called the excitation potential 
of that level. Consequently, with the above-mentioned choice of the 
zero-point, the energies ¢;, €, etc., which we have introduced are to 
be identified with the excitation potentials of the corresponding levels. 


Hitherto we have spoken of the transition of an electron from an 
inner orbit to an outer one (the excitation of an atom). The reverse 
process, i.e. the jumping of an electron from an outer orbit k to an 
inner one 7 ts accompanied by the emission* of a quantum Avy, in 
accordance with the condition (5.5). 


We now recall the basic postulates of the theory of ionisation of 
atoms. The separation of an electron from an atoin (or ion) is called 
ionisation of the atom (orion). Asa result of single ionisation of a neutral 
atom, a positively charged ion and a free electron are formed. In double 
ionisation, the atom loses two electrons, and so on. The converse process 
to ionisation is called recombination. As a result of recombination, a 
positively charged ion reunites with a free clectron. This leads to the 


* Exeept in a collision of the second kind; see below. 
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formation of an ion whose degree of ionisation is one less than before 
the reeombination. If the recombination takes place between a singly 
ionised atom and an electron, we obtain a neutral atom. The rceombina- 
tion of a neutral atom with an eleetron is also possible, and then a 
negative ion is formed. 


A neutral atom of any element is distinguished by adding to the 
symbol of the element (on the right) the Roman figure I, for example: 
Ca I. For a singly ionised atom, two kinds of notation ean be used: 
(1) a plus sign is placed above and to the right of the symbol of a chemical 
element; (2) the Roman figure IT is plaeed to the right of the symbol; 
for example: Cat or Ca II. In the ease of a doubly ionised atom of 
any element, two plus signs are placed above the symbol of the clement, 
or the Roman figure IIT to the right of it; for example: Ca++ or Ca III. 
This symbolism is eontinucd for higher states of ionisation. The seeond 
method of writing the ion (with Roman figures) is in some eases to be 
preferred to the first, whieh is very inconvenient for multiple ionisation. 

The detaehment of an optieal eleetron from an atom (or ion) ean 
take plaee, in general. from any orbit. The energy required to detaeh 
an eleetron from the orbit with « = 0, without giving any kinetie energy 
to the detaehed eleetron, is ealled the ionisation potential of the atom. 
This potential will be denoted by z,. In the case of a neutral atom 
r = 0, for a singly ionised atom r = 1, and so on. 


In order to know whether the neutral or the ionised atom is being 
discussed, it is eonvenient to add to the exeitation potential ¢, a symbol 
showing the degree of ionisation of the atom in question. In other words, 
we write for instanee 
Erg: 

The encrgy ne- 
cessary to ionise the 
atom from any exci- 
ted level is ealled the 
binding energy of 
this level. We shall 
denote it by z, ,. It 
is elear that we al- 
ways have 





dr = tr + Eke 


Ground level with «=0 
(5.6) Kia. 10 


The seheme of cnergy levels aceording to our notation is represented 
in Fig. 10. We deliberately do uot assign any affix to the lowest level, 
sinee the quantum numbers of this level may in general vary greatly. 


3° 
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On the left of Fig. 10 is shown the case where the inagnitude of the 
quantum hy absorbed by the atom is greater than ,,, i. e. the atom 
is zonised by radiation. In this case, besides the detachment of the 
eleetron, a velocity v is given to the latter, and it moves with kinetic 


energy 3 m,t®, where the fundamental equation of the photo-effect 


hy = 4% + 3m, v? (5.7) 


holds, m, being the mass of the electron. 


If the ionisation takes place from some exeited level (i.e. a level 
with an cnergy greater than that of the lowest level, where ¢ = 0), 
then instead of (5.7) we have 


hy = 4, +3 m,v?. (5.8) 


[This case is shown on the right of Fig. 10 — T'ranslator.] In reeombina- 
tion the eleetron may fall into any level, and as a result a quantum h+ 
is emitted, the equation (5.7) or (5.8) being satisfied. 

Let us now consider the quantitative formulae describing the excita- 
tion and ionisation of atoms in a gas. In doing so we shall for the present 
use formulae which are valid for thermodynamic equilibrium. The 
question of how these formulae must be modified for application to the 
conditions existing in stellar photospheres will be eonsidered later. 


We first examine the formula which describes the exeitation of 
atoms. Let the number of r times ionised atoms in the excitation state & 
contained in 1 em be », ,. Also, let the number of these atoms in the 
excitation state i contained in the samme volume be 2, ;. In thermodynamie 
equilibrium, Boltzmann’s formula holds: 


Noon 9, pr, km fr, AT 
tr, k __ r, x (5.9) 


Net 7” Irs , 
where g, ; and g, ; are the statistical weights* of the levels k and 1, & is 
Boltzmann’s constant and T is the absolute temperature. If the lower 
state 7 is the lowest state, then e, = 0 and only e, remains in the exponent. 


In cases where only r times ionised atoms are considered, r being 
fixed, the suffix r may be omitted. Tn this case 


n g —(e, — eg) kT . 
rk ¢ (5.10) 


* The statistical weight (or degree of degeneracy) is the name given to the 
number of different states of the quantum system (the atom) corresponding to 
any energy level ¢;. It shows into how many terms the state considered would 
split if the degeneracy were completely removed (for instance, by means of an 
external magnetic field) or, expressed in the more rigorous language of quantum 
mechanies, how many linearly independent cigenstates belong to the energy value 
eonsidered. For hydrogen, the statistical weight is 2?, where n is the principal 
quantum number. 
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The statistieal weights and the energies ¢,, are taken from the theory 
of spectra. 

The following important remark must be made in eonncction with 
formulae (5.9) and (5.10). Since the difference between the energy of 
any exeited level and the energy of the ground level is usually large, it 
follows from the two formulac mentioned that in such eases the majority 
of atoms are in the ground (non-excited) state. Thus, for example, the 
ratio of the number of hydrogen atoins in the second state to the number 
in the ground state at a temperature 7 = 5700° is 4-2 x 10-°. 

We now turn to the formula for ionisation. Let the number of 7 
times ionised atoms, in all possible cxeited states, contained in 1 em? 
be n, (i.e. xn, = ¥ n,,). Also, let the total number of r +1 times 

E 


ionised atoms in the same volume be n,,,. Then in thermodynamic 
equilibrium Saha’s ionisation formula holds [168, p. 83]: 


: TepPs  — xlkT 
M+) Up 4 2(22m,)2 (KT)2 xp! 


th p= 7 ‘oC , (5.11) 


r r 


To ealeulate the ionisation, it is more eonvenient to use Saha’s 


formula in the logarithmie form 
n 5040 | 
gy 


u 
rti r+1 5 
logo - no logig -, + F logy T — —_ 
r r 
2(2n m,)2 KE 


— 10gjo Pe + l0g19 —~-ys 





(5.11a) 


Here ;, is expressed in cleetron-volts, and not in ergs as in formula (5.11). 


In formula (5.11), p, is the partial eleetron pressure. If there are 
n, free cleetrons in 1 em’, then 


p,=n kT. (5.12) 


The quantity xu, is what is called the partition funetion of 7 times ionised 
atoms. If we allot the suffix 1 to the ground state (for which ¢ = 0) 
and begin the numbering of the suecessive levels from there, then u, has 
the form 


u,(T) = 9,1 + 94,2 er, Q/KT 4 Ir,3 eer, g/AP 


ao 
+... =2 Grp OT KIRT (5.13) 
r= 


where g,, are the statistical weights of the sueecssive levels of the r 
tines ionised atom. Very often the inequalities 


em, 2KT | emer glkT ge ] (5.14) 
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hold. In this case the function «,(7') reduces to the statistical weight 
of the ground level. If, however, the first excited level is less than 1 eV 
from the ground level (1 electron-volt = 1-602 x 10-!? erg), the second 
term of the suin (5.13) must also be taken into account, and sometimes 
several terins. If, on the other hand, the excited level is 2 eV from the 
ground level, then it is necessary to take account of the second term 
of (5.13) only for fairly high temperatures (7' > 10,000°)*. 

The quantity u,.,(7') denotes the same function of the temperature 
as u,(7'), but for the r +1 times ionised atom. The factor 2u, , 1/u, is 
gencrally of the order of unity. A table of the ionisation potentials for 
various elements in various stages of ionisation, together with nomo- 
grains for the employment of Saha’s formula, is contained in A. UNSOLD’s 
book [168, § 23]. 

In connection with (5.11) we can introduce what is called the degree 
of ionisation z,, which we define as follows: 


n, 
— ») 515 
Uy = Ny my . n, (r=0,1,2,...) . (5.15) 


Thus the degree of ionisation gives the proportion of r times ionised 
atoms among the total number of atoms of the given kind. 


It follows immediately from Saha’s formula (5.11) that for a fixed 
p, the degree of ionisation of any element increases monotonically with the 
temperature T,, and this increase is proportionately the more rapid, the 
greater the ionisation potential y, and the lower the temperature 7. 
For small 7,/k7', the ionisation increases comparatively slowly with 7. 
It also follows from this formula that when p, increases (for a fixed 7’) 
the ionisation decreases. 


In the majority of cases encountered in practice, the levels of 
successive ionisation states are so far apart that only atoms in two 
neighbouring ionisation states, r and r + 1, can simultancously exist 
in fair quantity in a given volume in which »p, is fixed. For instance, 
if neutral and singly ionised atoms exist in an appreciable number, then 
the number of doubly ionised atoms will be negligibly small, and so on. 
Taking into account only two successive ionisation states, r and r + 1, 
we can say that, if some proportion x of the atoms are r + 1 times 
ionised, then the proportion 1 — z will be r times ionised. Consequently, 
formula (5.11) can be rewritten as 


x . . 
pi Pe = Ae» (5.16) 
* Tor a calculation of the sums w, and uw, at temperatures from 4900° to 
7300° and for various elements, see W. J. Ciaas (33). The convergence of sums 


of the form (5.13) is diseussed in A. UnséLb’s book [168, p. 84]. 
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where 
, U, 4 2(22 m,)2 (kT)$ ~ er/AT _ 
a “ M ° , (5.17) 
and also 
=n 41/2, l—xexenln. (5.18) 


In conelusion, we shall indicate an important modification of formula 
(5.11). Very often the number of atoms in the ground state is determined 
from observation (see Part II). For this case, formula (5.11) takes the 
form 
JB (kT) ~H/KP 
é (5.19) 


9(9 
Meany Ir ay 2(20 m 
3 
ry, 1 Ir 4 h 


The second suffix shows that ther +1] times and r times ionised atoms 
are in the ground state. 


3. The true absorption of radiation. Let us now pass to the question 
of the absorption coefficient. [t is necessary to make some introductory 
remarks. 

The temperature distribution in any region of a stellar photosphere 
is determined, as we have seen in the preceding chapters, by the inter- 
action between radiation and matter. In particular, the processes of 
therma] conduction and convection play only a subordinate part in 
establishing the temperature distribution. Practically all the thermal 
energy which is gained each second by any element of matter in the 
photosphere comes from the absorption of radiation. In this respect we 
shall at present be interested only in those absorption processes which 
lead to the conversion of radiant energy into thermal energy, and 
conversely, of thermal into radiant energy. The mechanism of the passage 
of energy outwards from the interior parts of the star amounts largely 
to the operation of these processes. 

It is implied with regard to processes of this kind that there is no 
direct connection between the absorbed and emitted quanta. Each 
absorbed quantum of frequeney vy is entirely lost, and the thermal 
energy thereby gained by the material of the photosphere is emitted in 
other frequencies after some time. All this is reflected in the condition 
of radiative equilibrium (3.14), which asserts that the total amount of 
energy absorbed in one second by unit volume (or mass) equals the total 
amount of energy emitted by that volume in the same time. 

Absorption in which the energy absorbed is converted into thermal 
energy (with subsequent re-cmission in other frequencies) we shall call 
true absorption (as distinct from scattering, of which we shall speak later). 
In order to make elearer what has been explained above, we give two 
examples of true absorption. 
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(1) Suppose that photo-ionisation has taken place from some orbit & 
as the result. of the absorption of a quantum hy by the atom. The 
detached clectron thereby acquires a velocity v in accordance with 
formula (5.8). Having undergone a great number of collisions with other 
particles (chiefly with electrons; see Chapter 8). it will finally be captured 
by some ion, i.e. recombination will take place. The frequency of thie 
quantum then emitted will, in general, be different from the frequency 
of the absorbed quantum, since the velocity of the electron at the moment 
of recombination will be different from its original velocity v at the 
moment of photo-ionisation. The electron may be captured by a comple- 
tely different ion, or into a different orbit of the same ion. At the same 
time, there is equality between the absorbed and emitted energy for 
the whole spectrum, as has already been stated. 


(2) A second example is true selective absorption (i. e. absorption in 
the frequency of spectral lines). Suppose that, as a result of the absorption 
of a quantum f»,, an electron has passed from the orbit 7 to an outer 
orbit &, and that at the moment when it is in the latter orbit the atom 
undergoes an inelastic collision (a collision of the second kind) with some 
other particle. As a result of the collision the excitation energy of the 
atom (i. e. e,—e,;) may be transformed into kinetic energy of the particle. 
In this way the energy hv, of the quantum is entirely converted into 
the energy of thermal motion of the particle, and the clectron falls 
back to the lower orbit 7, but the atom does not emit a quantum A v,. 
Another variant of the case considered is also possible. The cleetron may 
be removed by photo-ionisation from the excited level &. Here too the 
energy of the absorbed quantum is converted into energy of thermal 
motion. However, it must be admitted that, for the temperature problem 
in which we are interested, both variants of the present example, which 
have to do only with selective absorption and emission in a definite fre- 
quency, are of subordinate interest: (1) calculations which are performed in 
Part IT} indicate that processes of true selective absorption gencrally 
play a relatively minor part* in the total energy balance; (2) the total 
interval of the spectrum in which these processes are noticeable is gener- 
ally very small. We shall therefore consider henceforward only processes 
of true absorption for the continuous spectrum. Such processes will be 
called true continuous absorption or general true absorption. For the sake 
of brevity the word true can be omitted, as is usually done, and we speak 
simply of continuous or general absorption. We shall begin our dis- 
cussion with processes of photoelectric absorption, which belongs to the 
category of true absorption. This absorption process plays the most 
nnportaut part in stellar atmospheres. 


* For instance, collisions of the second kind are rare, on account of the small 
density of matter in stellar atmospheres. 


3. The true absorption of radiation 4] 


Let us consider the process of the photo-ionisation of an atom from 
some level k. It follows from (5.8) that the ionisation of the atom from 
this level can be brought about by any quantum, provided that the 
energy of the latter is greater than or equal to the binding energy , ;. 
Thus, if continuous radiation falls on an assembly of atoms. then this 
radiation, by ionising atoms from the level 4, will be absorbed in the 
frequency interval from 1, = z,,,/h to v == co. In other words, a suffi- 
ciently thick absorbing layer (i.e. one of large optical thickness) will 
produce in the continuous radiation passing through it a continuous 
absorption band beginning at the frequency +, and going in the direction 
of greater frequencies. And since each atom has an infinite number of 
possible orbits, the photoelectric absorption must in general result in 
an infinite sequence of absorption bands. In some cases (for example, 
the negative hydrogen ion) there is only a finite number of absorption 
bands (see below). 


In order to describe such an absorption process quantitatively, we 
first consider a simple system, namely a hydrogen or hydrogen-like 
ion. (A hydrogen-like ion consists of a nucleus and one electron. To this 
class belong He II, Li III, Be IV, etc.) 


Both for the following discussion and for a number of astrophysical 
problems it is more convenient to calculate the absorption not for unit 
mass of absorbing material, as for instance in (3.13), but for one absorbing 
atom. Let the mass of this absorbing atom, having an absorption coeffi- 
cient z,, be m. Then 

0=mn, (5.20) 


where » is the number of absorbing atoms of the given kind in 1 cm’, 
and 9, as in (3.13), is the density of these atoms. Introducing (5.20) on 
the right of (2.13), we obtain 





d/, =—Tl,x,mndh. (5.21) 
We also write 
k,=“4,m. (5.22) 
Then 
di, =—T,k,ndh. (5.23) 


We shall call &, the absorption coefficient referred to one atom (often 
called simply the atomic absorption coefficient). The dimensions of k, are 
cm?, The expression (5.23) can be written down at once without using 
(2.13). However, the intermediate steps are necessary to obtain the 
formula (5.22) which connects the absorption coefficient referred to 
unit inass with that referred to one atom. 
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4. Photoeleetrie absorption for hydrogen-like atoms. We consider a 
hydrogen-like atom with an electron moving in the field of the charge 
Ze, in an orbit with principal quantum number n. In this case, quantum 
mechanics gives for k, the following expression*: 


, 32 ef RZ 
k’ = Sg 5.24 
rm 2D 3/8 ch v3 v8 24) 
where the suffix & / indicates that the coefficient of photoelectric absorp- 
tion is calculated by taking account of all the sub-levels which belong 
to the given principal quantum number n, & is Rydberg’s frequency 


R= 22? e m,/h? , (5.25) 


which equals 3-287871 x 10 sec—!, and g’ is some correction factor 
little different from unity. According to D. H. Menzex and C. L. PEKrErIs 


[86] it is 
g’ ~ 1 —0-1728 (a'n)* Ee (77) —1 |. (5.26) 


It follows from (5.24) that within cach band, beginning at the frequency 
Yn =A%,lh and going to vy = oo, the absorption coefficient decreases as 
1/v8. Calculations give the numerical values shown in Table 2 for &, for 
hydrogen (4=1) at the frequencies corresponding to the edges of the 
bands. 





Table 2 
Initial state | ken, py (em*) 
| —_ . 
ls | 6-3 x 10718 
28 1-5 x 107" 
2p 1-4 x 107%" 
38 2-6 x 10-" 
3 7p 2-6 x 107" 
3d 18 x 107% 


Hcre the values of k, are given separately for different azimuthal 
numbers J. 


The absorption coefficient given by formula (5.24) has been derived 
for an atom in the quantum state , and naturally docs not depend on 
any variable parameters such as, for example, pressure, temperature, 
cte. However, this assertion is justified only while we do not consider 
all absorption bands. In fact, photoeleetric ionisation (and also absorption 


* The prime added to k, signifies that no account has yet been taken of the 
stimulated emission; see section 5, equation (5.61) — Translator. 
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of radiation) can take place from any orbit of the atom. Let us consider 
any definite frequency ». Irom this frequency in the direction of smaller 
frequencies (i.e. to the long-wave end of the spectrum) lie all band edges 
at frequencies vy, = x,/h < vy. And since the number of orbits in the 
atom is infinite. the number of these bands is also infinite. Every such 
band will contribute to the absorption at frequency », since the absorption 
bands go to »y=ow. Fig. IL illustrates what we have said. In this 





n=3 


The bands 
with n> 3 


v are not 
shown 


v 
Xp _ Xpe 
ves va=—) 
Fia. 11 


figure the frequeney » considered lies between 7, and y,. The bands with 
n = 2,3,4,...,00 correspond to the photo-ionisation of the atom from 
all higher levels. (In accordance with Fig. 10 the binding energy y,, and 
therefore the frequency », = x,/h, diminishes as n increases.) 


Further, as follows from very general properties of spectral serics, 
the frequency of the limit of the series arising from the orbit of principal 
quantum number n is determined by the binding energy of the level in 
question, i.e. by z%,. The bands of photo electric absorption start from 
the limits of the corresponding series, and this also is shown in Fig. 11 
(see the portion of the spectrum at the bottom, where the serics are 
indicated). 


Let us now return to the topie which we were considering. We have 
said that all those bands contribute to the absorption at frequency », 
the frequencies of whose edges are less than the given frequency. Con- 
sequently, in order to obtain the resultant absorption coefficient for 
the frequency in question, we must take account of all these bands, and 
to do this it is necessary to make some hypothesis regarding the distribu- 
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tion of atoms among the quantum states. We shall assume that the 
distribution of atoms among the states is determined by Boltzmann's 
formula (5.9), which we shall rewrite 
n g Fp, Wht - _ 
mB TM” ¢ ; (5.27) 
m1 Ir.) 
where we take e, ,; = 0. In virtue of (5.27), (5.23) and (5.24) the absorbing 
effect. of the atoms at frequency v due only to the nth absorption band is 


32 7 eE& RZig' n —e, ,/kT 
UM =— kar % adh =—l, PMG OO aH, 
, , 3) Sch nig, y 
(5.28) 


And since at frequency + the absorption is produced by al! the bands, 
the frequencies of whose edges are less than », the total absorption is 
given by the formula 


2 322% RZAn, , 2 g ~ty, (kT 
d/, = > das, = —], rt ne ge ne dh, (5.29) 
= 3) 3ch9vg . ac” 


where the sum begins at the first band which lies in the direetion of 
smaller frequencies from » (see Fig. 11), this band belonging to the 
prineipal quantum number 2). 

In connection with formula (5.29) it must be pointed out that the 
intensity of the sueeessive bands must decrease as the principal quantum 
number increases, i.e. in the direction of smaller frequencies. This is 
chiefly due to the presence in the formula of the Boltzmann factor 
e—‘,v*? The larger é,, ,, the fewer the atoms corresponding to this value 
of e, , and the weaker the absorption of the gas. 

In order to pass from n, , to n, the total number of the atoms in 
question in 1 em?, x, , from (5.27) ynust be summed over all states n 
from » = ] to » = oo, taking account of (5.13): 
beled n O° —€ yikT n 


SM ane a (5.30) 


ra 
Sr,1 n=1 


By virtue of (5.30) and the ionisation equation (5.11), we obtain 


ny __ | h3e tr kT (5 31) 
My May “22am )E (RT) ES 
Introducing now (5.31) into (5.29), we obtain 
Loe) 
d/, =  dl,™ = 
Neo 
_. 7 Noy Pe 28 2 66 RZdK = Orn g . (pon mee (522) 


" Uspiy 3} Be(2 ame) FP (KT)? v m nf 
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For the hydrogen-like atoms considered, the well-known serics formula 


€, yy = AR ZL —1/n®) = 4, —AR Zn? (5.33) 


holds. For these atoms, u,..; == 1, since in the case in question the 
r +] times ionised atom is the nucleus with charge + Ze, and consc- 
quently the partition function reduces to one term, the statistical weight 
of the nucleus. Taking these facts into account and noticing that from 
the theory of spectra g, , = 2n?, we obtain 


CAT} [QhRAES gf WReImKT 


d/, = — I, Ney] Pe y? kT a 73 é dh ) (5.34) 
No 
where 
ww 2 6 
7 P= 267 x 10%, (5.35) 
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5. The allowance for stimulated emission. The expression (5.34) is 
not the final one. We must allow also for stimulated emission, or, as it 
is sometimes called, negative absorption. The processcs of interaction 
between radiation and matter can be described not only by means of 
the emission and absorption coefficients, but also by means of the 
cocfficients of transition probability. Let the number of atoms of any 
matcrial in the quantum state / contained in 1 em? be 7, and the 
number of such atoms in the lower state 7 be n;. Then the number of 
transitions in 1 em? of material in one second which are accompanied 
by the emission of a quantum Av, is 


Revi = Ny (Ay; + Ovep Bj) ’ (5.36) 


where 
1 Ban 
Ory => / Lin dw (5.37) 


is the radiation density* in the given frequency, and A,; and #,; are 
the transition probability coefficients; A,; corresponds to spontaneous 
transitions, and 9, By; to stimulated transitions which take place under 


the action of the radiation ficld of density 9,,,. 


* We can obtain formula (5.37) from the calculations which we performed 
at the beginning of Chapter 3. Aecording to (3.3) and Fig. 5, the quantity of energy 
passing in one second through the element do inside the solid angle dw and in 
unit frequency interval is J, do eos 8 dw. The time necessary for a beam to pass 
through the height ds of the cylinder dv is ds/c. Consequently, the amount of 
energy from the beam J, dw considered which is contained in the cylinder du at any 


given moment is J, da cos 9 dw. dsie = 1, dw de/c. Integrating this equation 


over the whole sphere and the whole volume dv and dividing the result by Av, 
we obtain the required energy density, i.e. formula (5.37). 
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The number of converse transitions, i.c. transitions 7 — k, which 
take place in 1 em in one second under the action of the radiation ficld 
and are accompanied by the absorption of quanta hry is 


Nik = ny Ovex By , (5.38) 


where B,, is again the corresponding coefficient of transition probability. 


In using (5.36) and (5.38) it is assumed that the radiation density 
does not vary very greatly in the immediate neighbourhood of 1;,, i. ¢. 
within the speetral line considered, which is produced by the transitions 
i>kand k>7. 

The following relations exist between the transition coefficients 
Ay, By and By: 


9: By = 9; Bu , (5.39) 
Sahn, Sakr.3 g, _ 
A= a Bua = 7 : By - (5.40) 


Using (5.40), we ean rewrite (5.36) as 


3 
Nag = Ny Ay (1 + 8 x hyg? Ox) . (5.41) 


The importanee of the stimulated emission, as compared with the 
spontancous eiission, is determined by the second tern in parentheses 
in (5.41). 

The expressions (5.36), (5.38) and (5.41) are written for the integrated 
density (5.37) (i. c. taking account of all directions). For a xarrow beain 
of rays of dispersion dw, the density of radiant energy is 


(Ovsn) gay = vg, () dew/e , (5.42) 


and the expressions (5.36) and (5.38) becoine 


Ay Z,(9) 
(y-si)awo = (8 + au By) dw , (5.43) 
7, (9) 
(isk) de =n a ~ By dw , (5.44) 


while (5.43), on using (5.40), can be written 


ZT, (0 
e ne ') dw. (5.45) 


l 
(1p -si)du = Me Ani (, _ + 8 thy,,> 
The expression (5.34) for the attenuation of a beam of radiation takes 
account only of the ordinary absorption, to which the coefficient By, 


corresponds. However, the appropriate analysis shows that. m the pres- 
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ence of stimulated emission processes, the use of the basic cquation 
of transfer (3.12) requires a modification of the expression (5.34). For 
this we have to introduce the transition coefficients for recombination 
processes. Let k, be the atomic absorption coefficient corresponding to 
the photo-ionisation, from the kth level. of an r times ionised atom. 
Then, according to (3.6), the number of photo-ionisation processes from 
level & which take place in 1 em? during onc second and are accompanied 
by the absorption of quanta with frequeneics between » and v + dy is 


Ny dv =n, , k, _ f I,dw , (5.46) 
sinee in every photo-ionisation a quantum hy» is absorbed. In every such 
process the final state of the electron is the free state with some definite 
velocity v, determined by the equation of the photoelectric effect. It is 
to be noticed that we have passed, in accordance with (5.20) and (5.22), 
from the absorption coefficient referred to unit mass to the atomic ab- 
sorption coefficient. 


The expression (5.46) may also be rewritten, in accordance with (5.37), 
Nye TY =n, 4 ky (cdy/hy) a, . (5.47) 


The converse processes to the photo-ionisation of the atom from the 
level & are the recombinations to this level. The process of recombination 
may be regarded as a collision of the ion with an electron. Henee we 
can introduce the “‘effeetive cross-section” for recombination, whieh 
we denote by f,. Then the number of spontancous recombinations 
taking place during one second in 1 cm? and accompanied by the 
emission of quanta with frequencics between » and » + dy is 


ne op AY = 2,41 By v dn, , (5.48) 


where dv, is the number of clectrons contained in 1 cm? and having 
velocitics between v and v + dv, where dv and dy are connected, in 
accordance with (5.8), by the relation 


v dv = (h/m,) dr . (5.49) 


The form of the expression (5.48) is obtained as follows. Let 4, be 
the mean free path of an electron (between atoms of the kind in question). 
Then an clectron having velocity v undergoes v/A, collisions in 1 second. 
Consequently the number of collisions dZ undergone by dx, electrons 
in 1 sccond is (v//,) dn,. On the other hand, in collisions of electrons 
with atoms and ions, both the latter may be regarded as at rest; in 
this case /,, by the kinetie theory of gases, is equal to 1/qn, where q 
is the effective cross-section for collisions, and 7 ts the number of atoms 
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(or ions) in | em? with whieh cleetrons are colliding (i. e. reeombining). 
Substituting the expression for /, into that fordZ, we obtain an expression 
of the fori (5.48). 

The expression (5.48) takes aeeount only of the proeesses of spontane- 
ous recombination. However, if the medium is in a field of radiation of 
density 9,, we must also take aeeount of the proeesses of stimulated 
recombination, which gives from (5.41) 


a 
Ne pd = 2,21 Bye (1 + g ah ? 0.) dn,. (5.50) 


In order to find the eonnection between f, and k,, we make use of the 
principle of detailed balancing, which asserts that in « state of therme- 
dynamic equilibrium any process takes place exactly as often as the converse 
process. Consequently, in thermodynamie equilibrium the quantities (5.47) 
and (5.50) must be equal, and so 
' 3 
7 Ee Oy = Megs Be? (L + gy ys Or) MMe. (5.51) 


Next, in the presence of thermodynamie equilibrium, there exists a 
Maxwellian distribution of particles among velocities: 


dn, =n, 42 suar]) & v? dv. (5.52 
For o,,in the presenee of thermodynamie equilibrium, when J, (0) = B, (7), 
we have, aecording to (5.37) and (3.11), 
_ 82h 1 RK 
Qo = 3 eexp(hv/kT) —1° (5.53) 
Finally, by (5.9) and (5.30) we have for n, ; 
—€ , gikT n —e€ gikT ~ 
Ny k= Ne Fr, / =- Gre , , (5,54) 
Ie, u 


while to obtain the eonneetion between 7,, 7,4, and m, we ean use 
Saha’s formula (5.11), taking aeeount of (5.12). 

In‘roducing al] these results into (5.51), and using (5.49), (5.6) and 
(5.8), we find the required expression: 


2 p2 
py — Te ok (5.55) 
6 ee m2 oe vo 
r+) e 
We have derived the expression (5.55) for the case of thermodynamie 
equilibrium. However, it is eompletely general, sinee it represents the 
relation between quantities appertaining to the atoms and ions them- 
selves. We reeall that the analogous expressions (5.39) and (5.40) for 
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diserete transitions were also obtained for thermodynamie equilibrium. 
They are untrue only in the ease where the radiation field varies very 
rapidly with frequeney near 1. 

Let us now consider the original equation of transfer (2.28), in whieh 
we shall understand by x, the absorption eoeffieient which takes aceount 
only of ordmary absorption. We mark this coefficient with a prime, 
and we then have 


d/ (0 
cos 0 in dy dw = 1,(0) #, 9 dr dw —j,(0)odvdm. (5.56) 


We consider the equation (5.56) for proeesses conneeted with the ionisation 
of the atom from the level & and with reeombination to this level. The 
quantity j,(0) dy dw is just the energy emitted by one gram of matter 
in the photosphere in one second, in the frequeney interval from » to 
vy + dy and within the solid angle dw. The dependence of 7,(0) on 0 is 
brought about by the faet that, in the case in question, the eoeffieient 
j, ineludes the stimulated emission. The latter is determined by the 
radiation density in the direction eoneerned [formula (5.42)], and eon- 
sequently depends on the angle 0. Taking aeeount of the faet that only 
the fraction dw/42 of the total spontaneously emitted radiation is sent 
out in the beam dw, we ean now write, in aeceordance with (5.50) and 


(5.45), 
. 1 ce T,(9) 
i,(0) 9 dy dm = 7,4, B,v (is + grhot ¢ } hvdn,dw, (5.57) 


since a quantum hy is emitted in every recombination. 


Introducing, by means of Saha’s formula (5.11), the quantity , in 
place of n,,;, replacing n, in its turn by n,,, with the aid of (5.54), and 
using (5.7), (5.8), (5.37), (5.52) and (5.55), we obtain 


j,(0) 0 dv de = n,, , ky ew hele? [ei + 1,(0) } dwdy. (5.58) 
Now, replacing the first term in the braecs by means of Planek’s Law 
(3.11), we obtain instead of (5.58) 
j,(0) ody dw =n, k, (1 —e* 7) B, + eo PT 1(0)} dm dy. (5.59) 


We now introduce this expression (5.59) into the equation of transfer 
(5.56), replacing the quantity x, 9 in the latter by the equal* quantity 
ki n,,,, in aceordance with (5.20) and (5.22): 

cos 0 d/,(0)/dh = n, , k, 1,(0) (lL —e7*" 7) — ny, ky B, (1 — ek?) 


= n,,p hy (V—e7**?) (7, (0) — B,) . (5.60) 


* The quantities n, , and g here relate only to atoms in the ionisation state r 
and the excitation state k. 
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We now introduce the following quantity: 


k, = (l—enPP AT), (5.61) 


The equation of transfer (5.60) then takes the form 
cos 0 dl, (0)/dh =n, , k, (1,(0) — B,}, (5.62) 
or, introducing again the absorption coefficient referred to unit mass, 
cos 0 dJ,(0)/dh = 0 x, U,(0) — Bt. (5.63) 


We have thus obtained the original equation of transfer (3.12). 


Consequently, in using the equation of transfer (3.12), the absorption 
coefficient which takes account only of the stimulated absorption* must 
be modified in accordance with formula (5.61). It is quite clear also that 
the relation (5.61) is applicable to photo-ionisation from any level. Hence, 
to take the stimulated emission into account, we must multiply the whole 
expression (5.34) by (1 —e7""'*7), 

We shall make two comments regarding the result just obtained. 
Firstly, it is easily shown that we obtain the same relation (5.61) by 
considering not processes of photo-ionisation, but discrete transitions 
between the different quantum orbits of the electron. Secondly, the use 
of the basic formula (5.61) presupposes the applicability of the formulae 
of Saha and Boltzmann and of Maxwell’s distribution, 1. e. the existenec 
of thermodynamic equilibrium. 

We now return to our main topic, that of the absorption cocfficient. 
Using (5.61) and (5.34), we can write the following expression for the 
absorption coefficient referred to one r + 1 times ionised atom: 


Co4 Pe [ 2ARZ Zi gi AKA WkT —he[kT _ 
k, = - ry KT ~ 26 ni & (l—e ). (5.64) 
No 


6. Free-free transitions. Final results. ‘The absorption coefficient just 
written takes account only of photo-ionisation processes from different 
levels. These transitions are often called bound-free, and those converse 
to them, i.e. recombinations, are called free-hound. However, besides 
these transitions, there are others which are called free-free transitions. 
Classical electrodynamics and quantum mechanics tell us that a system 
consisting of an ion and an electron moving in a hyperbolic orbit in its 
ficld can both absorb and emit radiant energy. In the first case the 
cnergy of the system inereases, and in the second it diminishes. The 
parameters of the hyperbolic trajectory of the electron are changed as a 
result of every absorption or emission. 


* Corresponding to the coefficient £;, in the case of diserete transitions. 
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The quantum theory gives for these processes the following expression 
for the absorption coefficient, again referred to one r + 1 times itonised 
hydrogen-like atom: 

by = OO Pe gm hatety gi (5.65) 
T2 
where the factor which takes account of the negative absorption process 
is already included (in the parentheses). In the expression (5.65), g” is 
a correction coefficient, which in the majority of cases differs little from 
unity. It may be estimated from the formula 


9” =1 40.1728 (4%)? ]1 + AF), (5.66) 


The absorption coefficient (5.65) corresponding to free-free transitions 
is gencrally of importance only for the far infra-red region of the spec- 
trum. In the visible and photographie regions it is noticeable only at 
very high temperatures (usually above 50,000° to 100,000°). 


According to the definition (2.13) of the absorption coefficient, the 
latter has the additive property [which we have used in formula (5.29)]. 
Hence, in order to take account of both bound-free and free-free transi- 
tions, we must add the two coefficients (5.64) and (5.65); as a result 
we obtain the following expression, which determines the absorption 
coefficient for hydrogen-like atoms: 


— Oo me JOhRZES gi Anz wer 


— —hv{kT 
k, —_ q "fey 2» g € 
73 k7 me ns 


g’ }—e ). (5.67) 


This absorption coeffieicnt is referred to one r + 1 times ionised atom. 
If we introduce the degree of ionisation z by means of the first of the 
relations (5.18), then, according to the general formula (5.23), the ab- 
sorption coeffieient referred to one hydrogen-like ion (taking account 
of all ionisation states) is 


C, ZL xp IARZ OO, ARZ UAT ” —hofkT . 
= aT | kp ee rg jae ). (5.68) 
2 re 


The formulae (5.67) and (5.68) cannot be uscd if the state of the matter 
deviates greatly from thermodynamic equilibrium. In this case we must 
start from the basic formula (5.24), in which the absorption eocfficicnt 
does not depend on the external eonditions. 

As an illustration of formula (5.68) we give a diagram (Fig. 12a) 
which shows the variation of x, for hydrogen at 7’ = 10,370° and 
p, == 244 bars. In this figure the absorption coefficient is that referred 
to unit mass; this is obtained, aecording to (5.22), by dividing (5.68) 

4* 


vt 
te 
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by the mass of a hydrogen atom, it being of course remembered that for 
hydrogen Z = 1. The dependence of logy) x, on wavelength is given 
for various temperatures in Fig. 12()). The coefficient x, is here referred 
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to one gram of neutral hydrogen. In order to obtain the absorption 
coefficient referred to 1 g of hydrogen (taking account of both the neutral 
and the ionised state), we must multiply the numbers in Fig. 12(b) by 
(1— a2), where x is the degrce of ionisation of hydrogen. 


7. Non-hydrogen-like atoms. Negative hydrogen ions. The scattering 
of radiation by free electrons. All the results we have obtained, and, 
in particular, the original formula (5.24), are applicable to hydrogen-like 
atoms, i.e. to the atoms H, He II, Li III, Be IV, ete. The application 
to other elements of formula (5.24) and all those derived from it is nmjusti- 
fied. In these cases the absorption cocfficicnt must be deduced cither on 
the basis of experiment or from quantum-mechanical calculations. The 
deviations of the k,, so found, from the valucs obtained by using (5.24) 
are the smaller, the larger n, i.c. the greater the dimensions of the 
orbit from which the photo-ionisation takes place. Hence the application 
of (5.24) for levels with fairly high excitation potentials very often docs 
not involve any considerable crror. On the other hand, the application 
of this formula to photo-ionisation from the ground level (or from 
levels fairly close to it) may give results which differ by a factor of 10 or 
even 100 from the true values. Errors of the same order may result from 
the application of formula (5.24) to (non-hydrogen-like) atoms or ions 
which have only one electron outside the closed shells. Such systcins, 
for example KI (neutral potassium), are called systems with one valency 
electron. 

We shall here give a short survey of some data for the atoms which 
are most iinportant from the astrophysical point of view. We shall 
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consider photo-ionisation from the ground level (absorption beyond 
the limit of the principal series). 

The variation of kj just beyond the limit of the principal series 
for helium is shown in Fig. 13. Here k, decreases with inercasing 
more slowly than »-%. The variation of k, is shown in Fig. 14 for C, 
N, O and F. The energy of the ejected electrons in electron-volts is 
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placed on the axis of abscissae. For O and F the difference from the 
y~3 law is particularly large, and we can even observe a kind of maxi- 
mui. 

Yor sodium, k, is 3:1 x 107! em? just beyond the limit of the 
principal series. The further decrease of k, with frequency is more 
rapid than »~%. For ealcium, &, follows closely the »~3 law; just beyond 
the limit of the principal series, k, = 2-5 x 10-!? em?. For potassium, 
the existing calculations are still insufficiently accurate, but here k, is 
apparently considerably less than the value given by formula (5.24). For 
the reinaining elements in Table 1 no calculations have yet been made. 
There are also hardly any calculations of k, for the photo-ionisation of 
the atoms mentioned from excited levels. However, in this case it is 
often possible to use formula (5.24), in view of the “hydrogen-like- 
ness” of the orbits concerned. 

There are almost no quantitative data on the values of &, for ions. 
The hydrogen-like ions (such as He IT, Li ITI, ete.) form an exception, 
and so do those of a small number of selected elements. 

As with hydrogen-like ions, all the other elements (neutral and 
ionised) are characterised by absorption consisting of separate bands 
superiinposed on one another. In order to determine the absorption 
coefficient for frequency +, we must take aceount of all these bands, 
though of course we need take into consideration only those bands 
whose edges lie in the direction of longer wavelengths from a given 
frequency. The absorption coefficient is construeted in the same way 
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as for hydrogen-like atoms. That is, the formulae of Boltzmann and 
Saha are used, and negative absorption is taken into account according 
to formula (5.61). 

In 1939 it was discovered that, beginning from stars of class A 2 
to FO and continuing to stars of later spectral classes, the absorption 
of radiation by negative hydrogen ions becomes more and more important, 
and finally is the dominant factor (for the Sun). A negative hydrogen 
ion is the name given to a system consisting of a neutral hydrogen atom 
with an additional clectron attached to it. The absorption processes for 
this system are the same as for ordinary atoms. There are bound-free 
transitions, i.e. photoelectric absorption. and free-free transitions, i. e. 
absorption of radiation by the system consisting of a neutral hydrogen 
atom and a free electron moving near it in an open orbit. However, 
there is a certain difference between a negative hydrogen ion and 
ordinary atoms, consisting in the fact that in the case of the former 
there is practically only one important absorption band. Simee photo- 
electric absorption by the negative hydrogen ion plays the chief part in 
the most important regions of the spectrum, we give separately in 
Fig. 15(a) the absorption coefficient relating to this absorption only. It 
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is referred to one negative hydrogen ion. We notice that the ionisation 
potential for this system, which determines the edge of the absorption 
band, is 0-75cV. The absorption coefficient of the negative hydrogen ion, 
taking account of free-free transitions, is shown in Fig. 15(b). It has been 
constructed for a series of temperatures and is referred to one neutral hy- 
drogen atom and unit electron pressure (1 bar). In order to find &, for 
any p,, the ky found from the graph must be multiplied by this value of p,. 
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There are no analytical expressions for the absorption coefficient of 
the negative hydrogen ion. The quantities 4, for it are taken from the 
appropriate tables [31]. Besides negative hydrogen ions (denoted by H-), 
there now cxist calculations for negative oxygen ions. 

In the photospheres of hot stars of classes O and B, where very 
few neutral hydrogen atoms remain, because of the high temperature, 
processes of scattering of radiation by free electrons begin to play an 
important part. However, it is necessary to bear in mind that we are 
here concerned not witht rue absorption but with scattering of radiation. 
The process of scattering amounts to the fact that the scattering particles 
simply change the direction of the quanta falling on them. The trans- 
formation of radiant cnergy into thermal energy and back docs not 
occur here. Hence it is impossible in this case to apply directly Kirch- 
hoff’s Law (3.10) for the emission cocfficicnt. 

The scattering cocfficient. like the absorption cocfficient, is deter- 
mined by the ordinary expression (5.23). If there are x, free electrons 
in 1 em’ and the scattering cocfficient referred to one free clectron is 
s,, then the attenuation of the intensity /, owing to scattering by free 
eleetrons is determined by the expression 


d/J, =— I,s,n, dh, (5.69) 
where 


2 2 
5, = 83 (22) ; (5.70) 
The numerical value of s, is 0-665 x 10-*4cm?. It follows from (5.70) 
that the scattering by free clectrons is independent of the wavelength. 
The seattering of radiation by protons, which are present in large 
numbers in the atmospheres of hot stars, is negligible, since the scattcring 
coefficient for protons is considerably less than s,. 

When the absorption of radiation in stellar photospheres is dcter- 
mined not by one clement but by two or more, it is necessary to introduce 
the total absorption in accordance with formula (5.23). If there are », 
absorbing atoms of some clement, with atomic absorption coefficient 
k,, in 1 em3, n, atoms with absorption coefficient k,, cte., then the 
total absorption in the frequency v is determined, according to (5.23), by 


dl, = > d7, = —1,dh Dn, kb. (5,71) 
s & 
If we now wish to refer all absorption coefficients to one atom of the 


inost abundant element, for instance hydrogen, formula (5.1) must be 
used. In this case, we find from (5.71) 


dl, ——I,n, dh Ya, k,™. (5.72) 
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We shall eall the quantity 


k, = Mak (5.73) 
g 

the total absorption coefficient. According to formula (5.2) we could 
also have referred the total absorption coefficient to the total number 
of all atoms in | em. However, since the number of hydrogen atoms ny 
in 1 em? considerably exceeds that of all atoms of other elements (in 
} em*), in practice n, & ny & n. 

Having acquainted ourselves with the inain outlines of the theory 
of absorption coefficients, we can now turn to the question of the energy 
distribution in the continuous spectra of stars. 


Chapter 6. The distribution of energy in the con- 
tinuous spectra of stars for an absorption coefficient 
depending on the frequency 


1. The absorption of radiation in the photospheres of stars of various 
spectral classes. In Chapter 4 we came to the conclusion that the 
divergence between the theory there considered and the results of 
observation must be due mainly to the dependence of the absorption 
coefficient in stellar photospheres on the frequency. For this reason 
we have considered in Chapter 5 the most important faets concerning 
absorption coefficients. In order to facilitate the solution of further 
problems, we must also consider which atoms and ions are the inain 
sources of absorption in the photospheres of stars of various spectral 
classes. In this we must be guided by formula (5.23), according to which 
the attenuation of the radiation is proportional to the number of absor- 
bing atoms in] em#and tothe atoinicabsorption coefficient of these atoms. 
Starting froin this, we shall now consider the part played by the various 
atoms and ions. We begin with stars of the spectral classes M and N. 
Direct spectroscopic observations show that practically the entire conti- 
nuous spectrum of these stars is strongly distorted by bands due to 
various molecular compounds. Taking account of the absorbing effect 
of these bands involves very great difficulties. Moreover, the attenuation 
of the radiation by moleeular bands is apparently due, in the majority 
of eases, to seattering, and not to true absorption. 


Apart from molecular absorption, the absorption by negative hy- 
drogen ions H~ may, apparently, play some part, though a small one, 
in the photospheres of the stars mentioned. The effectiveness of this 
souree of absorption is the greater, the greater the number ny-, i. ¢. 


1. Stars of various spectral classes o7 


the number of negative hydrogen ions in 1 cm’, and this is greater 
the greater the number of neutral hydrogen atoms in 1 em? and the greater 
the nunber of free electrons in 1 cm?. The first condition is satisfied for all 
stars whose effective temperature 7’, is less than 7000° to 8000°. In 
the atmospheres of these stars practically all the hydrogen is neutral. 
The second condition is not fulfilled in the photospheres of stars of 
the spectral classes M, N and R. A study of absorption lines shows 
(sec Table 8, Chapter 15) that in the photospheres of stars of these 
classes the value of n, is (relatively) small. Only in the atmospheres 
of K stars, where n, is already fairly large (m, increases with 7',, since 
the degree of ionisation of the atoms also increases), does the part 
played by negative hydrogen ions become important, while in the 
photosphere of the Sun (dG 3) it is the chief contribution to the ab- 
sorption. 


As the effective temperature increases further, the part played by H- 
ions as a source of absorption begins to decrease again. This is chiefly 
caused by the inercase in the absorbing power of atomic hydrogen H 
(see below). Moreover, as the temperature increases, the ionisation of H- 
ions, i. ce. their dissociation into neutral H atoms and electrons, increases. 
However, this factor is much less important, since the ionisation potential 
of the H- ion is 0-75 eV, and with such a low ionisation potential the 
degrec of ionisation changes comparatively little with 7’, according to 
Saha’s formula (5.11). This change is slowest at fairly high temperatures, 
for at such temperatures the index of the exponential in Saha’s formula 
is particularly small, and consequently even a large change in 7’ has 
little effect. However, as 7', increases further, the ionisation of both 
H- ions and of neutral hydrogen atoms begins to become important. 
Direet calculation shows that the part played by H- ions becomes 
small in the photospheres of normal stars of class A 0, though in the 
photospheres of white dwarfs, where the electron pressure is very great, 
these ions are apparently important even for the elass mentioned. 


In conclusion, it should be mentioned that the electrons which, 
together with neutral hydrogen atoms, form H~- ions appcar at the 
lower temperatures chiefly on account of the ionisation of elements 
whose ionisation potentials are relatively low. Among these elements 
are Na(7%, = 5:12 eV), Mg(z) = 7°61 cV), Ca(z = 6:09 eV), ete. On the 
other hand, hydrogen, although it is quantitatively the predominating 
element, has a relatively high ionisation potential (13-59 eV). Henee 
its jouisation at low temperatures will give only a negligible number 
of frce cleetrons. The same applies to He, N and O. Only at temperatures 
above 6000° or 7000°, with the electron pressures existing in stellar 
photospheres (sec Table 8, Chapter 15), does hydrogen begin to become 
an important source of free electrons. 
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Let us return to the stars of classes M and N. Besides the molecular 
absorption and that by H7- ions, the absorption of radiation by atoins 
of metals must also play a eertain part in these stars. However, no 
calculations have yet been made which could give a quantitative estimate 
of the relative importance of molecules, H~ ions and metals in the photo- 
spheres of stars of classes M and N. 

Finally, we shall say a few words on the part played by hydrogen 
atoms. Despite the fact that practically all such atoms in the photo- 
spheres of late-type stars are neutral. the part they play is completely 
negligible. The absorption of radiation by neutral hydrogen atoms up 
to the limit of the Lyman series at 2 = 912 A is caused by photo- 
ionisation from excited levels. However, even for the first excited level 
with » = 2, the excitation potential of hydrogen atoms is very large, 
being 10-16 eV. Hence the number of neutral hydrogen atoms in excited 
states is completely negligible at low temperatures. Thus, for example, 
even for 7’ = 5700° we have seen that no/n, = 4:2 x 10°*. For stars of 
classes M and N this ratio is several orders of magnitude smaller. Hence 
we can negleet, in this case, the part played by neutral] hydrogen. It is 
true that we must not forget the existenee of neutral hydrogen atoms 
in the ground state. By virtue of the large percentage content of hy- 
drogen, these atoms will be very many in number. However, it follows 
from physical considerations, and from the analysis of the equations 
of the theory of radiative equilibrium, that the spectral regions which 
play the greatest part in establishing the law of variation of the tempe- 
rature with depth are those in which the absorption coefficient and the 
intensity of the photospheric radiation are both fairly large. This is 
seen, in particular, from equation (3.14). In low-temperature stars, how- 
ever, the intensity of radiation is particularly small in the spectral 
region where photo-ionisation of neutral hydrogen from the ground state 
takes place. In faet, the whole of this region lies in the far ultra-violet 
beyond the limit of the Lyman series at 2 = 912 A, i.e. in the Lyman 
continuum. Hence we may completely negleet, from this point of view, 
the part played by neutral hydrogen in the photospheres of low-tempera- 
ture stars. 





Let us now pass to hotter stars than those of classes M and N. We 
shall consider, in particular, stars of the solar type, where n, is already 
quite large. 

In the photospheres of stars of the solar type, wolecular absorption 
no longer plays an important part. Direet calculations show that the 
absorption of radiation by excited metal atoms is also completely 
negligible in comparison with the absorption by H7- ions. Hence negative 
hydrogen ions are the main source of absorption in a very large range 
of wavelengths, including the infra-red, the visible and the near ultra- 


1. Stars of various spectral classes 59 


violet (up to 4000 A). The metals apparently play an important part 
only for wavelengths less than 3000 A, i.e. in the region where they 
are photo-ionised from their ground levels. For wavelengths less than 
4000 A. the attenuation of the photospheric radiation by absorption 
lies, which are very strongly concentrated here, is also important. 
(It must he borne in mind that in many absorption lines the chief 
process is not true absorption, but scattering of radiation.) This also 
follows direetly from observations, which show just beyond 4 = 4000 A 
an anomalously sharp decrease in the intensity of the continuous spectruin. 
The influence of absorption lines inust also be very considerable in 
the far ultra-violet region of the spectrum up to the limit of the Lyman 
series, since in this region are concentrated a large number of strong 
resonance lines of various elements, i.e. limes caused by transitions 
from the lowest level. The lines of the Lyman series will be particularly 
strong. However, inasmuch as the intensity of radiation in the region 
considered is relatively small, the part played by the far ultra-violet 
regions of the speetrum in the energy balance of the solar photosphere 
eannot be especially large. 

For the reasons just given, the absorption by neutral hydrogen atoms 
is unimportant in the solar photosphere. Thus the main source of ab- 
sorption in the photospheres of solar-type and similar stars is formed 
by the H-ions. The absorption by metals (photo-ionisation from the 
ground levels) and seattering of radiation in absorption lines are added 
in the ultra-violet region of the spectrum. 

Let us now pass to still hotter stars. As the temperature mereases, 
the number of excited neutral hydrogen atoms continually increases. 
When this number becomes comparable with the number of negative 
hydrogen ions*, both sourees of absorption beeome equally effective. 
A comparison of Table 2 and Fig. 15(a) shows that in both eases the 
atomic absorption coefficient in the most important spectral regions is 
of the same order (107!% em?). 

When the temperature increases further, the number of excited 
hydrogen atoms begins to exeeed the number of H- ions, and neutral 
hydrogen becomes the substance determining the absorption. The ab- 
sorption by H- ious is apparently already inconsiderable in the photo- 
spheres of stars of class A 0. Consequently, a continuous transition from 
H - ions to neutral hydrogen atoms takes place in the photospheres of 
stars of classes F and A. 

As the temperature inereases, the part played by absorption hnes 
of metals m the ultra-violet decreases. [t is apparently already small 
in stars of class A. In the photospheres of stars of classes AO to B2 

* The number of H~ ions n,,- is always some orders of magnitude less than 


the total number of neutral H atoms (in all states), sinee n,,- is limited by the 
number of free cleetrons. 
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the main absorbing element is neutral hydrogen. In the photospheres of 
giant stars of these classes, the scattering of radiation by free electrons 
begins to play a noticeable part. 


In the photospheres of stars of classes O, B 0 to B 2, the absorption 
of radiation by helvum atoms (in the ultra-violet region of the spectrum) 
is added to that by neutral hydrogen atoms. Moreover, in the photo- 
spheres of these stars the scattering of radiation by free electrons 
becomes an important factor; since hydrogen is almost completely 
ionised. there are very many electrons, and few neutral hydrogen atoms. 
However, it must be remembered that electron scattering is not a 
process of true absorption, and Kirchhoff’s Law (3.10) cannot be applied 
to it. 


It follows from the above discussion of absorption conditions that 
these conditions are mainly determined by the degree of ionisation of 
the atoins. The ionisation, in turn, is determined not only by the tempe- 
raturc, but also by the electron pressure. {As is seen from Saha’s formula 
(5.11), the effect on z, of a change in the temperature 7' is greater than 
the effect of the electron pressure p,.| In general, it follows from (5.11) 
that an increase in 7’ has the same effect as a decrease in p,. 


Let us now pass to the theory of radiative equilibrium with an ab- 
sorption coefficient depending on the frequency. The very great mathe- 
matical complexity of the solution of this problem is increased by the 
fact that different kinds of absorption occur in the photospheres of stars 
of various classes, and the form of the dependence of z, on the frequency 
also varies. Hence the solution of this problem has to be carried out 
separately for each case. It is therefore necessary to introduee various 
simplifying assumptions or to use the method of successive approxi- 
mations, 


2. Radiative equilibriuin in the photospheres of stars of classes A 0 
to B2. As an example, Ict us consider the radiative cquilibrium in the 
photospheres of stars of classes AO to B2. (We shall discuss stars of 
other spectral classes later.) In the case under consideration, the problem 
is simplified by the fact that the absorption of radiation is determined 
iainly by neutral hydrogen (see below regarding the seattering of 
radiation by electrons in these photospheres). 

We shall solve the problem proposed by means of the method of 
successive approximations*, using the same process of averaging the 
intensity (over direction) which we discussed at the end of Chapter 3. 
(In Chapter 4 we gave arguments to show that this process is quite 
suitable for the case here considered.) 


* The theory expounded below was constructed by FE. R.Mustev’ (94} — 
Editor. 
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For the coefficient of absorption by hydrogen atoms, we can write, 
using (5.68), 


my = D (Pe, T) Wy, T) 5] (6.1) 
where 
Corp 
Dip. T)= (6.2) 
my, Te 
rp QAR go kRer y) Leet heat 
Poy T) = |p Sos vy (63) 
No 


where in using (5.68) we have taken into account that for hydrogen 
Z = 1. In passing from k, to x, in accordance with (5.22) we have 
denoted the mass of the hydrogen atom by my. 
In virtue of (6.1), the expression for the element of optical depth 
takes the form 
dt, = P(p,, T) V(r, T) adh. (6.4) 


In order to simplify the analysis, we introduce a new variable ¢ as 
follows: 


do = 3 P(p,, T)oedh. (6.5) 
We then have 
3 dt, = Wy, T) dé ’ (6.6) 
$x, =f Wi, T) de. (6.7) 
0 


By means of (6.6) and (6.7) the equation (3.55) and the expressions (3.63) 
and (3.64) can be rewritten in the following form: 


1 dd, 


Wo, 7) at = PMs (6.8) 


= co ad 
I, =exp [f Mr, 7) de’) [ 4, exp (— f Mv, 7) de") ae” (6.9) 
6 t 0 
and 


iq v’ 
I, = exp [—f Wo, 1) ae] f A, exp ( f Mr, 7) dg"] de’. (6.10) 
0 0 10) 


From (6.3) and (3.11), the function 


9 9 og AR ART |) chy kT 
A, = B,W(9, T) = - | fa Ye +g | e (6.11) 
n 


is a definite funetion of temperature and frequeney. In order not to 
confuse the limit of integration with the independent variable of inte- 
gration, we have added a prime to the latter. 
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It follows from the expressions (6.5) to (6.11) that the problem 
reduees to finding the dependence of 7’ on &. In the ease considered, 
the variable ¢ completely replaces the variable t whieh we used in 
Chapter 4. 

Using the equation 

dJ dJ, ag 

+ _ : v » 9 

df ~~ dT dé (6.12) 

and integrating (6.8) over the whole speetrum, we obtain the basie 
differential equation of our problem: 

aT _ H (6.13) 


ds ia a 
2 | 1,7) ap «ly 

a 
Sinee the derivative of the funetion J, with respeet to temperature is 
unknown, the equation (6.13) has to be solved by the method of sucees- 
sive approximations. As a first approximation we use the expression 
for the derivative dJ,/d7 whieh holds in sufficiently deep layers of 
the stellar atmosphere. We shall show, in faet, that as 1, 0o the 
following equation holds: 


aJ,/d7 = dB,/aT . (6.14) 


We may remark in this connection that the equation J, = B, and 
the equation (6.14) are satisfied in the presence of strict thermodynamie 
equilibrium, when the intensity of radiation is the same in all directions 
and is determined by Planek’s formula (3.11). In this case the equation 
J, = B, follows from formula (3.15). Thus the proof of the correetness 
of (6.14) is also a proof that strict thermodynamie equilibrium holds 
in the deep layers of the stellar atmosphere to a sufficient degree of 
aeeuracy. 

To prove (6.14), we divide the equation (3.50) by 7, and proeeed to 
the limit as 1, > oo. We then obtain 

i i! 
lim 1 =1— lm rT . (6.15) 

Ty oO v Ty, 00 “¥ 
We shall show that the left-hand side of (6.15) tends to zero as 1, > ce. 
To do so we reeall that the integrated flux a // is constant at all depths. 
Since, aceording to (2.6), 2 J/ is the integral of a Z/, over v, //, cannot 
inerease without limit for any frequeney*. As we penctrate into the 

* Jt must be borne in mind that a //, is positive for all frequencies, and 
consequently it is not possible for one spectral region with a large positive //, 
to be compensated by another with a large negative H,. 
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stellar photosphere, only a transformation of the flux in the direction 
of greater frequencies takes place, and the quantities 2 Z/, themselves 
cannot exceed a certain limit (see also Fig. 18 and the explanation 
thereof). But since for rt, > co the temperature of the medium conti- 
nuously increases, and therefore the intensity J, increases without limit, 
the limit of the ratio H,//, is zero. Consequently, we can write 
1? 
lim ,” =1. (6.16) 


Ty 09 v 


Let us now consider some point in the stellar photosphere at optical 
depth t,, and measure the optical thickness upwards and downwards 
from this point (and not from the boundary of the photosphere). Then 
for ¢, >t, and t, <1,, respeetively 

tr =t 


v v 


a (6.17) 


—t,, lt 


The equations (3.63) and (3.64) can therefore be rewritten as 


1,= [ Bye? 3 a0, | 

0 

_— (6.18) 
I, = [ Bye?” 3att. | 

0 


These expressions [taking account of what was said concerning formula 
(4.27)] enable us to regard J, and J, as weighted means of B,. 

Let now the temperature at the point selected be 7. Then the whole 
of the photospherie layers lying above will have a lower temperature 
than 7, and those lying below (i.e. towards the eentre of the star) 
ahigher temperature. The same inequality will be true of the funetions B, 
themselves. Then we can write for the given point, by virtue of what 
has just been said about the intensities J, and Jj, 


I,> B,(T)>T,. (6.19) 
This inequality, together with (6.16), cnables us to write 
. I . I, > 
Jim B= 1, Jin “B, =1. (6.20) 


We now divide (3.51) by B, and pass to the limit as 1, — co: 


v 


J I ly 
. v4 . , . » 91) 
lim B=? lim Bot lim R, . (6.21) 
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Introducing the expressions (6.20) into (6.21), we find that in facet, 
for t, > oo, J, tends to B,. and this enables us to write (6.14). 
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Now, introducing (6.14) into (6.13), we obtain the equation for the 
first approximation: 
dT/dg = A/2Z(T), (6.22) 


where 


] dp, 
dy (6.23) 


4(P) = | Wy, T) at 


0 
is a definite function depending only on the temperature 7’. Introducing 
the function YW (v, 7’) from (6.3) and the derivative of B, with respect 
to the temperature in the integral in (6.23), and effecting the integration 
by numerical methods [95], we can determine Z(7') for various 7. 

Having calculated the function Z(7), we can integrate the equation 
(6.22) for a given H, i. c. fora given 7,. Since for € = 0 the temperature 
T is equal to the boundary temperature 7’, this gives 

. 
[arjav = 3H. (6.24) 
7, 

We must now determine the temperature 79, which is a constant of 
integration. If we found the exact solution of the problem, the distri- 
bution of temperature obtained would give us the same flux a H, equal 
too T,3, at all depths, so that the deviation from o 7; is a ineasure of 
the incorrectness of the solution obtained. Hence we determine the con- 
stant of integration so that the solution found in the first approximation 
(i.e. the dependence of 7 on €) gives the prescribed flux o 7'4 at the 
boundary, where €=0. According to (6.9), the intensity J, at the 
boundary of the photosphere is 


» 
» 


(Ly )o = [ A,(T) exp [— { Vv, T) deja . (6.25) 
0 0 


At the boundary of the photosphere, where J; = 0, we have, in accord- 
ance with (3.50) and (6.25), 


(xH)y = 2 [ (H,jodv =x f (Iy)p dr 
0 6 


» 
» 


af [Alt exp [— f Wr, dtjdg hdr. (6.26) 


0 


I 


Let us assume that we have prescribed some surface temperature 7'y. 
Then the temperature distribution can be found from the equation (6.24). 
Knowing 7' for every value of ¢, we can then calculate by ineans of 
nuincrical integration, in accordance with (6.3), (6.11) and (6.25), the 
quantities (J,)y for various frequencies, and then by formula (6.26) the 
total flux a(//)9, which also has to be calculated by numerical integration. 
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The quantity 7, itself which is such that it allows the basic condition 
(1H), =a Tf (6.27) 


to be satisfied is found as follows. We take a series of three or four 
values for 7). Let these be 7), Ty, 7), Ty, lying close to the 
expected value; for each of these values we integrate equation (6.24). 
Then, for cach of the temperature distributions thus obtained, we find 
the value of (J,)), and then we calculate, by means of (6.26), (27 H)q, 
i.e. the fluxes (wH™),, (1H®)o, (1H), and (x1H™),, corresponding 
to the selected values of 7). We construet a graph, placing on the axis 
of abscissae 7, and on the axis of ordinates the corresponding fluxes 
(tH), (i = 1, 2, 3, 4). On joining the points obtained by an interpola- 
tion curve, we find on this graph the temperature 7, which corresponds 
to the given flux o 7,4. This 

is the required surface (nH), 
temperature (Fig. 16). If,  (aH{*) 
using this temperature, we (ni 


again integrate equation 4 
ate 

(6.24) and calculate as be- 2) 
(aH) 


fore the quantities 2(J,)y 
and (27H) , then we should 
obtain for (7H), the value (nt?) 

o T,} (this serves as a check ° 

on the eorrectness of the 7, 

obtained). To” 1 1, 7 To TA?) 

The quantities (J,)) for Fic. 16 

the 7, finally obtained are 

to be identified with the distribution of energy in the speetruin of the 
total stellar radiation. Tor, aecording to (4.47), the mean intensity 
of the stellar radiation is (#,),, and so, in virtue of (3.50), it is equal 
to (I,)9, sinee I, =0 at the boundary. Here, of course, we are speaking 
as yet of the first approximation. 


The temperature distribution whieh we have obtained in the first 
approximation gives the prescribed flux o 7,4 at the surface of the star. 
However, a inore detailed consideration of the question shows that, 
in finding 7’, in the manner described, we achieve the constancy of 71 
not only at the boundary itself (where ¢ = 0), but also at great depths, 
with t, > co. Actually, from (6.14), the temperature gradient for these 1, 
which we find by means of (6.22) is practically exact. Moreover, direct 
caleulations, as well as physical analysis, show that the effect of an 
error in the temperature of the outer layers on the temperature distri- 
bution in the deep layers is small. Then the constancy of the flux 7H 
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and its equality to o 7,4 are fulfilled in the first approximation both 
in the layers nearest the surface of the star and in the deep layers. 


We now goto the second approximation. On the basis of the temperature 
distribution, i.e. the function 7(¢), found in the first approximation, 
we can determine the quantities J, and J; from formulae (6.9) and 
(6.10) for a series of values of ¢, and therefore of 7. Consequently we 
can determine J, from formula (3.51) for these values of ¢ and 7’, and 
thence also dJ,/d7 by numerical differentiation. Thus we can introduce 
into equation (6.13) for cach ¢ not the quantitics dB,/dT, but the 
more exact quantities d/,/d7, derived from the first approximation. 
The problem reduces to the numerical integration of equation (6.13), 
where dJ,/d7 is a function of ¢€, and ¥/(», 7) is again a function of the 
temperature distribution obtained. The surface temperature in the 
second approximation must be found in the same way as in the first 
approximation. 


If necessary, we could also introduce the third approximation, and 
so on. However, actual calculations show that even the first approxi- 
mation gives completely satisfactory results, i.e. a practically exact 
flux at all levels. Hence we can restrict ourselves to the first approxi- 
mation. 


3. Comparison of theory and observation. Numerical calculations 
have been carried out [95] in the first approximation, in accordance 
with the theory just explained, for effective temperatures 7, = 10,500°, 
15,000° and 20,000°. We shall give here those results which are the 
most important from the theoretical standpoint. 
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Tig. 17 shows the distribution of energy, calculated in the manner 
described, in the continuous spectrum of a star with 7’, = 10,500° 
and also, for the sake of comparison, Planck’s function B, for the same 
temperature of 10,500°. 
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The most characteristic property of stellar radiation is the presenec 
of discontinuities in the mean intensity J, at the series limits. The 
origin of these discontinuities is easily explained. To do so, we return 
to Fig. 12. Aecording to this figure, the absorption coefficient beeomes very 
large just beyond the limit of the Balmer scries. This means that, in the 
speetral region in question, we observe radiation coming from the upper- 
most layers of the stellar photosphere. where the temperature is relatively 
low (being elose to the surfacc temperature of the star). Consequently, 
in agreement with Fig. 17 (segment CD), the intensity /, beyond the 
limit of the Balmer series will be relatively small. On this segment 
(close to the point C) the mean intensity of radiation J, is in fact close 
to the Planck intensity B, for the surface temperature. On the other 
hand, up to the limit of the Balmer series the absorption coefficient 
is relatively small. This means that here the radiation comes to us 
from fairly deep, relatively hot, layers of the stellar photosphere, and 
hence J, will be relatively high (segment AB in Fig. 17). The diseonti- 
nuities at the limits of the other series are explained in the same 
way. 


A seeond property of the theoretical eurve in Fig. 17 is that the 
colour temperature 7’, in some parts of the speetrum differs very greatly 
from the effective temperature, and in general varics with the wave- 
length. Thus, inthe case considered, i. ec. for J, = 10,500°, in the region 
beyond the limit of the Balmer scries, at 4 ~ 3350 A, the value of 7, 
is of the order of 11,000°, while in the region up to this series limit, 
at Aw 4400 A, 7. ~ 19,000°, and finally, at 2 ~ 5500 A, the value 
of T, is elose to 15,000°. In other words, for stars with 7, = 10,500° 
the form of J, is very different from the Planckian with 7’ = 7,. This 
situation arises from two factors: firstly, from the tempcrature variation 
in the stellar photosphere, and secondly, from the dependence of x, 
on the frequency. For instance, if the temperature 7 inside the photo- 
sphere were constant and equal to 7,, then the function B, would be 
constant, and aecording to (4.49) we should have J, = B,(T7,) for 
every frequency, regardless of the dependence of x, on ». [When the 
quantity B, is removed from the integrand in (4.49), the integral 
becomes equal to unity.] A dependence similar to that shown in Fig. 17 
holds also for 7, = 15,000° and even for 7, = 20,000°, the only 
difference being that, when 7’, increases, the discontinuity at the limit 
of the Balmer series, defined by 


D = log (FT x/Tc) 5 (6.28) 


where J, and J¢ are the mtensities at the pomts J and C respeetively 
(sce Fig. 17), decreases. Its value is shown in Table 3. 
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Table 3 
T, D Ty T Spectral class 
10,500° 0-49 8430° 8830° AO 
15,000° 0-22 11,880° 12,610° BS 
20,000° 0-10 16,300° 16,820° B2 


Fig. 18 shows the monochromatic flux H, for a star with 7, = 10,500° 
and various ¢€. The transformation of the flux H/, in the direction of 
greater frequencies as we penetrate deeper into the photosphere, while 
the integrated flux remains constant, is clearly scen from this figure; 
we have mentioned this effect previously. 


¢ =0;T =8430° 
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A number of considerations (which we shall discuss in Part IT), 
which are partly based on the results of the caleulations explained 
above, give reason to suppose that effective temperatures T, = 10,500°, 
15,000° and 20,000° are to be ascribed to stars of the spectra] classes 
AO, B5 and B2 respectively. In this case the observations are in 
satisfactory agreement with the theoretical curves which give the vari- 
ation of I,, both as regards the value of DJ, and as regards the values 
of 7, for the various spectral regions (168, § 52]. These facts indicate 
that our original suppositions about the existence of radiative equilibrium 
in the photospheres of stars of classes A 0 to B 2 are essentially correct. 
Our original assumption that the absorption of radiation is determined 
inainly by hydrogen is shown at the same time to be correct also. 
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In conclusion we may remark that, for the stars considered, the 
surface temperatures 7’, are lower than in the case of grey material. 
The surface temperatures calculated fron formula (4.24), denoted by 
T,, are given in the fourth column of Table 3. The inequality 7, < Ty 
is duc to the fact that the surface temperature of a star is determined 
mainly by the regions of the spectrum where the intensity of radiation 
and the absorption coefficient are both large. In our case these are the 
frequencies lying just beyond the limit of the Balmer series. At the same 
time, we see from Fig. 17 that for these frequencies (segment CD) the 
inequality [, < B,(7) holds. This leads to the inequality T, < T,™. 
In general. the true values of 7, may be even lower than those given 
in Table 3. In fact, we have seen that, in the case of grey material, 
the exact allowance for the variation of the intensity of radiation with 
direction diminishes 7', for a given 7’. The same can happen when 
#, varies with frequency. 

However, a number of considcrations show that, for the stars we 
are considering, the use of the mean intensities J, and I, cannot involve 
notiecable errors. In order to prove this, let us discuss the boundary of 
the photosphere, where these errors should be greatest. 


The analysis of the equation of radiative equilibrium (3.16), as well 
as (6.13), shows that the depth distribution of temperature is determined 
mainly by those parts of the spectrum where the absorption coefficient 
and the mean intensity of radiation are large at the same time (sec also 
Fig. 20 and the text relating to it). These parts of the spectrum lie 
immediately beyond the limits of the corresponding series (see, for 
example, the segment CD in Fig. 17). Moreover, for these frequencies 
(sec Chapter 8), the intensity of radiation at the boundary, caleulated 
by formula (3.38), is very close, for all 0< 42, to the value B,(7>), 
i.e. varies only slightly with 0. Thus, in using various methods of averaging 
the intensity over direction, we do not commit any important crror. 


On the other hand, for grey material, all regions of the spectrum 
(with a sufficiently high intensity, of course) play approximately the same 
part, and the intensity J,(0) at the boundary varies markedly with 
the angle 0. In this case the errors involved in the use of the mean 
intensities J, and J, may in some cases be noticeable, even if not very 
jarge, as follows from Fig. 8. 


The fact that the theory given above for pure hydrogen absorption 
(for various 7',) is fairly exact is seen as follows. As has already been 
said, when we have obtained the final temperature distribution in the 
photosphere of the star, we again find the flux (zH,), = (2tJ,)q for 
various frequencies from formula (6.25), i.e. using the mean intensities, 
and the integration of the flux over the whole spectrum should give 
us zi =aT7',!. 
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On the other hand, knowing the temperature distribution, we can 
find the flux at the boundary, using the exact formula (3.38) for the 
intensity. In this case, having determined J, (6,0) for various 0, we find 
the flux (7H,)) from (2.9), where, of course, the integration is from 
6=0 to 0= 32, and not to 0= a. Such calculations, which have 
been carried out for a photosphere with 7’, = 10,500°, show that the 
values of (27 H,)) in the two cases are very close to cach other for very 
different parts of the spectrum and, in particular, up to and immediately 
beyond the limit of the Balmer series. The use of the fundamental 
condition 2H =aT,' is therefore sufficiently exact in the theory 
discussed above. 


4. Stars of spectral classes close to that of the Sun. Let us now pass 
on to the consideration of stars of other spectral classes. Here it is 
necessary, as we have already said, to work out the particular method 
which is the simplest for each ease separatcly. One of the most widely 
used methods is the introduction of some mean (over the spectrum) of 
the absorption coefficient x,. This method is at its most cffective when 
the ratio of x, to the mean absorption cocfficient ~ introdueed, i. e. 
the quantity 

p, = #,/z , (6.29) 


does not vary very greatly with frequency. This case corresponds fairly 
elosely to the photospheres of stars of the solar type, where the absorption 
of radiation is mainly determined by negative hydrogen ions and where 
the change of x, in the wavelength range 2 = 3000 A to 7000 A is 
relatively small (see Fig. 15) compared with the change of x, m the 
case of absorption by hydrogen (see Fig. 12). (The effective tempcrature 
of the Sun is 5710°.) 

In the photospheres of stars of the solar type (or close to it), the 
quantity p, can depend only slightly on the depth. For, with a slight 
dependence of x, on », the ratio of x, to x, for any method of averaging 
z,, cannot differ markedly from unity, and so this ratio cannot change 
markedly with depth. By means of a fairly eompheated analysis, 
S. CHANDRASEKHAR has shown that, in the case where p, is completely 
independent of the depth, we can use the temperature distribution 
deduced for grey material, i.c., for example, the expression (4.23) or 
(4.26). The optical depth t which appears in this expression must be 
determined by the mean absorption coefficient z. The mode of formation 
of % from the values of x, for a given level is to be the following: 


oO 


Z= f HL x, dv], (6.30) 
0 


where 7H, is the flux calculated for this level with an absorption 
coefficient independent of the frequency; the calculations are performed 


4. Stars af spectral classes close to that of the Sun 71 


for a prescribed 2/1 =oT',*. In other words, the solution (4.23) or 
(4.26) is again used to calculate H,. 

The energy distribution in the continuous spectrum of the emergent 
radiation, in the case considered, is found as follows. Because 7, is 
constant, we can write for the optical depth 


i= | odh= [ x, * odh=p, [ %odh=p,r. (6.31) 


The intensity of the emergent radiation at the boundary of the star is, 
according to (3.38), 


1,(0,0) = [ B,e7?***°? soe 6 p, dr. (6.32) 
0 


The mean intensity of the observed stellar radiation, which according 
to (4.47) is equal to H, at the boundary, is 
ln 


T,=(H, w= 2 ft, (0,0) cos 9 sin 6 dO 


oo in 
=2/ B,dr [ e~™8°%p, sin Odd. (6.33) 
0 0 


Putting here sec 9 = w, we obtain 


Loe) 


,=2/ B,(T) Ey(p,t) p, ar, (6.34) 
0 


where E,(z) is a particular case of the function E(x), which is defined 
by the general relation 


E,(2)= [ oo dw = ot [ oe (6.35) 


The integration by parts of (6.35) leads to the following recurrence 
formula: 
(n—1) E,, (2) = eT? — rE, (x) ’ (6.36) 


which gives in particular 
E, (x) = e7? — xE, (zx). (6.37) 


The quantity F (x) is found in several tables (sce, for instance, [63, p. 6]). 
Consequently, knowing 7p, t, we can also determine /,(p,t) from formula 


(6.37). 


=I 
bo 
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Thus, in order to find the intensity of the continuous spectrum from 
formula (6.34), we must know the quantities p, fora number of frequencies. 
The connection between 7 and T is given, as we have already said, by 
means of the solutions (4.23) or (4.26), or by means of the solution 


Tol Ts (13 +3 r) (6.38) 


which combines the gradicnt of the solution (4.23) with the relation (4.25). 
The solution (6.38) is more exact than (4.23), but less exact than (4.26). 


The method described has been applied by 8S. CHANDRASEKHAR and 
G. Mincu to the study of the Sun, for which 7, = 5710°. If the quantity 
p, for different depths were, as we suppose, in fact constant, its deter- 
mination could be referred to any level. However, the supposition about 
the constancy of », is of course somewhat schematic, since there is in 
reality a definite change of p, with depth. Hence the quantity p, must 
be determined for the depth which is most cffective in forming the 
continuous spectrum of the star. This level in general corresponds to 
the photosphcrie layers where the local temperature 7 equals the 
effective temperature 7’, (t approximately 0-6). Calculations based on 
all these considerations, and carried out on the supposition that ucgative 
hydrogen ions are the only source of absorption in the solar photosphere, 
have led to the following results. It appcars that theory and observation 
may be brought into satisfactory agrecinent for a fairly large wavelength 
interval, from A a 4000 A to 16,000 A, if the theoretical value of %, 
found by means of (6.30), is increased by a factor of 1.4. This latter 
circumstance is not unexpected, since it must be borne in mind that 
% is to be determined by averaging x, over the whole spectrum. At the 
samc time we have already said that, in the ultra-violet region of the 
spectrum beyond 3000 A, the absorption of solar radiation by metals 
owing to photo-ionisation from the ground levels must play an important 
part. It is clear that the introduction of absorption by metals must 
increase % in comparison with %(H-). 

There exists another method (see Section 7.3) which makes it possible 
to determine, from the observed dependence of J,(0,0) on the angle 0, 
the change of x, with frequency for various levels in the photosphcre, 
i.e. for various local temperatures. This method, too, gives curves for 
x, which coincide very closely in the interval from 4000 to 16,000 A 
with the curves shown on the right of Fig. 15. Thus negative hydrogen 
ions are without doubt the main source of absorption in the solar photo- 
sphere in this wavelength interval. Further, the agrecment between 
theory and observation shows that the application of the theory of 
radiative equilibrium to the solar photosphere also is sufficiently justified. 
The divergence between theory and observation beyond 4 = 4000 A is 
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apparently due to the eonccntration of absorption lines, as we have 
already said. The position regarding the infra-red region with A > 16,000A 
is still uneertain, since the measurements themselves of the energy 
distribution in this region are still very unreliable. 


5. Stars of other spectral classes. Stars with extended photospheres. 
Since the theory of radiative equilibrium with the absorption coefficient 
z,(H-) satisfaetorily explains the solar speetrum, it may be thought 
that: the saine will also be true for stars whose speetral class is not 
much different from that of the Sun (dG 3). However, for stars of late 
types, just as for stars of speetral elasses earlier than that of the Sun, 
the applieation of the theory meets with various diffieulties. In the 
former case these difficulties are due to molceular bands, whieh appear 
at the spectral elass K 5 and reach a very great intensity in classes 
M, R, N and S. There is as yet no theory which takes aeeount of the 
influenee of these bands on the temperature distribution. 


Another ease is the transition between stars of the solar type and 
stars of the spectra] elasses F and A. Here the main diffieulty is that 
in the photospheres of these stars both negative hydrogen ions and neutral 
hydrogen play an important part. Hence the value of p, is now a funetion 
of the depth. On the other hand, the representation of x, by the formula 
(6.1) is also ineorreet in this ease. As a result of all these diffieulties there 
are as yet no caleulations which are at all reliable. 


In conelusion, let us consider the very hot O stars, and B stars of 
the early sub-elasses. Here, as we have already said in the introduction 
to the present ehapter, scattering of radiation by free electrons begins to 
play an important part, which increases continuously with temperature, 
as may be seen from the following eonsiderations. Let 1 cm? eontain n 
hydrogen atoms. Since the latter are largely ionised at the temperatures 
in question, hydrogen will be the ehief source of free electrons, because 
of the high proportion of it in the atmosphere. Consequently, if n, is 
the number of protons in 1 em, we have 


N,N, = IN. (6.39) 


At fairly high temperatures, eleetrons coming from the ionisation of 
helium also play some part. 


In aeeordanee with (6.39) and (5.69), in the ease of seattering by free 
electrons we have 


d/I, = —I,n, 5, dk = — 1, xn my (8,/my) dh 


= —I1, x(s,/my) 0 dh , (6.40) 
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where my is the mass of a hydrogen atom and 9 is the density of matter 
per cm? due to hydrogen atoms. By virtue of (6.40), the coefficient of 
scattering by free electrons, referred to wnit mass, is 


S=28,/myz , (6.41) 


where s, is given by the expression (5.70). 


Next, in the atmospheres of the stars considered, the true absorption 
in the observable region of the spectrum is determined largely by neutral 
hydrogen. For this we can use for x, the expressions (6.1) to (6.3). From 
these expressions and (6.41) we can write for a, (the ratio of the absorption 
coefficient to the scattering coefficient) 


a=! = Th (6.42) 


And since, from (6.3), the second factor in (6.42) decreases with tempera- 
ture, it follows that, for some temperature, a, will be Iess than unity 
for a given frequency and a given p,, i.e. the part played by clectron 
seattering in the attenuation of the intensity will become even more 
important than that of the true absorption [though of course x, will 
figure as before in Kirchhoff’s Law (3.10)]. Moreover, it follows from 
(6.42) that, for stars with the same effective temperature, the part 
played by electron scattering is the greater, the less the mean p, in 
their photospheres. In other words, electron scattering plays a considcr- 
ably greater part in the photospheres of supergiants than in those of 
ordinary stars. 


Direct calculations show that the electron scattering may be important 
even in the photospheres of A-type supergiants. This is confirmed by 
observations, which show that the discontinuity at the limit of the 
Balmer series, or rather the quantity D which characterises this dis- 
continuity according to formula (6.28), is smaller in the spectra of 
early-type supergiants than in those of ordinary stars of the same 
spectral classes. This is easily explained by means of clectron seattering. 
In fact, any additional source of absorption diminishes the part played 
by hydrogen, and consequently decreases D. 


Electron seattering is particularly important in the photospheres of 
stars of class O and of hot stars such as, for example, the Wolf-Rayet 
stars. However, there is unfortunately as yet no sufficiently reliable 
theory which takes account of the influence of clectron scattering on 
the temperature distribution in the photosphceres of stars of classes A, 
B and O. For Wolf-Rayet stars, which we shalt discuss in Part VI, such 
calculations were first made by V. A. AMBARTSUMYAN [7]. 
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In concluding the consideration, in this part of the book, of stars of 
early spectral classes, it must be mentioned that, for very hot stars, 
namely those of class O and the early subdivisions of class B, the absorp- 
tion of radiation im the ultra-violet region of the spectrum is determined 
not only by hydrogen, but by neutral and ionised helium; see, for example, 
J.- C. PecKEr [121] and A. B. UNDERHILL [167]. 


To conclude this chapter we may say that, in the cases where the 
theory of radiative equilibrium has been most developed (the Sun, and 
stars of classes A 0 to B 2), its conclusions are in satisfactory agreement 
with the results of observation, as regards the energy distribution in the 
continuous spectrum and, for the Sun, as regards the law of darkening 
to the limb. (The introduction of negative hydrogen ions does not 
noticeably change the law of darkening to the limb obtained for the 
case of grey material.) Hence it may be assumed that the original postulates 
of the theory of radiative equilibrium which we have developed are not 
far from reality, though of course there are a number of problems 
and discrepancies whieh require further study. Also, the effect of ab- 
sorption lines (in whose frequencies part of the photospheric radiation 
is scattered back) on the radiative equilibrium must be studied. This 
topic is extremely complicated and has not yet been completely worked 
out, so that we shall not discuss it here. 


Until now we have considered the theory of radiative equilibrium as 
applied to photospheres with plane-parallel layers. For photospheres 
whose linear thickness is comparable with the radius of the star (or even 
greater than it), the application of the theory of radiative equilibrium 
results in great difficulties. For the case of grey material, the basic 
physical principles of the theory of the radiative equilibrium of extended 
photospheres have been worked out by N. A. Kozynrey. In the emer- 
gent (observed) radiation of stars with extended photospheres, the 
relatively cool layers at a relatively small optical depth play an important 
part (the extension effect). Hence the colour temperatures of stars with 
extended photospheres should be low. 


However, in actual stellar atmospheres, the absorption coefficient 
depends on the frequency. Thus it is necessary to take account of the 
part played by hydrogen absorption beyond the limit of the Lyman 
serics. Also, for Wolf-Rayet stars the large part played by electron 
scattering of radiation must be taken into consideration. Moreover, the 
application of Kirchhoff’s Law (3.10) to photospheres of great extent 
appears insufficiently justified. 


Some of the questions of the theory of extended photospheres will 
be considered in Part VI, which is devoted to stars whose spectra 
possess bright lines. 
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1. The structure of the photospheres of stars of the classes AO to B2. 
As has been said in the introduetion to Part I, the chief problem in the 
theory of stellar photospheres is to establish the law of variation with 
depth of the different physical parameters in stellar (or solar) photo- 
spheres. In Chapters 4 and 6 we have been eoneerned with the question 
of the temperature distribution. However, a knowledge not only of the 
temperature, but also of the pressure, the density, ete., at every point 
of the photosphere is neeessary for many astrophysieal problems. This 
is partieularly important in the construetion of a quantitative theory of 
absorption lines in stellar speetra. As an independent variable we can 
now take the linear depth in the stellar photosphere, reekoned upwards 
and downwards from any level; for example, from the level where the 
teinperature JT is equal to the effeetive temperature T,. 

As in the theory of radiative equilibrium, there is here as yet no 
general and universal method. The solution of the problem is earried 
out separately for each partieular case. 

As the simplest example let us consider photospheres of stars of the 
classes AQ to B 2. In the photospheres of these stars, the absorption 
is praetieally determined by only one element, namely hydrogen. The 
corresponding theory was first discussed by E. R. Mustew’, and later 
by V.S. BerpicuEvskaya [20]. 

The main assumption from whieh we start is that at every level of 
the static photospheres whieh we shall study there exists not only radia- 
tive, but also meehanieal (hydrostatic) equilibrium. [We may remark 
that this assumption is valid only on the average, sinee in stellar photo- 
spheres various kinds of loeal movement of matter ust exist. This is 
indieated by the study not only of the Sun (e.g. granulation), but also of 
the stars. ] The meehanieal! equilibrium of the stellar photosphere is brought 
about as a result of the simultaneous aetion of the following oppositely 
direeted forees: (1) gravity (towards the eentre of the star), (2) the gas 
pressure and radiation pressure (away from the eentre of the star). 

In order to deduee the equation of equilibriuin, we eousider a cylinder 
with base area 1 em? and height dh eonsiderably less than the linear 
dimensions of the base; let the axis of the eylinder be normal to the 
planes of the photospherie layers. The weight of such a eylinder is g o dh, 
where g is the acceleration due to gravity at the given point, and a is 
the total density of matter at the level in question (determined by all 
atoms). Also, let » be the total gas pressure at this level, and p’ the 
radiation pressure at this level. The equation of equilibrium for the 
eylinder can be written in the forin 


dp + dp’ =godh, (7.1) 
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sinee on penetrating into the star a short distanee dh the increase of 
the gas and radiation pressure by d (p+ p’) is balanced by a corresponding 
increase in the weight of the column (with base 1 cin?) of overlying 
matter by g 9 dh. Here it must be remembered that the value of h increases 
towards the centre of the star. 

Let us introduce an expression for dp’. Classical clectromagnctic 
theory tells us that, in the absorption by matter of radiant energy EF 
moving in a given direction, the mattcr acquires momentum £E/c in 
that direction, where c is the velocity of light. This was first proved 
experimentally in 1901 by the distinguished Russian physicist P. N. Lunr- 
DEV. In particular, if the atom absorbs a quantum hy from a beam of 
rays, it thereby acquires momentum fh v/c in the direction of the beam. 
From this we calculate the radiative impulse acting on the cylinder 
considered, with base | cm? and height dh, in the direction of the normal 
to the planes of the layers, since the direction of the foree of gravity 
also coincides with the normal (in the direction to the centre of the 
star). In particular, there will be no “oblique stresses”? due to radiation 
pressure in the case we are considering, since, as we have already said, 
the intensity of radiation at any point of the stellar photosphere depends 
only on the angle 0, and is independent of the azimuth. 

The amount of energy absorbed from the beam J, (0) dw by the cylin- 
der in time dé and in the frequency interval from y to y + dy is, in 
accordance with the fundamental definitions of Chapter 2, 


I,(0) cos 0 dw dt. x, 9 dhsec 0, (7.2) 


where cos @ is included to take account of the projection of the unit 
area [formula (2.3)], and sec 0 to take account of the oblique course of 
the beam in the eylinder considered [formula (2.27)]. The momcntum 
given to the eylinder in the direction making an angle 0 with the normal 
is (we disregard the sides of the cylinder in view of the smallness of dh) 


T(9) dw 
c 


x,odrdhdt. (7.3) 


The component of inomentum in the direction of the normal is equal 
to the expression (7.3) multiplied by eos 0. 

It is also necessary to take account of radiation from the whole 
sphere, i.e. to effect the integration over w. This gives 


{ T,(8) cos 0d w 
c 


ait 
x,odvdhdt= "z,odvdhdt. (7.4) 


In order to obtain the foree acting on the cylinder, (7.4) must be divided 
by dé. Next, the result must be integrated ovcr the whole speetruin. 
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And since the force of radiation pressure acting on the cylinder is the 
difference of the pressures p’ at its lower and upper faces, 


oo 
a | H,x,dv 


0 


dp’ = odh. (7.5) 


Cc 

The expression (7.5) is very general. In order to take account of 
negative absorption (i. e. stimulated emission), the absorption coefficient 
must be taken in accordance with forinula (5.61), i.e. the coefficient 
of stimulated absorption (corresponding to the coefficient B,,) must be 
multiplied by (1 —e7"/*?), This may be scen from the following 
considerations. 

Let radiation of intensity /,(@), moving inside an infinitely small 
solid angle dw, be incident on atoms. Then the effect on these atoms of 
the beam of rays considered amounts to the following. In absorbing 
radiant energy the atoms will acquire momenta h1v/c in the direction of 
the incident beam. After each absorption, a spontaneous emission of 
the absorbed quantum will take place (after a certain time), as a result 
of whieh the atom will acquire a recoil momentum h»/e in the direction 
opposite to that of the quantum emitted. However, since the re-emission 
can take place, in general, in any direction, on the average all such 
recoil momenta will annul one another, and the atom will expericnce 
radiation pressure only in the direction of the incident beam. 

The proeess of stimulated emission amounts to this: a quantun h+ 
moving inside the heam falls on the atom and stimulates the latter to 
emit a semilar quantum hv in the same direction. ‘The atom thereby cmits 
the quantum in the direction of the beam and acquires a recoil momentum 
which is always in the opposite direction. It is clear that this process 
diminishes the radiation pressure, in the direction of the beam, on the 
atoms. 

The importance of stimulated cmission is quantitatively determined 
by the ratio of the number of proecsses of stimulated emission to the 
number of processes of ordinary (stimulated) absorption, and this ratio 
should not depend on the angle 0, since in both cases the number of 
transitions is proportional to the density of radiation. For this reason 
the resultant momentum eommunicated to the matter by radiation 
pressure is proportional to the flux aH. 

Let us calculate the above-mentioned ratio of the number of processes. 
Aceording to (5.47) and (5.50) [where instead of 0, the expression (5.42) 
must be substituted], this ratio must be 

to Bye way 2 7,(9) me da, 


(7.6) 
a yk, vue 1, (0) ve 
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Using the expressions (5.54), (5.52), (5.11), (5.12), (5.55), (5.49), (5.6) 
and (5.8), we find that the ratio just given is equal to e~*"/*?, i.e. the 
deerease in dp’ when the stimulated emission is taken into aceount is 
determined by the factor 1 — e~"”*?_ This is what we wished to prove. 

The use of the expression (7.5) to estimate dp’ in the ease of photo- 
spheres of early-type stars is very laborious, since it would here be neces- 
sary to calculate the flux 2H, for different depths. However, as we shall 
see, the part played by radiation pressure in this case is very small. 
Hence we shall not commit a great error if we calculate dp’ for the case 
of grey material and apply the result obtained to the case of a photo- 
sphere with an absorption coefficient depending on the frequency. 


For #, = x, the expression (7.5) takes the form 


a [ H,dv 
, 6 aH of? 
dp’ = xodh—=—', dt= , dt; (7.7) 


Cc 


on the other hand, from (4.23) we obtain by differentiation 


, ars 


dt=4$ ire - (7.8) 


Introducing (7.8) into (7.7), we find 
dp’ = 3 *° a4 = jaaT, (7.9) 


where a = 40/c is the density constant of integrated radiation, equal 
to 7-569 x 10-45 erg em-4 degree-*. Integrating (7.9), we obtain 


‘tal, (7.10) 


since p’ = 0 for 7’ = 0, and hence the constant of integration is zero. 
Thus, for grey material, the radiation pressure in the approximation 
considered is the same as in the case of strict thermodynamic equilibrium. 

Let us return to the equation (7.1). Sinee, in our case, the absorption 
of radiation is determined by hydrogen, we ean usc all the results which 
we obtained in the last chapter. In particular, we can again introduce the 
variable ¢ defined by the expression (6.5). For this purpose, the equation 
(7.1) can be rewritten 


dp dp’\ df dt 
(3 + a ) dt dh = 98- (7.11) 


For the temperature distribution in the stellar photospheres considered, 
we can with sufficient accuracy use the equation (6.22), 1. e. the equation 
of the first approximation. For the surface temperature we must take 
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the value 7’) which is found by means of the method there explained 
(obtaining of the prescribed flux 7H =o7',4 at the boundary of the 
photosphere). Using (6.22) and (6.5), we have instead of (7.11) 


dp dp’ 3807! my _ 
(v7 + in) 4$2Z(T) Pip. T)=ga, (7.12) 


where «4 = 0/oy, and oy = my Nyy, Where 2, is the number of hydrogen 
atoms in 1 cm. This quantity 04; is meant in (6.5). Aceording to Table 1 
we can take « & LS. 

Our next problem is to transform equation (7.12) into a differential 
equation for p, and 7’, where we shall take p, as the independent 
variable. Consequently, we must express the quantities appearing in 
(7.12) in terms of J and 7. 

Let us first express the gas pressure p in terms of 7' and p,. In doing 
so we take into account the fact that the total gas pressure is practically 
determined by hydrogen, owing to the extremely high percentage content 
of the latter. Let 1 cm? contain nq hydrogen atoms (both neutral and 
ionised). Then the partial pressure determined by hydrogen atoms is 


Pn = Ng AT. (7.13) 


In order to obtain the total gas pressure, we must add to py the partial 
electron pressure 7,: 
Dp =n, kT, (7.14) 


where 7, is the number of free cleetrons in 1 em?. 


Next, for the temperatures and electron pressures in which we are 
interested (in the photospheres of A 0 to B 2 stars), the main souree of 
free electrons is hydrogen, as may be ealeulated from Saha’s formula 
and the p, found from observation. The part played by cleetrons liberated 
by the ionisation of metals is here very small, because of the negligible 
percentage content of the latter. From these results we can write 


nN, = INy , (7.15) 


where z is the degree of ionisation of hydrogen. 
From (7.13), (7.14) and (7.15) we find 


P=Put+ P= NMA(1+2z)kT, (7.16) 
and also 


plp, = (1 + 2x)/x. (7.17) 
Further, from (5.16) and (5.17), we can write for hydrogen 


[x/(1 — z)] p, = Ko, (7.18) 
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where 


, 2(2 me) (kT) & T 
kK, = ‘ ( me) 4 TP)? nolkT (7.19) 


Since the first excitation potential of hydrogen is very large (10-16 eV), 
the partition function wp), calculated from formula (5.13), reduces to 
the first term, even for the temperatures which we are considering. For 
neutral hydrogen w%) = go, ; = 2, and for ionised hydrogen (protons) u, = 1. 


Consequently we can rewrite (7.19) as 


Ky = CT e-eht , (7.20) 
where 
(2 2™,) 3k3 
C= (7.21) 
Also, it follows from equations (7.17) and (7.18) that 
P = (pe” + 2 Ky pe)[Ky - (7.22) 


Differentiating (7.22) with respect to 7 and taking account of (7.20), 
we obtain 


dp 1 .. ap pe [5 , 
ar = Ky [2+ Ko) ap — op ($ + ie) | ; (7.23) 


Also, since from (7.18) 


z= Ky/(pe + Ko), (7.24) 
we obtain, according to (6.2), 


Cc K, pe 
DP ; T — 70 __ 2a —, 7.25 
(Pes 1) my T2(p, + Ko) (7.2) 


Using now (7.23), (7.9) and (7.25), we obtain from (7.12) 


dT (P, + Ko) P, 


dp. 2amy , -. , Pe i [5 ° 2 - 
Pe ag 3 C.0 Te! T?AT) (Pp + Ko) + o- (5 + wn)? al? p, Ky 


The initial conditions for the integration of this equation are determined 
by the fact that, at the boundary of the photosphere, where J’ = Tp, 
the pressure p, = 0 and d7'/dp, = 0. 

The right-hand side of equation (7.26) is a known function of the 
variables p, and 7’. The values of Z(7') are taken from formula (6.23). 
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The integration of equation (7.26) must be carried out by numerical 
methods. As a result we find the dependence of 7 on p, for given 7, and 
g. The distribution of the remaining quantitics inside the photosphere 
can be found from the following considerations. From (7.24) and (7.20) 
we can find the degree of ionisation x for every point of the photosphere. 
This in turn, by formula (7.17), gives the pressure p at evcry point of 
the photosphere. The radiation pressurc p’ can be calculated from formula 
(7.10). 

To determine the density @ we multiply and divide the right-hand 
side of the equation (7.16) by « my. Then, taking into account the faets 
that 0 = a ny my and that, according to the kinetic theory of gases, 
kim = R/u, we obtain the equation of state 


R m™ - 
from which it follows that when the hydrogen becomes ionised the 
molecular weight decreases, and this leads to an increase in the total 
gas pressure. Knowing p, 7 and x, we can calculate o from formula 
(7.27) for every point of the photosphere. 


We now relate all the quantities found to the linear depth in the 
photosphere. To do this, we eliminate the differential df from the 
equations (6.5) and (6.22), and instead of the function P(p,,7') we 
introduce the expression for it given by (6.2). We then obtain 


4amy,a2Z(T)T? ap 


dh= ,- -~ 
3071 Cy x Pp, 0 dp, 


dp, . (7.28) 


The expression in front of dp, on the right-hand side of equation (7.28) 
is a known function of the pressure p,, sinec all the quantities appcaring 
in this equation have alrcady been determined [the derivative d7'/dp, is 
determined in solving equation (7.26)]. 


The relation between h and p, and, consequently, the remaining 
physical paramcters, can be established by numerical integration of 
equation (7.28). As an origin for the measurement of h we can take 
the level where the temperature 7’ is cqual to the cffective temperature. 
We shall reckon the values of h positive into the star from this level, 
and negative outwards. 


2. Discussion of the theoretical results. In Table 4 we give the results 
of the corresponding calculations, earricd out by V.S. BerpICcHEVSKAYA 
for T= 10,500° and g =0-55 x 10*em/see?. The last column of 
Table 4 gives the optical depths, ealculated from formula (6.7) with 
2 = 4700 A, for the eorresponding levels. It should be notieed that 
the equation (7.26), from which Table 4 was constructed, contains a 
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only in the quantity ag. Hence any refinement of the numerical valuc 
of a will merely altcr the value of g corresponding to this particular 
solution of equation (7.26). 

From Table 4 we ean form an idea of the conditions existing in the 
photospheres of stars of class A 0. We see that the pressures : in these 
photospheres are very small, of the order of some tens or thousands 
of bars, while the gas pressure at sea level in the Earth’s atmosphere is of 
the order of millions of bars (one normal atmosphere = 1,013,246 bars). 
The same is true to an even greater degree when we consider the densities 
in the photospheres of ordinary stars of class AQ; they are of the order 
of 10-* to 10-1! g/em?, while the density of air at 0° and 76 em of mercury 
is 0-0013 g/cm. 

Table 4 


p, (bars) 7° x p(bars)  p’(bars) — 9 (g/cm?) h (km) .r,[4700A] 





0 | $430 | 000 0 12-86 | 0 
5 | $432 , 0-783 11-40 = 12-88 7x10-11 —4811 _— 


Oo 


1-6 
15 8448 | 0-556 42-00 12-97 7:03x10711 = =—3210 — 
25 8477 = 0-447 81-00 13-14 14510719 = =—2516 0-005 
3-6 
7-0 


50 8594 | 0-350 193-0 13-90 6x107-19 —1662 0-02 


100 $890 | 0-349] 386-0 15-91 ; 7-07x10719 =— 991 0-07 
150 9185 0-406 519-0 18-13 8:83 10-29 — 686 0-13 
200 9467 0-480 616-0 20-46 9-67 10-19 = — 491 0-20 
300 10,024 0-640 768-0 25-72 1-03 x 10-8 — 210 0-34 


400 10,607 , 0-784 912-0 32:25, 106x107 = ++ 47 

600 —-:11,746 | 0-929 , 1248-0 48-50 , 1:21x10-® = =+ «611 , 
780 12,555 | 0-966 | 1587-3 63-29. 1-41x10-® = +1102 | 
1020 13,360 | 0 2059-1 S115 9 L-71X10-® 41667 | 


Such small densities and pressures are characteristic not only of 
the class of stars considered, but in general of the photospheres of the 
majority of stars. In many cases (photospheres of giants and super- 
giants) the densities are even several orders of magnitude lower than 
the figures just quoted, though of course there are also denser photo- 
spheres, such as, for instance, those of the white dwarfs. However, 
the photospheres of the overwhelming majority of stars are very rarefied 
gascous configurations. 


A glance at the third column of the table shows that, as we penetrate 
into the photosphere, the degree of ionisation at first deercases, and 
then begins to increase again. This is casily explained as follows. As 
is seen from the sccond column of Table 4, the inerease of the temp- 
erature in the outermost layers of the photosphere is relatively slow. 
Hence the change of 2 in these layers is due to the change of p, (which 
increases), and consequently x must decrease in accordance with (7.24). 
However, on penetrating further into the photosphere, the part played 
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by the increase of temperature becomes greater and greater; Ky begins 
to increase more rapidly than p,, and the degree of ionisation begins 
to increase again. 


A comparison of the fourth and fifth columns of Table 4 shows 
that p’ is greater than the gas pressure only in the outermost layers 
of the photosphere, while in the deeper layers it is negligibly small. 
However, in the outermost layers of the photosphere its influence on 
the distribution of the various physical parameters turns out to be 
completely insignificant also. In fact, it follows from equation (7.1) 
that the equilibrium of the photosphere is determined not by the 
pressures p and p’ themsclves, but by their gradients, while it follows 
from Table 4 that even in the outermost layers of the photosphere 
| grad p| > | grad p’ |. Similar results are obtained for the photosphercs 
of the inajority of stars. Consequently, in all such cases the radiation 
pressure can be negleeted. The part played by the latter can become 
important only in very extended photospheres. Also, selective radiation 
pressure, i. e. the pressure of radiation in the frequencies of spectral 
lines, may become important in some cases (very hot stars). 





Let us consider the seventh column of Table 4. We are concerned 
with the layers which mainly produce the continuous spectrum of the 
star. These are the regions whose optical depth lies, roughly speaking, 
between 0-1 and 1-5. From regions with t, > 1-5 the radiation emerges 
considerably attenuated (owing to the factor e~*4se¢ ®), The part played 
by regions with small t, in producing the emergent radiation is, aceording 
to (3.31), proportional to dt, and is consequently small because At, 
is small. 


It follows from Table 4 that the linear thickness of the layers in 
question is of the order of some thousands of kilometres. Now the radius 
of a star of class A 0 with g = 0-55 x 104 em/sec? is one or two million 
kilometres. Consequently, we see that in this case the thickness of the 
star’s photosphere is in fact small compared with its radius. 


It must be borne in mind that the model here eonsidered of the 
photosphere of a star of class AO is a purely theoretical model, con- 
strueted on the assumption that neutral hydrogen is the only souree 
of absorption. For values of gy greater than that used in the calculations 
(5-5 X 10% em/see*), the mean value of p, will be higher, and negative 
hydrogen ions will begin to play a signifieant part. Reasons have been 
advanced [27] for supposing that the mean eleetron pressures in the 
photospheres of stars of elass AO are of the order of a thousand or 
even several thousand bars. However, there are other investigations 
which do not corroborate these conelusions (O. A. MEL’Nxikov [83], 
L. H. ALLER [2, pp. 196-8 ]). 
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3. The application of the law of darkening towards the limb of the 
star’s disc. We have diseussed the theory of the structure of stellar 
photospheres, starting from the fundamental equation of equilibrium 
(7.1), the temperature distribution found earlier, and other relations. 
Tor the Sun, some information on the strueture of the photosphere 
ean be obtained from the law of darkening to the limb of the dise, 
which is found directly from observation. For the expression (3.38) 
can be regarded as an integral equation determining the law of variation 
of B, with 7,, if the law of variation of J, (0,0) with the angle @ is known 
for a given frequeney. Having found this law from observation, we 
ean thus determine also the law of variation of B, with t,, which is 
extremely important for the theory of absorption lines*. 


In practice this may be done as follows, following D. CHALONGE and 
V. Kourcanorr. We write the equation (3.38) in the form 


1,(0, 0 r BAT) —eys0c 
a = | A?) A500 oc O dry. (7.29) 


PAN= 70,0 = / 160) ° 


The observations show that the funetion ®,(0) ean be represented with 
sufficient accuracy in the following form: 


P,(0) = A, + C, cos 0 + D, cos? 0. (7.30) 


Introducing this into (7.29), it is easy to prove that the solution of 
(7.29) is 


B,(T)/1,(0,0) = A, + O,%, +3 Di 7;°. (7.31) 


Thus, having found the coefficients Aj, C, and D, from observation, 
we can find the relation between B, and ty, in accordance with (7.31). 
Further, by means of (7.31) we ean study the variation of 7, with 4, 
and also of x, with /, etc., for every level in the solar photosphere 
(i.e. for every value of 7'). This method of studying the solar photo- 
sphere may be ealled the “optical” method. The value of this method 
was first remarked by P. PARKHOMENKO in 1934. The method in question 
was also first used by her; in reeent years it has come into very general 
use. The coefficients A,, C, and D, have been obtained by R. CANAVAGGCIA, 
D. BaARBIER and others from the most reeent observational material. 


It must be remarked that the accuracy with which the dependenec 
of By, on rt, is found by this method depends very strongly on the 
accuracy with which the function @, is determined at the limb of the 
Sun’s dise. 


* The same can be done, with less certainty, for some eclipsing variables also. 


Chapter 8. The application of the laws of thermo- 
dynamic equilibrium to stellar photospheres 


1. Preliminary remarks on the deviations from thermodynamic 
equilibrium in stellar photospheres. In the preceding chapters we have 
several times inade use of laws which are, strictly speaking, correct 
only for the case of thermodynamic equilibrium. Let us enumerate 
these laws: (1) the Maxwellian distribution of the velocities of atoms 
and electrons [for electrons cf. formula (5.52)]; (2) Boltzmann’s formula 
(5.9), which gives the distribution of atoms among the quantum levels; 
(3) Saha’s ionisation formula (5.11); (4) the Kirchhoff- Planck law (3.10). 
The validity of the application of these laws 1o stellar photospheres 
is by no means evident. Hence this question necds special consideration. 


However, before going on to a detailed discussion of the laws which 
we have enumerated, we must ascertain why these laws may in general 
be violated in stellar photospheres. In other words, we must find out 
how the physical conditions existing in stellar photospheres differ froin 
those which hold in thermodynamic equilibrium. 


The first violation of the conditions which characterise strict thermo- 
dynamic cquilibrium arises from the existence of a temperature gradicnt 
in stellar photospheres. The variation of temperature in the photo- 
sphere leads to the dependence of the intensity of radiation on the 
direction [see, c. g., formulae (3.36) and (3.37)]. This can be explaincd 
as follows. Let the intensity of radiation of frequency vy going in a given 
direction be J,(0,7,). Then we can numerically equate this intensity 
to the Planck intensity 2, and determine from this equation the tempe- 
rature 7, which will of course be a function of depth, of frequency 
and, what is here particularly important, of direction; we denote it 
by 7(0,%): 
2hy 1 


1,(0,%,) = ce  exp[hv/kT(0. ¥)] — 1° 


(8.1) 

Conversely, the substitution of the temperature 7'(0, v) in the Planck 
function gives the numerical valuc of the intensity of »-radiation moving 
in a given direction 0. The temperature 7'(0,¥) thus introduced may 
be called the temperature of the radiation (or brightness temperature). 
In what follows we shall denote it by 7’y. Contrary to what is the case 
in stellar photospheres, the radiation in conditions of thermal equilibrium 
is strictly isotropic. In other words, the value of 7'(0,¥) is the same in 
all directions. 

The effect considered, which we may call the geometrical effect, is 
greatest at the boundary of the photosphere, where for }a<O0< a2 
the intensity J,(0,0) = 0; thus in this range 7’(0,7) —0. For the 
outermost parts of the photosphere (conventionally called the reversing 
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layer) and for the envelopes of the star which lie still further out, the 
deviations from equilibrium radiation which are due to the geometrical 
effect are allowed for by introducing the 
dilution factor W. We suppose that the 


intensity of the continuous radiation 

emerging from the star is independent of z= 
direction and is given by Planck’s for- = A 
mula with temperature 7’. Then (Fig. 19) 

the density of radiation at any point at 


a distance r from the centre of the Fic. 19 
star is equal, by (5.37), to 


= 2 | B(P)do = 47 BD) Y. (8.2) 
where w’ is the solid angle subtended by the star at the point A. It 


follows from Fig. 19 that the ratio of this solid angle to 4 x, which we 
shall call the dilution factor, is 


Y 
22 f sin 6 do 
W=) = °,, =(1—y {1—(R/n)?}]. (8.3) 


Introducing the expression for B,(7’) into (8.2), we obtain 


8 st hi ] 


Oo = W's” exp kT)—1° 


(8.4) 


On comparing (8.4) with (5.53), we see that in the case considered 
the density of radiation at the given point A is equal to the equilibrium 
density of radiation at temperature 7, multiplied by the dilution 
factor W. In particular, it follows from (8.3) that in the outer layers 
of the photosphere, where Rk wr, W x 4; this is obvious, since here 
the radiation comes only from below. 

Thus the factor W is a measure of the deviation of the density of ra- 
diation from the equilibrium density. For strict thermodynamie equili- 
brium at a temperature 7’, the radiation at the point A comes from all 
directions, and the dilution factor W = 1. 

The second reason for the violation of thermodynamic equilibrium 
in stellar photospheres is the non-Planckian character of the radiation. 
In fact, even for a given point and a given direction, the variation of 
the intensity of radiation J,(0,t,) with frequency may differ greatly 
froin the Planckian in many cases. This may be seen, for example, 
from the graph constructed to show the radiation emerging froin a star 
(Fig. 17). This figure is constructed for the mean intensity over direction, 
[,. However, it is clear that a similar dependence of J, on 4 holds good 
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for the various angles @ also. The non-Planckian variation of the intensity 
of radiation with frequency is characteristic not only of the actual 
boundary of the star, but also of the deeper layers of the stcllar photo- 
sphere. Only as t, - co docs the value of J,(0) tend to the Planckian 
for all directions (cf. (6.20)]. 

The deviations from Planck radiation ean also be shown by the 
fact that the temperature 7'(0,v) in stellar photospheres, defined by 
the relation (8.1), depends on the frequeney v, even for a given point 
and a given direction. Thus, for example, if we return to Fig. 17, the 
value of 7'(0,v) — in this case for the boundary of the photosphcre — 
is anomalously high just before the limit of the Balmer series (seg- 
ment AB), and anomalously low just beyond this limit (segment CD). 


The third factor which brings about the violation of thermodynamic 
equilibrium in stellar photospheres is the difference of the kinetic lempe- 
rature T, from the temperature of the radiation. By the kinetic tempe- 
rature we shall mean the temperature which appears in the formula 
for the Maxwellian law of distribution of velocitics. In an ideal gas this 
temperature is the same as the temperature which appears in the 
equation of state: 

p=nkT. (8.5) 


The difference of 7’, from the temperature of the radiation in stellar 
photospheres is quite evident mercly from the circumstanee that at 
any point of the photosphere the temperature of the radiation is a 
function of the angle @ and the frequency. Consequently, an cquality 
between 7, and 7'(6,y) can exist only for some single direetion and 
some particular frequeney v (or at most for a few). In general this 
equality does not hold at all. It must be remarked here that the discovery 
has recently been made of the operation in stellar atmospheres of 
various factors which raise the kinetic temperature quite independently 
of the radiation field. Thus, for example, it is known that in the solar 
corona the kinctic temperature of the electrons is of the order of a 
inillion degrees, while the intensity of solar radiation is relatively small. 


Finally, it must be borne in mind that excitation of the atoms by 
radiation takes place in the frequencies of spectral lines, these being 
absorption lines or (in some cascs) emission lines. In the first ease this 
deereases the temperature of the radiation in the frequencies concerned ; 
in the sceond, it increases it. 


Suimarising what has been explained above, we can say that the 
radiation field in stellar photosphcres is extremely complex, and cannot 
be described by any onc value for the temperature of the radiation. 
All this implies a violation of the eonditions which hold for thermo- 
dynamic equilibrium, where the temperature appearing in all the thermal 
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laws and, in particular, in those which we have enumerated, has one 
and the same value. Thus the question of the application of the laws 
of thermal equilibrium to stellar photospheres is extremely important. 


In the present chapter we shall consider only three of the laws which 
we chumerated at the beginning. We shall be able to deal with the 
application of Boltzmann’s Law only after having discussed the theory 
of absorption lines. 


2. The velocity distribution of atoms and electrons in stellar photo- 
spheres. Let us first consider the question of the Maxwellian distribution 
of velocities. All the data indicate that the Maxwellian distribution of 
velocities is maintained with entirely sufficient exactness, not only in 
relatively dense photospheres, but also in such rarefied formations as 
the planetary nebulae and the interstellar gas. 


In general there are two fundamental factors which might cause 
deviations from the Maxwellian distribution: (1) the presence of electric 
fields; (2) the difference of the ionising radiation from the equilibrium 
radiation for which the law (5.53) holds. 


Let us deal with the first factor. The presence of weak electric fields 
on the surface of the Sun has been established beyond doubt. In parti- 
cular, this is indicated by the study of the motions of prominences. 
There must be such fields also in the atmospheres of other stars. The 
study of the influence of electric fields on the distribution of velocities 
in a gas forms the subject of a special branch of physics — the physics 
of gas discharges. One of the principal divisions of gas discharge 
physies is the subject of plasma. Plasina is the name given to a highly 
ionised gas which is characterised by the fact that no noticeable 
volume charges are formed in it. This gas has a high conductivity 
(beeause of the presence of a large number of free electrons). The gas 
in stellar atmospheres (and, for instanee, in the Earth’s ionosphere) 
is such a plasina. It is true that the study of prominences shows that 
voluine charges are apparently present in this particular case. However, 
these charges are undoubtedly small. The positive charge of the entire 
solar envelope, brought about by the thermal dissipation of the easily 
“volatilised”’ electrons, is even smaller. If a considerable charge is 
formed anywhere, it is rapidly dispersed on account of the very high 
conductivity of the photospheric gas. Hence the photosphere may be 
considered as a neutral configuration. 


Numerous laboratory investigations have shown that, as a rule, the 
electrons of a plasma have a Maxwellian distribution of velocities; 
this indicates an intense interaction (collisions) between the electrons 
of the plasma. Deviations from a Maxwellian distribution of electrons 
in a plasma may occur when their concentration is small and, in conse- 
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quence, collisions between them are rather rare. However, in stellar 
atmospheres, where the ionisation of the gas is fairly high because of 
its high temperature, the exchange of energy between electrons will 
also be fairly considerable. ‘Thus there is every reason to suppose that 
the effect of the electric fields in stellar photospheres on the distribution 
of electron velocities can be neglected. 


Let us now turn to the second factor. The absence of a Maxwellian 
distribution of velocities of the electrons might be expected on account 
of the fact that free electrons arise mainly from the photo-ionisation 
of atoms (see below), and the distribution of the ionising radiation may 
deviate very markedly from the equilibrium distribution (5.53). Never- 
theless, this factor too cannot be at all important. If these electrons 
were captured by ions immediately after the photo-ionisation (recombi- 
nation processes), then of course the velocity distribution of the electrons 
at any moment would reflect the distribution in frequency of the ionising 
radiation and the deviation of this radiation from isotropy in direction. 
Consequently, in some cases (cf., for example, Fig. 17) one might expect 
a very marked deviation from the Maxwellian distribution. This, how- 
ever, is by no means the ease. Elementary caleulations show that, 
under the conditions in stellar atmospheres, where there is a sufficient 
number of free clectrons by virtue of the relatively high ionisation 
of the matter, the probability of the recombination of an electron with 
an ion is several orders of magnitude less than the probability of the 
collision of two free electrons. This is due to two circumstances. Firstly, 
the effective cross-section for recombinations [the quantity f, in formula 
(5.48)] is very small, and in every case some orders of magnitude smaller 
than the effective cross-section for the collision of two clectrons. Se- 
condly, collisions between electrons are, by virtue of their relatively 
small mass and consequent relatively large mobility, considerably more 
frequent than collisions between electrons and ions. 


Tt follows from what has been said that an eleetron which has been 
removed from an atom by photo-ionisation immediately undergoes a 
very large number of collisions with other free electrons. Consequently, 
the distribution of velocities which corresponds to a non-equilibrium 
density of the ionising radiation will be completely ‘‘ecrased”’ as a result 
of collisions, and replaced by a Maxwellian distribution of velocities. 
Here it is clear that the considerations given are unconnected with the 
density of matter, and are applicable also to such rarefied objects as 
planetary nebulae and the interstellar gas, where the ionisation of atoms 
again produces a fairly large number of free electrons. It follows from 
this that the second factor which might destroy the Maxwellian distri- 
bution of velocities of electrons (the non-equilibrium density of the 
ionising radiation) is also unimportant. 
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The question of the velocity distribution of heavy particles (atoms 
and ions) is more complex. However, similar conclusions can also be 
arrived at here. In fact, in consequence of the quite considerable exchange 
of energy between these particles and the electrons, a Maxwellian 
distribution of vclocitics ust hold in this case also. In this connection, 
the loss of the energy communicated to the heavy particles by the 
electrons will be very small in view of the low thermal conductivity 
of the stellar photosphere, and so will the energy which is lost by the 
heavy particles in excitation processes, since the efficiency of such pro- 
cesses is generally small. All this means that we are quite justified in 
expecting equality between the kinetic temperature of the electrons 
and that of the heavy particles (i.e. the temperature which appears in 
the corresponding formula for the Maxwellian distribution). 


3. The photo-ionisation of atoms. We pass now to a consideration 
of Saha’s formula. However, before investigating its applicability to 
stellar photospheres, we shall make a number of general remarks relating 
to ionisation and recombination processes, since the interconnection of 
these processes determines the state of ionisation. 

The ionisation of atoms may take place in two ways: Ajo, — ionisation 
of atoms by radiation (photo-ionisation), and Bj, — ionisation as a 
result of colltstons of atoms with electrons or other particles, for instance 
neutral atoms or ions. 

It is true that, besides this, there exists a third possibility — the 
ionisation of atoms by interatomuc electric fields which are produccd 
as a result of the passage of charged particles close to atoms. However, 
this ionisation plays an important part only for highly excited atoms, 
of which there are relatively few, by reason of the Boltzmann distribution. 
Hence the efficiency of the third ionising factor is negligibly sinall 
under the conditions in stellar photospheres, and for this reason we 
shall not discuss it here. 

The processes converse to the two above-mentioned ionisation pro- 
cesses are respectively the recombination processes: jg¢ — recombi- 
nation of two particles with emission of a quantum hy, and Bry — 
recombination of two particles without emission of radiant energy, but 
with a third particle taking part, to which the excess energy is given. 
We ean regard the latter recombination process as a triple collision of 
the second kind. 

Let us compare the efficiency of the two processes Ajo, and Bigg. 
‘lo do so we first consider more closely the subject of photo-ionisation. 
We calculate the number of photo-ionisations 4); which take place 
in 1 cm? in 1 second, relating to atoms of some given kind. In doing 
so we must take into account that the photo-ionisation of atoms can 
take place from any level, so that, strictly speaking, it is necessary 


92 Chapter 8. The laws of thermodynamic equilibrium 


to take all the levels in the atom into consideration. Let the atomie 
absorption coefficient relating to the photo-ionisation of the atom from 
the level k& be (k,’),. Then, according to (5.46) and (3.15), the number 
of photo-ionisations from the level considered is 


v 


co b), 
fae Oe ne yay, (8.6) 


"k 


where hy, = x, , 18 the binding energy of the given level, since by (5.8) 
the ionisation begins only at the frequency which corresponds to the 
detachment of the photoelectron (v = 0). 


Since the photo-ionisation takes place from all levels, we can write 
for the quantity Z,; required 


oo 

4a 0 (ky), - 

Zi = h yu. » - yp, (8.7) 
“k 


where the summation is over all possible values of k. It follows from 
(8.7) that the quantity Z); is determined mainly by the spectral regions 
where the product J,(k;,), ”,,, is large. Let us consider a case where 
the deviation of J, from the equilibrium value is especially large; for 
instance, the ionisation of hydrogen atoms at the surface of a star of 
class AQ. For the boundary of the star, where the incident intensity 
is zero, we can write, from (3.50), (3.51) and (4.47), 


(J Jo =+ (1,)o = td,, (8.8) 


where the values of /, may be taken from Fig. 17, converting J, into J, 
according to the formulae (4.36) and (4.38). The values of n,, may 
be taken in accordance with the Boltzmann distribution (5.27) for 
T' = 8430° (see Table 3), putting n =k, and the values of (k,’) 2, 
from formula (5.24). The value of n,, ; = 7,1 is immaterial; we are con- 
cerned only with the relative variation of J,(k;), 2, , with frequency. 


In using Fig. 17 and Boltzmann’s formula (5.27), we have postulated 
the validity of the formulac of thermodynamic equilibrium. However, 
this need not perturb us, since here it is possible to use the method of 
successive approximations. Morcover, the theory of radiative equili- 
brium which we have considered is in satisfactory agreement with 
observation, so that in the first approximation the application of the 
formulae of thermodynamic equilibrium to stellar photospheres may be 
considered sufficiently valid. The dependence of J,(k,), ”,, on fre- 


3. The photo-ionisation of atoms 93 


quency for the ease in question is shown graphically in lig. 20. We 
see that the value of Z,; is mainly determined by the regions of the 
spectrum where the produet (k,), 7, ,, that is, the absorption coefficient 
refered to 1 cm* or to unit mass, is large. The effect on Z,; of changes 
in J, is much less important; where (k,), 2, J, is large, the value 
of J, has actually diminished (this is true for stars of other spectral 
classes also). 


On the other hand, where n, ,(4;), is large, the intensity of radiation 
at a given point ts close to the Planck intensity corresponding to the 
temperature at this point. In fact, we have already remarked more 


° 


A 
2000 3000 42=3646 5000 43-8206 





















30 
S20] —b 
x | To the limit of 
4 the Lyman Series 
+0 





TSx10© 1Ox10> 1 O-5x105p, 


than once that the intensity of radiation at any point (for 0 > 42) is 
a weighted mean of the values of B, along the given direction. (lor 
6 < 42 this statement is correct for large t,.) And if the opacity of 
the photospheric matter is large for radiation of the frequency concerned 
[i e. n,, .(k;,), is large], the radiation at the point considered will come 
from regions lying close to this point, i.c. will have a characteristic 
temperature which is little different from the temperature at that point. 
(So far we are assuming the validity of Kirchhoff’s Law (3.10), and 
by the temperature at the point we understand the temperature 
which appears in (3.10).] 

Thus we arrive at an important result. The photo-ionisation of 
atoms in the ease we are considering is mainly determined by the 
intensity of radiation of a black body having the same temperature as that 
at the point in question. 

However, the application of this result to other cases needs a number 
of rescrvations. Firstly, the fact that the photo-ionisation is determined 
mainly by the intensity of radiation given by Planck’s Law for the 


9+ Chapter 8. The laws of thermodynamic equilibrium 


temperature of the point considered does not mean that the ionising 
radiation is equilibrium radiation. In fact, it is necessary to take account 
also of the geometrical effect in the outer layers; we have discussed 
this above. Both at the extreme boundary of the star (where J,’ = 0) 
and outside the star, this effect can be taken into account by means 
of the dilution factor W’. Since, at the boundary of the photosphere, 
aceording to our result, the intensity of radiation, in the frequencies 
which are the most important as regards ionisation, is approximately 
B,(T,), where Ty is the surface temperature (the local temperature 
at this level), we can approximately write (8.7) as 
2° , 
Ly wi wy / B,(T,) en dy. (8.9) 
"k 
For elements of which the content in the photosphere is fairly high, 
the value of J, approximates to the equilibrium value B,(7') for the 
level in question, even at not very large depths in the photosphere. 
Calculations show that the photo-ionisation of atoms takes place chiefly 
by the detachment of an electron from the ground level, since an 
overwhelming proportion of the atoms are in the ground state. For this 
reason the product (k,’) ”,,, is always relatively large for the ground 
level (4 = 1). Consequently, the opacity of the material for the “ground 
continuum” (formed by the ionisation of atoms from the ground level) 
is relatively large, and for even a small depth we have rt, > 1. Therefore, 
in aceordance with (6.20) and (6.21), J, will not differ markedly from 3,. 
An estimate of the value of rt, can be made from the following 
considerations. We expand the Planck function B,(7) in a series of 
powers of the optical depth and neglect all powers of ¢, above the first. 
This gives 


dt, } ty=0 7" 


dB 
B,(T) = ay + b, t, = B,(T) + ( " t (8.10) 


This expansion may lead to very serious errors in some cases. However, 
in the regions where the absorption is large, the expression (8.10) is 
sufficiently accurate for a caleulation of the intensity, since here B,(T) 
ehanges relatively little over the range of optical depth which determines 
the intensity. Introducing (8.10) into (3.63) and (3.64), we find for J, 
and I; 

1,(t,) = B,(t,) + 3b,» (8.11) 


I, = B,(t,) — 3b, + (§ 6, — BT) e2™ . (8.12) 
We consequently obtain for J,, according to (3.51), 


J,=40, +1) =B,(7) +4 (2b, —B, (Ty) ed. (8.13) 


3. The photo-ionisation of atoms 95 


Next, for layers of the photosphere which have a large opacity in 
the frequencies considered, the value of 4, is always less than B,(7'y). 
In fact, for the boundary of the star we have from (8.11) 


1, (0) = B, (2) + 4 by. (8.14) 


As we have already remarked, when the opacity of the layers is large, 
I,(0) ~ B,(T,), and what we have just said confirms this. It then 
follows from (8.13) that, even for t, = 2, the value of J, is very close 
to that of B,. Quantitative calculations show that, for elements of which 
the content in the photosphere is fairly high, this value of rt, (for the 
ground continuuin) is reached in the outermost layers of the photo- 
sphere. Consequently, the value of J, for the ionising radiation is, 
almost throughout the photosphere, close to B,(7'), where 7' is the 
temperature at the point considered. 

The second reservation which we must make is as follows. All the 
results just obtained refer to the most abundant elements in the stellar 
photosphere (H, He, etc.). For elements whose percentage content 
(by number of atoms) is relatively small, the optical thickness t, due 
to them may be very small, even for the ground continuum. Hence 
each case needs additional investigation. However, it is to be noted 
that very frequently, apart from the dependencc on the content of 
the given clement in the photospherc, the photo-ionisation is determined 
by the temperature at the point considered. Let us consider, for example, 
the spectrum of the Sun. In the ultra-violet region of the Sun’s spectrum 
beyond 2 = 3000 A, there is a concentration and overlapping of a great 
number of ground continua belonging to the metals, and consequently 
the intensity of radiation at every point is close to B,(7), where 7' is 
the temperature at the given point. Hence, if the ground continuum 
of any eleinent whose relative content is low falls in this spectral region, 
then we have also, for this element, J, ~ B,(7'). 

Finally, it must be borne in mind that in the ultra-violet region 
of the spectrum there is a concentration of very many resonance ab- 
sorption lines of various clements, and this causes a deviation of J, 
from §,. 

Summarising what has been explained abovc, we may draw the 
following conclusions: the photo-ionisation of elements with a relatively 
high content a, (and in many cases with low a,) is determined mainly 
by the intensity B,(7), where 7’ is the temperature at the point for 
which Z,, is calculated. Almost throughout the photosphere we can 
take J, ~ B,(7') for these elements, while at the boundary the formula 
(8.9) can be used, with the dilution factor W ~ 4. In the remaining 
cases (for instance, in the intermediate surface layers where the tran- 
sition takes place from the formula J, = WB, to the formula J, = 8,), 
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it is neeessary to return to the fundamental gencral formula (8.7), where 
we can restrict ourselves, for the purpose of estimating Z,; in the 
first approximation, to photo-ionisation from the ground level alone. 


4. The ionisation of atoms by collision. Comparison with photo- 
ionisation. Recombination processes. Let us now estimate the number 
of ionisations by collision (Bj, processes). Let us consider first the 
ionisation of atoms and ions by electrons. We can regard the atoms 
and ions as stationary compared with the electrons, which have larger 
velocities on account of their smaller mass. Hence we can use formula 
(5.48) here also. If g, ,(v) is the effective cross-section for the ionisation 
of an r times ionised atom in the state k by electrons whose velocity 
is between v and v + dv, then the number of ionisations whieh take 
place in | cm? in | second as a result of these collisions is 


Nk Ir, E(v) VAN, , (8.15) 


where the effective ionisation cross-section depends on the velocity »v 
of the passing electron, as is shown by both theory and experiment. 
We can take for dn, the Maxwellian distribution of velocities (5.52), 
in view of what has been said at the beginning of the present chapter. 

Since the ionisation of the atom from the kth level ean be effected 
by any electron whose kinetic energy is greater than or cqual to the 
binding energy x,,,, the total number of ionisations from the kth level 
by collisions is 


m, 3/2 - 3 —m,v2kT 
Nye Ne tT oy. gop / Gr, n(v) vr e dv. (8.16) 
ty 


The value of 2, is determined, according to the relation mentioned, by 
rk = FM, vy". (8.17) 


And since the ionisation of atoms ean take place from any level, the 
total number of ionisations as a result of collisions with electrons is 


m 


e 3/2 ~ ~—m, v/2kT 
Zy = 1,42 (. 0) Smee | a0) ve dv. (8.18) 
73 


In order to eompare Z, with Z,, it is necessary to know the value of 
Gr,x(v). Here it must be noted that the average thermal velocities of 
the electrons in stellar photosphcres are relatively sinall. The energies 
corresponding to them are also relatively small. In Table 5 we give, 
for a nuinber of temperatures, the root-mean-square velocities v, and 
the cnergies of the electrons in electron-volts. 
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The calculations are carricd out in accordance with the well-known 
formulae 
ym, vy = DAT = Vye/300 , (8.19) 


where JV’, is expressed in electron-volts. 








Table 6 
T° v, (km/sec) Vo(eV) T° v, (km/sec) Velev) 
3000 369 0-39 20,000 953 2.59 
5000 477 065 |, 30,000 1168 3-88 
7000 564 0:90 || 50,000 1508 6-47 
10,000 674 1-29 75,000 1847 9-70 
15,000 826 1-94 100,000 2139 12:93 





Jt follows from this table that the mean cnergy of the electrons amounts 
to a few electron-volts. It is true that the clectrons with velocities 
v > v, are those which participate in the ionisation of the majority of 
atoms. However, there are so few electrons with energies of some tens 
of clectron-volts that they play a negligibly small part in this respect. Thus 
in ionisation by collisions the slow electrons are those chiefly concerned. 
Unfortunately, the data on 
the values of g,.(v) for this 
case are very meagre. They do 
not exist for hydrogen nor for 
practically all the other principal 


Observed | 
cheinical clements found in stel- fern 
lar photospheres. In Fig. 21 we , 
give the cross-section qo, , (v) for / | 
the ionisation of neutral helium 


from the ground level [called ° 00 200 ceva 
q(v) in the figure]. As the unit Fic. 21 

of measurement of qo, ,(v), the 

value :ta,° is taken, where ag is the radius of the first Bohr orbit 
of the hydrogen atom: ay = 0-529 x 10-Sem. The energy of the ionising 
electron in clectron-volts is placed on the axis of abscissac. 

In the majority of cases, q,,,(v) may be considered independent of 
the veloeity and some mean value G,,, may be taken for this quantity. 
On the basis of existing data it can be supposed that the values of 4, ¢ 
for various elements and various states of ionisation and excitation vary 
between 10-!7 and 10-'5 cm?®. If we introduce the mean value @,, , instead 
of g,,, in equation (8.16), putting 





m, vj2kT = 2 (8.20) 


7 Astrophysics 
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and cffeeting the clementary integration, we obtain the formula for 
the total number of ionisations by electron collision from the kth level: 


_ SET Le p\ ~ hr RAAT 
Ree No Ur k \/ ( (1 + cr | € (8.21) 


1 m, 


where in general it must be remembered that the teinperature which 
appears here is the kinetic temperature of the free electrons; this we shal] 
distinguish where necessary by the suffix e. 

Let us now turn to the ionisation of atoms and ions by collisions 
with heavy particles, i. e. by collisions with atoms and ions. The existing 
experimental data, as well as theory, show that the efficieney of the 
ionisation of atoms and ions by heavy particles is much less than that 
of the ionisation by electrons. The ionisation by heavy particles can 
become important in comparison with the ionisation by clectrons only 
in the case where the number of free electrons in 1 cm? is several orders 
of magnitude smaller than the total number of heavy particles in the 
same volume. It is possible that such a situation exists in the atmo- 
spheres of the cooler stars, where n, is considcrably less than the number 
of atoms of neutral hydrogen in 1 em’. However, we have not vet at 
our disposal the necessary data for quantitative results, namely, the 
effective cross-sections for the two components, which are still unknown. 

Tonisation by collisions is, in the great majority of cases, of minor 
importance compared with ionisation by radiation. To show this, let 
us consider, for instance, the ionisation of hydrogen in the photospheres 
of stars of class AO at the level where 7’ w 10,000°. For the reasons 
already stated, we can confine ourselves to the consideration of ionisation 
from the ground level. For the absorption coefficient, negleeting 
the dependence of g’ on frequeney, we can use the expression (5.24), 
rewriting it as 


(ky); = ky (9/9)? ’ (8.22) 


where 7, is the frequeney of the limit of the Lyman scries, so that 
hy, = 7%. The value of k, is 6-3 x 10718 em®. Next, since the optical 
depth just beyond the series limit is considerably greater than unity at. 
the depth where 7 ~ 10,000°, we can with good accuracy put J, = 
B, 0,000°) in (8.6). ‘hus the ratio of the number of ionisations by 
electron eollision to the number of photo-ionisations (in 1 em?) is, by 


(8.6) and (8.21), 
_ Af SakT, de —xekT, 
79,1 Ne Io,1 V'( 2 mp ) (1 v i.) e 


co (8.23) 
4a (ky) 
h f B, » 20,1 dy 
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where we have especially noted that the numerator is a function of the 
electron temperature at the given level. Since also, for the temperature 
considered, e””/K? S 1 for all » > y,, we can neglect unity in the 
denominator of Planck’s function (3.11). Introducing (3.11) and (8.22) 
into (8.23), and using also (6.35) and (5.12), we obtain 


ae 8 xo \ — x0'kT, 
7,1 V/ (an r,) (h+ a, é 
a= - Sab a TT Pe: (8.24) 
Ey (xl kT) 





ce 


Assuming that the temperature 7’ is equal to the electron temperature 
T, (see below), we shall take for their value 10,000°, for %,1 the value 
10-17 em?, and for p,, from Table 4, the value 300 bars; for these 
values, « ~ 5 x 10-8. Thus the part played by ionisation by electron 
collision is indeed vanishingly small in comparison with that of photo- 
ionisation. The part played by heavy particles — mainly hydrogen 
atoms — in this casc is also negligible. In fact, the values of x given in 
Table 4 indicate that here », is comparable with n,;, the total number 
of hydrogen atoms in 1 cm. At the same time, we have already said 
that the efficiency of ionisation by heavy particles is several orders of 
magnitude less than that of ionisation by clectrons, i. c. for heavy par- 
ticles the value of « is even less than the figure mentioned. 


For the ionisation of hydrogen in the solar photosphere at the level 
where T = T, = 5700° and >, is of the order of 30 bars (see Part ITI), 
the value of « given by formula (8.24) is 10-4. It is true that here n, is 
approximately three orders of magnitude less than ny. However, tho 
ionisation by heavy particles can be completely neglected even in this 
case, because of its inefficiency. 


Similar ealculations lead to analogous results for other elements. In 
general, the ionisation by collisions is negligibly small in the majority 
of ordinary stellar photospheres, in comparison with photo-ionisation. 
The physical reason for this is the relatively low density of the mattcr 
which forms stellar photosphercs. Hence it is quite possible that in 
some cases, for example in the dense photospheres of white dwarfs, the 
value of « is greater than unity. However, this question has not yet 
been wholly clarified from the quantitative aspect. 


Tn conclusion, it must be remarked that, in the outer envelopes of 
stars (for example in the higher layers of the solar chromosphere and in 
the solar corona), the value of 7’, in formula (8.24) may be considerably 
higher than that of 7’. As may be easily caleulated from formula (8.24), 
this often leads to the inequality « > 1. We shall consider some particular 
cases in Part IIT. 


- 
7* 
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We now turn to a consideration of the recombination processes A,,, and 


ree 
Bree. 1. @. Tecombinations with emission of quanta and those equivalent 
to a triple collision. The probability of recombination for the case 
Aj,, has already been calculated. It is given by formula (5.50), where the 


quantity f, is related to the absorption coefficient k, by formula (5.55). 


The number of recombinations to the kth orbit which take place 
in 1 second in 1 em? between clectrons and r + 1 times ionised atoms 
is, In accordance with (5.50) and (5.52), 


OO 


Mm, 3.2 3 —m, o/2kT , 
Ne Mpa AD ly _ pm (Bye {1 + -, Oy} e€ ve du, (8.25) 
aki . Sahy 
0 


“~ 


since all electrons can recombine, whatever their velocitics, from 0 to ce. 
We have specially added the suffix k to f,, in order to show that the 
electrons are captured into the level k. The total number of photo- 
recombinations to all levels is 


Co 


, 4 m, 3/2 a =m, er LkT 3 on 
Zr = Nera 4 (5 pp D | Bod Vy ened fe v3 dv. (8.26) 
0 


\ 


Let us now consider recombination processes which involve triple 
collisions. Since here the probability of recombination is determined by 
the simultaneous interaction of three particles, the value of Z,, will be, 
in general, proportional to 2,2 7,41, or to n, 2 2,4). according as the 
third particle is an electron or a hydrogen atom. The part played by 
metal atoms as third particles is small, since they are generally few in 
number. However, in all cases the ratio Z,,/Z,, is proportional to the 
number of particles in 1 em?. Since the latter is small (small density of 
photospheric matter), the ratio in question will be some orders of 
magnitude less than unity. Contrary to what is the case with ionisation 
processes, this ratio does not increase markedly when the ratio 7,/T 
increases, since the probability of a triple encounter can increase only 
very slowly with 7',, and for fairly large 7, it even decreases when 
T, increases. All this shows that under the conditions in stellar photo- 
spheres and even those in the solar corona, where the ratio 7’,/7' is 
of the order of 200, we can usually neglect triple-collision recombinations. 


5. The ionisation equation. The eleetron temperature. It follows from 
the above remarks that the main processes which determine the state 
of ionisation in photospheres are: (a) photo-ionisation, (b) recombination 
with emission of quanta (photo-recombination). To construct an equation 
deseribing the ionisation state in stellar photospheres, we must equate 


the quantities Z,, and 4, from formulae (8.26) and (8.7). This gives 
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low 
y fy, OK MR ay 


7: 
ne _ oT (8.27) 
n, m, \3/2 3 Y= myrt/2kT 
h (7) nm | (By). (1 + 3 oh 7" e,) e v dy 
0 


For the ratio n, ,/n, we can use formula (5.54). We shall consider in 
Part II the question of possible deviations from the Boltzmann distri- 
bution. 

The first question concerning the application of the expression (8.27) 
is that of the kinetic temperature appearing in the denominator. However, 
it must be noted at once that the degree of ionisation, as calculated from 
formula (8.27), depends only slightly on the value taken for 7',. In the 
case considered this temperature determines only the probability of 
photo-recombination, while this probability, as calculations show, changes 
very slowly with 7',. Hence we should be interested only in the possibility 
of large deviations of 7’, from the temperature of the radiation which 
determines the ionisation. Let us consider this question. Apart from the 
outermost parts of the photosphere, the value of J, in the parts of the 
spectrum which are the most important for photo-ionisation is close to 
that of B, for the local temperature at the level considered, i. e. for 
these parts of the spectrum, the density of the ionising radiation is 
close to the equilibrium density. In other words, the ionisation state 
of the atoms (which is here the state of photo-ionisation) is close to the 
equilibrium state. However, does this mean that the electron temperature 
T, at every point of the photosphere is equal to the temperature 7' of 
the radiation at this point, i.c. the temperature which determines the 
function J, = B,? In order to answer this question, we consider the 
relation between J and 7', at the boundary of the photosphere. In 
accordance with (8.9) we assuine that the equality J, ~ W B,(7,) holds 
for the most effective ionising frequencies. The case where J, = B, is a 
particular instance of the more general ease, obtained by taking W = 1. 
Next, in order to facilitate the investigation, we restrict ourselves to the 
first level of the atom, i. ec. in the sums appearing in (8.27) we take only 
the first term, with +, = 7,. In all practical eases we can neglect the 
effect of stimulated processes for the frequencies of photo-ionisation 
froin the first level. By virtue of all these assumptions, formula (8.27) 
takes the form 


foe} 
W f B,(T) = dv 


n xpih 
rtl y= (S 28) 


foe) 
, m, \3/2 —mri2ZkT, 
h QnkT, (B,). € vi do 
0 
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In (8.28) we have, for obvious reasons, taken n,, ,/n, = 1. It is also elear 
that by definition hy, = z,. 

We have written equation (8.27), and therefore (8.28), starting from 
equilibrium between the number of photo-ionisations and the number 
of photo-recombinations. Such an cquilibrium, howcyer, must also 
exist between the energy absorbed in photo-ionisations and that emitted 
in photo-recombinations. In this case the defining expressions (8.6) and 
(8.25) become 


tar f Jyh eM, AY, (8.29) 
"k 
m, 3/2 a ‘ a —m,vj2kT 
Ny Rp 4A (4.0) J Bae + gan adr Je hyve dv. (8.30) 


0 


The first of these gives the total energy absorbed in photo-ionisations 
from the Ath level, and the second, the total energy emitted as a result 
of recombinations to the &th level. The only difference of (8.29) from 
(8.6) and of (8.30) from (8.25) eonsists in the appearance of the additional 
factor hy in the integrands. 

Returning again to the atom with only one level (1% = 7), we ean 
now write down the equality between the corresponding energies. To do 
so, we must equate the two expressions (8.29) and (8.30), taking into 
account the above remarks, i.e. putting J, = WB,(7'y), assuming 
n,,,/m, = 1, and neglecting the stimulated emission. As a result we 
obtain 


foe) 
Wf B17) (ka 
n xpfh 
re he = — ——— (8.31) 
r Me 3/2 —m,vj2kT, 3 
(arr) | Bre vyvidu 
0 


Now, equating the right-hand sides of (8.28) and (8.31), we obtain the 
equation required, giving the relation between 7, and 7,: 


oo fora) 
, ky’), tof 
| B, (To) °° dy / (B,)1 eo MP2 ETS 9 dy 
xpih ri 
"co — gg - (8.32) 
| B,(T 9) (k,’), dy [ (8,)1 eo MePN2KT. y ¥3 dy 
xpih a 


We now introduce, instead of 2,(7'y), the expression for it from (3.11); 
also, using the formula (5.55) for B,, we express the quantity v dv in 
terms of dy by (5.49), and finally we introduce, instead of 3 m, v7, the 
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quantity hy — z,, in accordance with (5.7). The equation (8.32) then 
takes the form 


fee) oa 
7 yt (ko), de Pr Te 
may) _— rik’) e AvIKT. dy 
ehvikT sy vt 
xrth XplA ‘ 
oo =". eee (8.33) 
v> (ky), dev ° , —AvikT 
| hv{ kT, —1 | " (fy M ° : ‘ dy 
xin © xylA 


We notice immediately that this relation between 7’) and 7’, does not 
depend on JW’. Hence this expression will also be valid for the deeper 
layers of the photosphere. 

The solution of (8.33) may be carried out, for instance, for hydrogen- 
like atoms, for which (4,’), is given by the expression (5.24). Calculations 
based on formula (8.33) show that, up to very high temperatures, the 
two temperatures are practically equal. For very high temperatures it 
is necessary to take account of the effect of stimulated emission. Similar 
calculations, taking all the levels of the atom into account (and not 
only the first), give practically the same result. 


In the above-mentioned calculations it is supposed that recombinations 
are the only factor leading to a decrease in the energy of the electron 
gas. If there is any other fairly efficient source of energy loss (not 
compensated by a corresponding souree of energy gain), for example, 
the loss of energy in consequence of the excitation or ionisation of atoms 
by electrons, the temperature 7’, of the latter may be less than the 
temperature 7’. In faet, a part of the energy of the eleetrons will be lost 
in this case through a process quite unconnected with photo-ionisation 
and recombination. Preliminary caleulations by 5. L. BeLtovsov show 
that for the Sun and for stars of the spectral class AO the value of 
T, at the boundary of the photosphere differs somewhat from 75. 
However, this cannot noticeably affect the degree of ionisation calculated 
from formulae (8.27) and (8.28), since, as was shown above, only large 
differences between 7’, and 7’ are important. 

If we now consider the regions of the photosphere where the approxi- 
mate equality J, ~ B, holds, and assume in aecordanee with the above 
that 7 ~ 7T,, we can evaluate the right-hand side of (8.27) by sub- 
stituting J, = B, and 7'= 7. To do this, it is necessary to use the 
Boltzmann distribution (5.54), the relation between f, and k,’ given by 
the expression (5.55), and the relations (5.49), (5.6) and (5.8). As a result 
we obtain Saha’s formula (5.11). This was to be expected, since all the 
formulae which we have used correspond to a state of thermodynannic 
equilibrium. Thus, within the range of validity of our earlier conclusions 
(for instance, the equality of J, and B, in the parts of the spectrum 
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which are the most effective in photo-ionisation) and our assumptions 
(T x T, and the Boltzmann distribution), we may suppose that from a 
certain depth in the stellar photosphere we can use the ordinary ioni- 
sation formula (5.11) for the temperature at the point considered. 

For the outer parts of the photosphere (lying above this depth) 
the approximation J, ~ B, becomes inexact because of the operation 
of the geometrical effect. In order to study the influence of this cffect 
on the ionisation statc, Ict us again consider the boundary of the atmo- 
sphere. As before, we shall assume that the equality J, = WB,(7%) is 
here valid for the most effeetive ionising frequencies. Also, we shall 
again restrict ourselves, for the sake of simplicity, to the consideration 
of an atom with onc level (the lowest). Then, neglecting the stimulated 
emission (for reasons explained carlicr), we can use formula (8.31). It 
would be possible also to use formula (8.28), which is derived from the 
gencral formula (8.27), but here the calculations are a little more 
complicated than those relating to (8.31). 

Introducing into (8.31) the expressions used in obtaining (8.33) from 
(8.32), we find 
(ky’)s vt dy 
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We now consider the case of hydrogen-like atoms, for which k, = c, »75 
(see (5.24)]. Introducing this expression’ into (8.34) and effecting the 
integrations, we obtain 


2/9 3/2 (pop y3!2 
“thn = v a nC an me "0 V(r) log, (1 —e7 *r/*7*)—1. (8.35) 
Reealling that, in the case we are considering (neglecting stimulated 
emission) the incquality e~*/*?* < 1 holds (it is valid in general for 
the majority of practical cascs), we can neglect, in the binomial ex- 
pansion of (1 —e~%/*?«)-1, all terms of higher order than e~ %/*?*, In 


this case the function considered takes the form 1 +e xIkT. Finally, 
using the expansion 
log, (l+2)=a2—J2741425—... (8.36) 


and rejecting all terms above the first (for the same reason), we obtain 
instead of (8.35) 


"ral yo yy Art 22am)" (KT) V/ (;.) een . (8.37) 
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Thus we obtain Saha’s formula (5.11), but with the correction factor 
Wy (7/79) (we may suppose g, ; ~ u,). If we again take 7) = 7',, then 
only W remains. 

Here it must be borne in mind that in stellar photospheres W’ is 
little different from unity. In particular. we ean use formula (5.11) 
without a great crror even at the boundary itself, though of course 
the factor W must be introduced for more exact ealeulations. The effeet 
of the factor IV is important in the ease of extended atmospheres and 
particularly in the ease of the planetary nebulae. 

Formula (8.37) has been obtained for an atom with only one level. 
However, more laborious ealeulations which take the higher levels into 
account show that the result remains practically the same in principle. 
Moreover, it is to be remembered that our conelusions are bound up 
with the application of the equation J, = W3,. The effeet of an error 
in 7', is much less important, as we see from (8.37). 


6. The application of Kirchhoff’s Law. Let us now consider our 
last topic, that of the applicability of Kirchhoff’s formula (3.10) to 
stellar photospheres. To do so, we must reeall that the processes which 
mainly determine the radiative power of photospherie material are those 
of recombination. Free-free transitions play a subordinate part. They 
are important only in the far infra-red region of the speetrum. Hence, 
in discussing the applicability of the law (3.10), we ean limit ourselves 
to recombination processes. We consider the reeombinations which take 
place to some level & of the r + 1 times ionised atom. 

The amount of energy emitted by 1 cm® of matter in 1 second, due 
to these transitions, in the frequeney interval from » to » + dy and 
unit solid angle, is determined by formula (5.57). Using (5.52), (5.49). 
(5.8) and (5.55), we obtain 


€ 


j(0) ody = 
= {n, n, ai} | 
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(S.38) 
We put in this formula J,(0) = B,(7), take 7 = 7, and express 
the product n,+, ”, in terms of n, , by the use of (5.11), (5.12) and (5.54). 
Using (5.6), we obtain instead of (8.38) 


,(0) ody =n, , kh,’ B,(7’) dy. (8.39) 


9 
ay ¢ 


Thus, by applying to (8.38) the formulae of thermodynamie equilibrium 
(all for the same temperature), we automatically obtain Kirehhoft’s 
Law (3.10), as was to be expected. Henee the question of the applicability 
of the law (3.10) to stellar photospheres again reduces to that of the 
applicability to them of the above-mentioned formulae. 
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The value of 7,(0) in formula (8.38) is detcrmined as the product 
of the two factors in braces. It might be thought that this product 
is determined only by the ionisation state of the atoms and by the 
kinetic tempcrature. This, however, is not so. In essence, 7, can be 
divided into two factors, x, and B,, of which x, determines the optical 
thickness of the material in the given direction. Hence, in going from 
the product », ,,, to the nuinber of absorbing atoms, it is necessary 
to use Boltzmann’s Law (5.54), and this we have donc in obtaining 
(8.39) from (8.38). However, we defer the question of the applicability 
of Boltzmann’s formula until Part II. At present we are interested 
only in ionisation. Here, as we have seen, the situation seems favourable, 
i.e. the deviations from Saha’s formula cannot be large. 

The second factor in formula (8.38) is determined by the kinetic 
temperature 7’, of the electrons, and consequently the main question 
is whether the temperature 7' which determines the ionisation differs 
from 7',. The agreement between the theory of radiative equilibrium 
and observation indicates that. in the greater part of the photospheric 
layers, the equality of JT and 7’, holds to a sufficient degrec of accuracy. 
If this is so, then the application of Kirchhoff’s Law to stellar photo- 
spheres is fully justified. However, the question of the relation between 7’ 
and 7’, of course requires very careful further study. 

The problem of the relation of 7 to 7’, is particularly important 
for extended photospheres, where the radiation field J, may differ 
very markedly from B,. Finally, it must be borne in mind that, besides 
the processes considered above which maintain 7, at a given depth, 
other processes (for example, those of an clectromagnetic character) 
may also occur in stellar photospheres, as is the case in the upper layers 
of the solar chromosphere and especially in the solar corona. If in 
some cases there is a considerable difference between 7, and the value 
of 7’ which appears in the formula J, = WB,(7'), then the application 
of Kirchhoff’s Law (3.10) is no longer justified. The expression (8.38) 
must be used directly for the cocfficient 7,, and of course recombinations 
to all levels possible for the given frequency » must be taken into 
account. In this case the relation between the kinetic temperature of 
the photospheric layers and the intensity of the radiation emerging 
from them is very complex; we shall consider such an instance in 
Part IIT, Chapter 19. 

Finally, if there are noticeable deviations from the Boltzmann distribu- 
tion, this also may make the application of formula (3.10) less justifiable. 


PART II. 


THE FORMATION OF ABSORPTION LINES 
IN THE SPECTRA OF STARS 


Chapter 9. The mechanism of the formation of 
absorption lines in stellar atmospheres 


1. Basic definitions. The presence of absorption lines in the spectrum 
of a star shows that the intensity of its continuous radiation is reduced 
in certaindefinite frequencies corresponding to transitions of electrons from 


one level to another. 

In order to give a 
quantitative description 
of this reduction, we 
introduce what is called 
the residual intensity 
r,, Which is the ratio 
of the intensity J,, at a 
given frequency v tnside 
the linc, to the intensity 
of the continous spcc- 
trum J,°, interpolated 
to this frequency (lig. 
22a): 


r, = 1,/1,9. (9.1) 


(r, is similarly defined 
for the flux J//,.) 


It is clear that in the 
frequencies of the conti- 
nuous spectrum r, = 1. 
As a result we obtain 
the contour of a linc, as 
shown in Fig. 22(b). The 
quantity r,,, cqual to the 
Ieast valuc of r,, is called 
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the central residual intensity. The quantity #, = 1—~r, is called the 
depth of the line at a given frequency inside the line. The innermost 
parts of a line are called its core. The outermost parts of a line (in 
relation to its centre) are called the wings. 


For many problems, as we shall see later, what is called the total 
absorption in the linc, or the equivalent width of the line, is of great 
importance. This quantity is defined by 


W,= [ l—r)dv= f R, dy, (9.2) 


or by 


Wi= | d—njds= f Rds. (9.3) 


The symbols » and 4 show that in the first case JW is measured on 
a frequency scale, and in the second case on a wavelength scale. The 
integration in (9.2) and (9.3) extends over the whole of the line con- 
sidered. In Fig. 22(b) the quantity W’, is shown by the shaded area. 
Observers generally give JV on a wavelength scale and measure it in 
angstroms or in milliangstréms. As follows from its definition, the 
equivalent width is the width of the continuous spectrum whose areca 
is equal to that bounded by the contour of the spectral line considered, 
i.e. is equal to the shaded area in Fig. 22(b). This is shown in Fig. 22(c). 

It is clear that JV, characterises the strength or intensity of the 
given line in the stellar spectrum. The greater the equivalent width of 
an absorption line, the stronger is that line. 


2. The mechanism of the formation of absorption lines. Let us now 
investigate how absorption lines are gencrally formed in stellar spectra. 
It is evident that at frequencies within absorption lines the absorption 
coefficient is greater than in the neighbouring frequencies of the continuous 
spectrum. In the frequencies of an absorption line the absorption coeffi- 
cient is composed of the cocfficient of continuous absorption (free- 
bound and free-free transitions), added to the absorption coefficient 
corresponding to the discrete transition in question. This in fact brings 
about the existence of absorption lines as spectral regions where the 
photospheric radiation is attenuated by the excess absorption. The 
fundamental question which arises is how absorption lines are formed: 
whether in the same way as, for example, the absorption bands are 
formed beyond the limits of scrics in the continuous spectra of earlv- 
type stars (sce Tig. 17), i.e. as a result of true absorption processes, or 
by scattering of radiation. In the former case, the attenuation of the 
radiation in any region of the spectrum is caused by two factors: (1) the 
absorption coefficient in that region is greater than in the neighbouring 
regions, (2) the temperature in the photosphere decreases outwards. If 
the absorption coefficicnt inside the spectral region considered is very 
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large, the radiation will emerge from the most superficial and coolest 
layers of the photosphere; hence the intensity of the radiation emergimg 
from the surface will be close to the intensity B,(7'9), where 7’, is the 
surface temperature of the star. 

Let us now consider the centre of some strong absorption line in 
the solar spectrum. In this case the absorption coefficient is very large. 
Henec, for the frequencies of the line centre, the approximate equation 
I, ~ B,(7,) holds for any part of the solar disc. On the other hand, 
according to formula (4.30), the approximate equation J, ~ B,(7'y) 
holds at the limb of the solar disc for all frequencies and, in particular, 
for the parts of the continuous spectrum adjoining the line considered. 
Consequently, the value of 7, for the centre of a strong line should be 
equal to unity at the limb of the solar disc, i.e. strong lines should 
be weakened at the limb, and in some cases simply disappear. This is 
entirely contrary to the observations. At the limb of the solar dise 
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the contour of a strong line does not differ markedly from the contour 
of the same line at the centre of the disc. As an illustration we give 
(Fig. 23) the contours of the H and K lines for two points of the solar 
dise, the eentre (continuous curve) and a point distant from the centre 
R = 0-98 Rg (dotted). (These contours were obtained by V. B. NrKonov 
and A. B, SEVERNYI.) Consequently, we must reject the first mcehanism 
(true absorption) on observational grounds. This means that, for the 
description of the processes which determine the formation of absorption 
lines, Kirchhoff’s Law cannot be applied. 

Tn order to illustrate the conclusions we have reached, let us imagine 
the stellar photosphere to be divided into two layers: a lower, in which 
the main part of the observed photospheric radiation is produced, and 
an upper, in which the absorption lines are mainly formed. The lower 
layer we shall call the photosphere as before, and the upper layer, 
the reversing layer. Let us assume for simplicity that the reversing 
layer is composed of atoms which have only two energy levels, the 
first and the second. Consequently these atoms can absorb and emit 
only in one fixed Ime. The excitation of these atoms and the converse 
transitions from the second state to the first can be brought about 
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by two causes: (1) by the effect of eollisions with the surrounding 
partieles, and (2) as a result of the absorption and subsequent re- 
emission of light quanta. 


If the first cause is the prineipal one, the Maxwellian distribution 
of the veloeities of the colliding partieles leads to the results that the 
ratio of the number of atoms in the second state to the number in 
the first state is determined by Boltzmann's Law, and the ratio of the 
emission eoefficient to the absorption eoeffietent by Kirchhoff’s Law 
(3.10). However, elementary calculations show that, in stellar photo- 
spheres, atomie transitions as a result of collisions are very rare in 
comparison with proeesses of photo-excitation and subsequent emission. 
As in the case of ionisation by eollisions (see Chapter 8), this is due 
to the low density of matter in stellar photospheres, i. e. the low coneen- 
tration of exeiting partieles. Consequently we must turn to thesecond cause. 


Atoms in the reversing layer absorb the radiation of the photosphere 
in the frequeney eonsidered and seattcr this radiation in all direetions, 
including the direetion baek into the photosphere, where the radiation, 
after absorption by the atoms of the photosphere, is emitted in other 
frequeneies. The more such atoms there are in the reversing layer, the 
greater the probability that a quantum of radiation in the frequeney 
considered, having undergone a eonsiderable number of scatterings, 
falls baek into the photosphere and disappears. Thus in this ease the 
part played by the reversing layer amounts to sending baek into the 
photosphere a definite fraction of the quanta whieh leave the photo- 
sphere in the frequeney considercd: the quanta are diffusely refleeted 
baek. In the frequeneies of the eontinuous speetrum, however, the 
radiation of the photosphere passes through the reversing layer entirely 
(or almost) unhindered. An absorption line appears as a result of the 
scattering. Its depth depends on the number of seattering atoms in 
the reversing layer. 

Sinee the part played by the reversing layer amounts to diffuse 
seleetive refleetion of radiant energy baek into the photosphere, where 
it is converted into other frequencies, the intensity of radiation in the 
frequeney eonsidered is less in the outer parts of the reversing layer 
than in the photosphere. The smaller intensity of radiation leads to 
a smaller proportion of cxeited atoms. However, the emission eoceffi- 
eient j, depends on the number of exeited atoms. Hence it is evident 
that the ratio of j, to #, in the reversing layer must be less than in the 
photosphere, and therefore less than would follow from Kirchhoff’s Law. 


The assumption that the chief mechanism whieh determines the 
formation of absorption lines is the scattering of radiation is eonfirmed 
by observation, and also by a more detailed analysis of the eonditions 
existing in stellar photospheres. 


3. Equation of transfer for coherent scattering Ill 


3. The derivation of the equation of transfer for coherent seattering. 
In this and the four following chapters we shall discuss processes of 
coherent scattering, where the frequency of the re-emitted quantum is 
exactly the same as that of the absorbed quantum, the two quanta 
differing only in direction. Processes of non-coherent scattering will be 
considered in Chapter 14. 

Assuming now that we are concerned with coherent scattering, let 
us construct the equation of transfer for these processes. The absorption 
eocefficient corresponding to the discrete transitions which produce the 
line considered will be denoted by o,; we refer this quantity fo unit 
mass. The same coefficient referred to one atom will be denoted by s,. 
The relation between them is given by a formula analogous to (5.22). 

Let us write down an expression for the emission coefficient in the 
case of coherent scattering. As is shown by physical analysis, the pro- 
cesses of re-emission of the absorbed quanta are not, in general, isotropic. 
It appears that re-emissions in different directions have different pro- 
babilities; in the majority of cases, the probability that the direction 
of a quantum after scattermg will be within the solid angle dw is pro- 
portional to (1 + cos? ®) dw, where @ is the angle between the incident 
and scattered quanta. However, an analysis of the problein of scattering, 
carried out by V. A. AmBaRTsUMYAN [9], shows that, for the law men- 
tioned. i.e. 1 + cos? ®, the final results of the theory of scattering do 
not differ much from those obtained for isotropic scattering. For this 
reason we shall suppose that the re-emission is isotropic in character. 
An exact allowance for the dependence of the re-emission probability 
on # is one of the most urgent problems of theoretical astrophysics. 

Supposing the re-emission to be isotropic, we can iinmediately write 
down an expression for j, in the case of pure scattering. In fact, according 
to (3.6) the amount of energy absorbed by one gram of matter in 
1 seeond in unit frequency interval is 


o, [ 1,dw. (9.4) 
47 


Now, since we are considering stars in a steady state (not varying 
with time), all this absorbed energy will be restored by the atoms, 
in the saine time interval, in the form of re-emitted quanta. And since 
we suppose the re-emission to be isotropic, the value of 7, is obtained by 
dividing (9.4) by the solid angle of the whole sphere, i.e. 4. Consequently. 


) 


rea | 


jp=o, [ 1,52 =0,4,. (9. 


In writing (9.5) we have obviously assumed that we are concerned 
with purely coherent scattering, since the absorbed energy is re-emitted 
in the same frequency. 
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Thus, for isotropie re-emission proeesses, the difference in the 
formulae for true absorption and for scattering is that, in the expression 
for the emission eoeffieient, the function 2B, is replaced by the mean 
intensity J,. Therefore we can immediately write the equation of 
transfer for plane-parallel scattering layers in the following form: 


eos 6 dI,(0)/dt, = 1,(0) — J, , (9.6) 
where 
dt, =o,odh. (9.7) 


Here it is clear that the equation of transfer (9.6) takes account only 
of the ehange in J,(@) due to the presence of coherent scattering pro- 
cesses. 

We now multiply both sides of (9.6) by 1/42 and integrate the 
result over the whole sphere: 


d adm 1 a(aH,) _ dw 7 
ae, J T,,(0) cosO = 4, — dr, = | 1,(0) 4a =0Q. (9.8) 


Thus, in a purely scattering atmosphere, composed of plane-parallel 
layers, the flux 2H, is constant at all depths. In eontrast to the case 
of local thermodynainic equilibrium, this constancy of the flux holds, 
in the case of eoherent scattering, for each single frequency. 


4. The solution of the equations of transfer. Let us now consider 
the following model. Above the layers which radiate the continuous 
spectrum (the ‘‘photosphere” of the star) lies a seattering layer (the 
“reversing layer’). Here we again sharply separate the layers which 
form the continuous spectrum and those whieh form the absorption 
lines. We shall discuss later to what extent this model ean represent 
the aetual envelope of a star. 

Our main problem is to calculate the flux 2H, emerging from the 
surface of the seattering layer. We denote by J,°(9) the intensity of 
the continuous radiation emerging from the “‘photospherc”. Bearing in 
mind the difference between the nodel considered and the actual photo- 
sphere, it will be suffieient, in considering the model, to use the same 
approximate method, introducing mean intensities, as we diseussed in 
Chapter 3. 

Denoting again by J, and J} the mean intensitics of radiation in 
the appropriate hemispheres and noting that equation (9.6) is similar 
to equation (3.12), or for the lower hemisphere (introducing the angle 
yp == a — 0) to equation (3.17), we ean immediately write for J, and Jj, 
from (3.61) and (3.62), 


d/,/dt, = I, — J, ’ (9.9) 
di'jdt, = — 1,’ +J,. (9.10) 
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Adding equations (9.9) and (9.10), we obtain 


dd, + I,')/dt, = 3 (1, —1,’) . (9.11) 


Noticing that by (3.50) the difference of the mean intensities is H,, 
while, aeeording to what was said above, the value of H, in seattering 
plane-parallel layers is constant, we find 


I,+1,=3 4,1, + D,, (9.12) 


where D, is a eonstant of integration. It follows from (9.12) that D, 
is equal to the intensity J, at the outer boundary of the reversing layer, 
where t,=0 and J;=0. In turn, for t,=0O (where J; =0) this 
intensity is equal to H,, in virtue of (3.50). Consequently D, = H,, 
and henee 


I,+l,=3H,t,+H,. (9.13) 


We now determine the value of H,. To do so, we write the equations 
(3.50) and (9.13) for the lower surface of the reversing layer. Denoting 
the optical thickness of the whole reversing layer by t, ,, we have 

(1,) ~~ (Qi). = H,, | 
| (9.14) 


Tyo 


= 3H, 4 + H,. 


vo 
Adding these two expressions, we obtain 


| (Lyx, g = UG + 4%, 0) « (9.15) 


¥,0 


The value of (J,),, , is the mean intensity of radiation at the lower 


surfaee of the seattering layer. It is elear, however, that this mean 
intensity, multiplied by z, is also equal to the flux of photospherie 
eontinuous radiation in the frequeney eonsidered, i. e. to 


dn 
aH, = 2 | 1,9(0) eos 0 sin Odd. (9.16) 
0 


In faet, putting t, , =0, i.e. supposing that there is no attenuation 
of the radiation by seattering in the given frequeney, we obtain froin 
(9.15) U,),, 5 = H,°. The value of x H,° is just the flux of eontinuous 


radiation interpolated to the given frequeney. And sinee the flux a H, 
is the flux in the line, we ean write for the residual intensity 


Ty, 


r, = H,/H,° = 1{(1 + 3t,¢)- (9.17) 
8 Astrophysics 
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The residual intensity r, determined by the expression (9.17) is 
derived for the flux of radiation. Consequently, the formula (9.17) is 
applieable to the radiation of a distant star or to the radiation of the 
Sun's dise as a whole. Aceording to this formula, when s, (and conse- 
quently 1, ,) inereases, r, deereases. In the eentre of the line, where s, 
and t, , have their greatest value, 7, is least. Thus we obtain a eontour 
of the form shown in Fig. 22(b). 

In order to obtain the eontour of an absorption line, not for the 
whole dise of the Sun, but for a definite point of it, i. e. for some dirce- 
tion 0, we must solve cquation (9.6). Starting from the formal identity, 
already pointed out, between this equation and equation (3.12), we ean 
use the solutions given by formulae (3.26) and (3.27). Here it is neeessary 
to take the latter of these formulae, sinec it gives the intensity determined 
by a layer of finite optieal thickness. In the case eonsidered we are 
interested in radiation bounded by the direetions 0<0<i2, and 
henee we must introduce 0 = 2 — y into (3.27) instead of y. We then 
obtain for J,(0, t,) 


Ty 


I, (0, t,) = G, etree? — errsee? f J, ety? see Odt,, (9.18) 
0 


where G, is a constant of integration. 
For J, we ean take the expression which follows from (3.51) and 
(9.13): 


Aeeording to (9.18), we have at the upper (outer) boundary of the 
reversing layer, where t, = 0, the equation 


I,(0, 0) =G,. (9.20) 


Also, at the lower boundary of the reversing layer, where 1, = 1,, 9; 
we have 


T,(0, t,o) = 1,°(8) . (9.21) 


Writing (9.18) for this level and solving for G, the resulting expression, 
we obtain by (9.20) 


1,(0,0) = 1,°(0) e~™, 080 9 / J, co—'v 8? sec 0 de, . (9.22) 
6 


Finally, substituting in (9.22) the expression (9.19) and effecting the 
integration, we find 


T,(0,0) = 1,°(0) ety, @ 8c 8 4 


H 
+4 (1 + 3 cos 0) —-e7", 8 °(] 4-37, , + 3 eos ot, (9.23) 


where we may substitute for f/, the expression for it given by (9.17). 
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The residual intensity 7, (0) in the case considered must be determined 
as the ratio J,(0,0)/J,9(0). Using the definition of the flux //,°, it is 


voy 


r,(0) = 1,(0,0)/1,°(0) 


J T,°(@) cos 0 sin 6 dd 
° 7,°(0) |" + 3 eos 0) — 


a 
{ 
a 
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3, ¢ + 3 eos 8) | . (9.24) 


Consequently, in order to find the dependenee of 7,(@) on the frequeney 
for a given angle 0, we must know: (1) the law of variation of t, , with 
frequeney, (2) the law of darkening of the dise towards the limb for 
the intensity of the continuous radiation in the given spectral region, 
i.e. the variation of /,°(0) as a funetion of the angle 0. The latter may 
be taken directly from observation. 


We shall diseuss later, when considering the form of the dependence 
of o, on the frequency, the comparison of formula (9.24), as well as of 
formula (9.17), with observation. In partieular, we shall see that, for 
the wings of some lines in solar and stellar spectra, these formulae lead 
to a satisfactory agreement of the results of theory and observation, 
this being achieved by an appropriate choice of the parameters appear- 
ing iN Ty g- 

Formula (9.24) shows, in agreement with observation, that the 
variation of absorption-line contours from the eentre to the limb of 
the solar dise is generally small*. 


However, the agreement between the above theory and observation 
is very often not at all satisfactory. A quantitative comparison between 
the results of the theory we have developed and observation diseloses 
a number of diserepaneies. Thus, for instanee, in the eentres of strong 
absorption lines, where T,, , is very large, the central residual intensities 
ought to be close to zero, from formulae (9.17) and (9.24). However, 
such a result is contrary to observation. This, of course, is explained 
by the fact that our model does not exactly correspond to actual photo- 
spheres. 





* For the ecntres of strong lines, where 1, , is very large, this follows imme- 
diatcly from (9.24), since, on the one hand, for Tg © the residual] intensity 
r,(0) is proportional to the ratio (1 + 3 cos 0)/7,°(8), while, on the other hand, 
in the visible part of the spectrum the intensity /,°(0) itself approximately follows, 
the law (1 + 3 cos 0), so that in general the variation of r,(0) with the angle @ 
is small. 


S* 
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5. The derivation of the equation of transfer, taking account of 
processes of seattering and of true absorption. The main simplifying 
assumption in the model we have analysed is the artifieial division of 
the atmosphere of the star into two quite different regions, the ‘“‘photo- 
sphere” and the “reversing layer’. In reality, of eourse, no sueh division 
exists. In faet, the power of seattering is possessed not only by the 
atoms of the reversing layer, but by those of the photosphere also. Thus, 
in the formation of an absorption line, all the photospherie layers of 
the star (or the Sun) take part. It follows from this that, for a rigorous 
solution of the problem in question, we must abandon the division 
of the atmosphere into the photosphere and the reversing layer, and 
start from the general equation of transfer, whieh takes aeeount not 
only of seattering proeesses, but also of those of absorption. 


To eonstruet this equation, we must start from the faet that, in 
a real atmosphere, the attenuation of a beam of radiation in a segment ds 
is determined, in the frequeneies of an absorption line, not only by the 
selective absorption eoeffieient o,, but also by the eontinuous absorption 
eoefficient x,. Thus the amount of radiation absorbed in a eylinder of 
voluine dods (see Fig. 3), in the frequeney interval dy, solid-angle 
element dw and time element dé, is, by (2.25), 


AE = — 1,(x, + 9,) 0 ds dw do didy. (9.25) 


We now write down the amount of energy emitted by the eylinder 
as a result of proeesses of true continuous absorption. In aecordance 
with (2.21) and (3.10), we ean write for these processes 


AE. ._") = x, B, 9 do ds dw di dy , (9.26) 


sinee for processes of true absorption we assume the laws of therino- 
dynamie equilibrium to be applieable. 


The proeesses of the seleetive attenuation of radiation, i. c. those 
taking place only at frequencies within lines, require speeial attention. 
These proeesses inelude: (1) seattering proper of radiation, which has 
already been eonsidered in the present ehapter, (2) true seleetive ab- 
sorption, eaused by diserete transitions of eleetrons. These latter pro- 
eesses were diseussed in Scetion 5.3. Let us first ealeulate AE,,, for 
seattering proeesses. Of the total energy selectively absorbed by the 
eylinder, i.e. of the amount J, ¢, 9ds dw do dtd», let the fraetion 1 — e, 
be re-emitted as coherently scattered radiation, so that the fraetion e, 
of this energy will be expended on proeesses of true seleetive absorption. 
In other words, the quantity of absorbed energy whieh is re-eimitted 
in the form of seattered radiation is J,o,(1—e,)o ds dw do dt dy. This 
means that the absorption eoeffieient wieh eorresponds only to pro- 
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cesses of subsequent seattering is not o,, but o,(1—e,). Consequently, 
in aeeordanee with (9.5) and (2.21), the amount of energy re-emitted 
by the cylinder as a result of coherent seattering processes is 


AE,,,° = 6,(l1—e,) J, 0 dao ds dw dt dy. (9.27) 


We now turn to the radiation which corresponds to proeesses of 
true seleetive absorption. The amount of energy, absorbed (from the 
beam) in the eylinder, which eorresponds to these processes is, by what 
has been said above, J,o,e,0dsdwdodtdv; eonsequently the ab- 
sorption coefficient belonging to true selective absorption is a, e,. And 
sinee, for processes of true absorption, we assume Kirehhoft’s Law to 
be applicable (i.c. we assume the existence of local thermodynamic 
equilibrium), the amount of energy emitted by the eylinder which 
eorresponds to processes of true selective absorption is, by (2.21) and 
(3.10), 

AE. = 0, &, B,o ds dw dt dy do. (9.28) 


We notice the following differenee between processes of seattering 
and those of true selective absorption: in seattering, all the absorbed 
energy /,o,(l1—e,) 9 dsdwdodtdy is again re-emitted in the form 
of seattered energy, while for processes of true absorption this equality 
between the absorbed and re-emitted energy does not hold. The amount 
of emitted energy, expressed by formula (9.28), has no direct relation 
to the amount of absorbed energy, i.e. J, oa, e,9 ds dw dodtdv. This 
eorresponds to the statement made in Section 5.3, that in the presence 
of true absorption processes there is no direct relation between the 
absorbed and emitted quanta. 

Now, constructing the balanee between absorbed and emitted energy 
as in the derivation of (2.26), and using (2.27), we obtain the required 
equation of transfer: 


di, (0 
cos 0 me = (x, +0,) I, (0) a (l—e,) Gy J, — 4, Bb, — a, &, B, . (9.29) 


If proeesses of true selective absorption are disregarded (¢, = 0), this 
equation takes the form 
dal, (@) 


eos 0 odh = (x, +0,) I,(0) —o, J, — x, B,. (9.30) 


The equation (9.29) ean be modified by putting 
(l—«,)o,=0,9, o,6,=%,°. (9.31) 
It then takes the form 


al, (8) 


0080, = % +9,9+,9) 1,0) — 0,9 Fe — (44 +49) By (9.32) 
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The physical meaning of the coefficients ¢,° and z,° which have been 
introduced is quite clear. We may call the coefficient o,° the seattering 
coefficient in the Jine, since it takes account only of scattering processes 
(not including those of true absorption). The coefficient x,° is the 
coefficient of true selective absorption. 

In the next chapter we consider the mathematical methods by which 
the above-mentioned equations are solved. 


Chapter 10. The solution of the equations of transfer 
for frequencies inside absorption lines 


1. Introduetory remarks. The problem of solving the equations of 
transfer (9.29), (9.30), and (9.32) is extremely complicated. Firstly, all 
the physical parameters appearing in these equations, i.e. J,(0), x,, 
a,, €,, B,, and 0, vary with depth, and the dependence on h is different 
for each of them. Secondly, difficulties arise concerning the dependence 
of the intensity J,(0) on the angle @. Hence it appears impossible to 
obtain at once a general solution of the equations in question. It is 
therefore necessary to introduce various simplifying assumptions. We 
first consider the solution of the equation of transfer under the assumption 
that the ratio of the absorption coefficient o, in the line to the continuous 
absorption coefficient x, is the same, for a given y, at all depths. This 
assumption is fairly well satisfied for the centres of strong absorption 
lines. 

A second method is the numerical integration of the equation of 
transfer. This method leads to exact results, but is very laborious. 

Finally, we shall analyse the solution of the equation of transfer 
under the assumption that both the scattering coefficient in the line 
o,° and the true selective absorption coefficient x,° are very small com- 
pared with the continuous absorption coefficient x,. The solution for 
this special case is of great importance for faint absorption lines and 
for the wings of medium and strong lines. 


2. A model of the atmosphere with a coustant ratio of the absorption 
coefficient in the Jine to the continuous absorption coefficient. We 
introduce the following simplifying assumptions: (1) we shall suppose 
that throughout the atmosphere of the star the ratio 


n, = 0,/x, (10.1) 


is constant for any given frequency; (2) the same assumption is made 
regarding the value of ¢,; (3) we shall suppose that the linear expansion 
(8.10) of the Planck function 8, is applicable. The optical depth ¢, is 
here defined in terms of the continuous absorption coefficient x,. 
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Dividing (9.29) by x, and using (10.1), we obtain 
eos 0 d/,(0)/dr, = (1+ 9,) 1,(0) —(1—e,) 4, J, — B,— 9, e, B,, (10.2) 


where 


dt, = x, adh. (10.3) 


We multiply both sides of equation (10.2), first by cos 0/4 a and then 
by 1/4 2, and in both cases integrate the result over the whole sphere. 
Taking account of the definitions (2.5), (3.15) and (3.46), we obtain 
respectively 


dK,/dt, = 1 (1+y,) H,, (10.4) 
1 dH,/dt, = (1 +e, ,) (Jy —B,) . (10.5) 


We introduce the first mathematical simplification by assuming that 
the equation (3.54) holds also in the ease we arc considering. [This 
equation is rigorously true if /,(0) ean be represented as the sum of 
a constant term and some odd function of cos 0.] Assuming the validity 
of (3.54), we can rewrite equation (10.4) as 


dJ,/dt, = 3 (1+7,) Hy. (10.6) 


We differentiate (10.6) with respect to t,, taking into account the fact 
that, by our assumption, 7, = constant throughout the atmosphere of 
the star: 


dU jdt, = ? (1+ ,) dH,/drz, . (10.7) 
Next, introducing in (10.7) the expression for the derivative dH,/dt, from 
(10.5), we obtain 


d?J,/dt,? = 9, (J,—B,) , (10.8) 


where 
q =V BO+m) +e m))- (10.9) 
According to our assumption, #8, is a linear function of optical depth, 


and henee the seeond derivative of B, with respect to t, is zero. This 
makes it possible to rewrite (10.8) in the following form: 


d?(J,— B,)/dr,* = q," (J,—B,) ‘ (10.10) 


The solution of equation (10.10) can be represented in the following 
form: 


J,— B, = C,e7bs , (10.11) 
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We have not here added a term of the form D, e%'» to the right-hand 
side of (10.11), since, according to the results of Chapter 6, the value 
of J, as t, + oo must tend to B,, and consequently D, =0. 

Let us determine the constant C,. From (10.11) and (8.10) we can 
write 


J,=a,+b,1,+C,e7% . (10.12) 


Differentiating this expression with respeet to t, and substituting the 
result into (10.6), we obtain for H, 


Ho=4.,!} 


y— 3] +, {b, — C, qy ety tv} . (10.13) 


For the boundary of the stellar atmosphere, where t, = 0, the flux 
H,(0) is 


1 
H,0) =4, 4, —C, 9} - (10.14) 


On the other hand, the value of J, for t, = 0 is, according to (10.12), 
J,(0) =a, +C,. (10.15) 

As a boundary condition we shall take the following: 
2J,(0) = H,(0). (10.16) 


This equation, which is of course approximate, follows from (3.50) and 
(3.51), on taking into account the fact that J,’ =0 at the boundary 
of the atmosphere. Introducing now the expressions (10.14) and (10.15) 
into (10.16), and solving the equation obtained for the constant C,, we 
find 

5b, —a,(1+,) 


C=~, q, + (1 +7,) . (10.17) 


Substituting this expression for C, in (10.14), we obtain 


b 
1,00) <4, +a,4q, 


aeere (10.18) 


This is the “observed” flux of stellar radiation for a given frequency 
inside the line, which is what interests us. The flux 1/,°, corresponding 
to the continuous spectrum interpolated to this frequency, is found by 
putting 7, =0. This means that there is no selective attenuation of 
the radiation in the frequencies of the continuous spectrum. Froin (10.18) 
and (10.9), the value of //,°(0) is 


4(b, +4, 7/3) 


0 _ 
BOO= 30 493)” 


(10.19) 
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Hence we have for the residual intensity r, 


H,(0) by +a,g, 14373 


™ = H9 (0) b, +4, y3l+n,+34,' 


(10.20) 
We notice that, in deriving this expression for r,, we have used two 
approxlnate equations: (1) J,=34,, (2) A,(0)=2/J,(0). Both 
these equations are borrowed from the method using averaged intensities 
which we considered in Chapter 3. A more exact discussion of the problem 
leads to the following results: (1) the approximation J, = 3K, is 
sufficiently exact for practical purposes; (2) the approximation 
H,(0) = 1-8 J,(0) is more exact than H,(0) = 2J,(0). 

In order to find r, from formula (10.20) for any frequeney inside 
the line, it is necessary to know the valucs of 7, and «¢, for this fre- 
quency, and also the cocfficients a, and b,. In the general case both 
7, and e, vary with depth, sometimes very markedly. Moreover, in 
general the function B, is not a linear function of 1,. The assumption 
of its linearity often leads to serious errors in the final result. 

The case considered above is not far from the truth for the central 
parts of medium and strong absorption lines. For the wings of lines this 
model, strictly speaking, can be applied only in particular cases. 

The coefficients a, and b, must be so ehosen that the linear approxi- 
ination to B, best represents the actual law of variation of B, with t,. 
This law is found from the theory of stellar photospheres. 


We shall diseuss the actual application of formula (10.20) in the 
following chapters. 

Since formula (10.12) together with (10.17) establishes the dependence 
of J, on t,, we can solve equation (10.2) not only for H,(0), but also 


for J,(0,0). This is done in the same way as the solution of cquations 
(3.12) and (3.17). 


3. The numerical integration of the equations of transfer. The chief 
defect of the solution, considered above, of equation (10.2) is the introduc- 
tion of simplifying assumptions concerning the functions 7,, ¢, and 
B,. The simplifications which are of a purcly mathematical character 
[J, = 34K, and 2./,(0) = H,(0)] as a rule introduec much sinaller errors. 
Bearing this in mind, we ean solve equation (10.2) numcerieally, starting 
from the two cquations (10.5) and (10.6). 

Let us consider a inethod of numcrical integration of equation (10.2). 
The dependence of B, on t,, for a given frequency, is derived from the 
theory of photospheres, whieh gives, for each level in the photosphere, 
the tempcrature 7’, the pressures p and p,, the density o, the optical 
depth 1,(z, is here defined in terms of the continuous absorption coeffi- 
cient), etc. From these paramcters and the appropriate expressions for 
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z, and o,, we can determine the value of 7,, and independently that 
of e,, for every level. 

As boundary conditions for the integration of equations (10.5) and 
(10.6) it is most convenient to take the following: (1) 2.7,(0) = H, (0), 
(2) as 1, > co, the value of J, tends to B,. The latter condition is 
evident from the results of Chapter 6. The factor 2 in the former con- 
dition can be replaced, as we have said, by the more accurate factor 1-8. 

The integration of equations (10.5) and (10.6) is performed as follows. 
Having taken various definite values of J,(0) [and consequently of 
H,(0), from the condition 2.7, (0) = H,(0)]. we carry out the numerical 
integration of equations (10.5) and (10.6) for cach of these values. The 
value J,* (0) for which J, tends to B, for large 1, is the required boundary 
value. The flux 2 H,(0) corresponding to this boundary value J,*(0) 
is the solution of the problem proposed. Since the variation of J, with 
t, ts found by this method, we can also find, by means of the original 
equation, the emergent intensity J,(0,0) at the surface of the Sun, for 
various angles 0. 

The numerical method described is generally sufficiently accurate, the 
more so since from the results obtained we can estimate a more reliable 
ratio of J,(0) to H,(0) and thereby again earry out the integration of 
equations (10.5) and (10.6). However, this method is inconvenient, 
since it requires a great expenditure of time on the numcrical integration. 
In fact, the integration of equations (10.5) and (10.6) has to be performed 
for many points (frequencies) inside the line. Hence a more rapid method 
is to be preferred. 


4. The solution of the equation of transfer for faint lines. As a third 
method, we shall diseuss the solution of equation (9.32) given by 
A. Uns6up for faint lines and for the outermost wings of strong and 
medium lines. This method is unsuitable for residual intensities r, < 0-85. 
As we shall sce, faint lines play an extremely important part in a number 
of cases, and particularly in the problem of the chemical composition 
of the photosphere. Hence the theory mentioned deserves consideration. 

Jn order to solve equation (9.32), we introduce the function S,, 
defined by the equation 


a,° J, + (%, + x,°) B, = (x, +a,° + x,°) S, . (10.21) 
The cquation (9.32) then takes the form 


LU, (0 
cos 0 th = (x, +a,° + x,°) I, (8) a (*, +o,° + ,°) S, : (10.22) 


We now introduce the optical depth dz,(=dz,): 


dz, = (4%, +0,°+%,°) odh. (10.23) 


4. Solution for faint lines 12: 
Then (10.22) may be written 
cos 0 dI,(0)/dz, = 1,(0) — S, (z,) . (10.24) 


We shall now obtain an integral equation for S, (z,). 


The equation of transfer (10.24) is identical with the fundamental 
equation (3.12). Henee we ean use the solutions (3.36) and (3.37) for 


the intensities in the respeetive hemispheres, replacing B, by the 
funetion S,. As a result, we obtain for J, 
J,= f 1,(0) dw/ta 
4m 
= Bf J Lol 0,2, sin ad + fe (y,z,) sin p dy} 
(10.25) 


Ly 
it Us. (x,) e~ Ge—20) 89 see @ daz, ]sin 0a0 + 


ly 
27 


+ J tf S, (x,) 67 Gr 7) °° ¥ see wda,] sin y dy}. 


We change the order of integration in (10.25) and introduce, instead 
of @ and y, a new variable w by means of the relations sce 9 = w and 
sec py =w. Then we ean rewrite (10.25) as 


Haat] su (x,) Ei, (2,—2,) da, + Su E,(z,—«,) da,}, (10.26) 


where the function F#, is defined by the expression (6.35). We ean write 
the expression (10.26) as 


loa) 


=4 f S,(x,) F,(\z,— +, |) dz, . (10.27) 
0 


Introdueing this forin for J, into formula (10.21), we obtain for S, the 
inhomogeneous integral equation 


(x, +2,° +0,°) S,(2,) = (x, +%,°) B,(z,) + 
(10.28) 
5 oO, °[ 8, y) By (|z,—2,|) da, . 


Yor faint lines, and for the outer parts of the wings of medium and 
strong lines, x,9 and o,° are considerably less than x,. Consequently, 
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the sccond term on the right-hand side of (10.28) represents a small 
correction. Hence we can introduce in this term (undcr the integral sign) 
the approximate value of S,, obtained by putting this second term on 
the right of (10.28) cqual to zero. That is, we introducc in the integrand 
the following expression for S,: 


a, 0 

_ te 
— 0 0 
x, +H, +a, 


S, (z,) B,(z,) . (10.29) 


Taking into account the fact that in our case x,° < x, and a,° < x,, 
we can assume that S,(z,) ~ B,(z,). Using this result, we can rewrite 
(10.28) as 


(x, +%,9 +0,°) S, (2) = (% +%,%) B,(z,) + 
© (10.30) 
+40,° { B,(x,) Hy(|z—2,|) dz, . 
0 


We shall now calculate the flux H,(0) at the surface of the star, which 
is the quantity in which we are interested. From formulac (2.5) and 
(3.36), in which we must put t, = 0 and introduce S, instead of B,, we 
find 
1 H,(0) = f 1,(0,0) cos 6 sin 0 dO 
6 


Ls . (10.31) 
“cos 0 sin 0 dO f S,(z,) e777 ©? sce 0 dz, . 
if 


Changing the order of integration and introducing a new variable w by 
means of the relation sec 6 = w, we obtain, using (6.35), 


\ H,(0) = | S,(2,) Fa(2,) dz, . (10.32) 
Q 
Substituting for S,(z,) from (10.30) in (10.32), we obtain 


4, +,° 
HO = fr, 4 Bo) Bale) de, + 


(10.33) 


oo foe) 


,° , 
taf, geo gae| | Bele) (|e — 2 |) dey] Bale) dey, 


0 0 
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In (10.33) we carry out the following transformations. In the first integral 
we introduce instead of dz, the differentials dr, and drt,°: 


*, + x,° 
; ° dz, = #,0dh + x,°9 dh = drt, + dr,°. (10.34 
x, + x, + g,° “1 ros v y 
Next, we use the following differential relation, which follows from the 
definition (6.35): 


dk, (x)/dz = — E,_ (x). (10.35) 
From this expression, we can write 
E,(x+Ax) = E(x) — Ey (x) Ac. (10.35) 


Introducing now the optical thickness 1, , by means of the relation 
dt, , = 9,° 9 dh and taking into account the fact that in our case 
t,o +t. <t,, we obtain from (10.35a) 


E, (2,) = Ep (t, +1,9 +1, 0) = By (t,) — (0.9 +4, 0) Ey(t,) +--+. (10.36) 


This expression for £,(z,) is substituted in the first integral in formula 
(10.33), and equation (10.34) 1s also used. Next, in the second integral 
in formula (10.33), we take into account the definition (10.23), and 
write 7, instead of z,, since 7,° +7, ,<7,. As a result, we obtain 


= [ B,(t,) E,(t,) dt, — f B,(t,) By (t,) (1,9 +7, «) dt, + (10.37) 
0 0 


oO 


+ f B,(t,) Fo(t,) dt,° + f 3 Eg(t,) dt,,4 f B,(x,) Ey(|t, — 2, |) de, . 
0 0 


0 


In transforming the first integral in formula (10.33) we have neglected, 
for reasons already given, the second term in the second parenthesis 
in the expression (1,°-+1,, .) (4, + %,°) @ dh, i.c. we have written, instead 
of this expression, (1,° +1,,,) dt, . 

We now perform our last transformation of the expression for J/, (0). 
In calculating the second integral on the right-hand side of (10.37), we 
introduce the following function of 1,: 


P(t,) = f By(t,) Ey (ty) dt, . (10.38) 


v, 
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Integration by parts then gives 


io » B,(t,) By(t,) dt, = — |t,, P(t) |p + | o,) dt,, g 
° ° (10.39) 


= [oe )dt,,- 


We obtain a similar expression for the term in 1,°. As a result of these 
transformations, the expression (10.37) takes the form 


= [ Byte, (r,) dt, = [104 t,) — B,(t,) Eg(t,)]dt,°— 
(10.40) 


— fee) —}EA(t af Bale ) E,(|t,—2, |) dx,}dr,, g. 


Putting x,° and o,° equal to zero, we obviously obtain the flux J7,°(0) 
for the continuous radiation, i. c. for the case where there is no selective 
seattering and absorption in the given frequeney. We find from (10.40) 


}H,9(0) = [ B,(z,) Bo(t,) dr, . (10.41) 
0 


Now, writing 
dt,° = (x,°/z,) dt, and dt, , = (o,°/x,) dt, , (10.42) 


we obtain for the line depth #, = 1—r, the following expression: 


H ,°(0) — H, (0) i a 
R, = 1f,9(0) ~ J Cr(t4) dy? + / Galt») dy, « 
iu 


= [0 caine [2 (r,) dr, , 


where G,(t,) and G,(t,) are weight funetions determined only by the 
dependence of B, on t,: 


(10.43) 


~p —B BK, 
G(r) =P (10.44) 


f B,(t,) Bx(t,) dr, 
0 


(x,) —2 E,(r,) f B,(z,) Ey (7, —2, az, 
G,(t,) = a . (10.45) 
f B,(t,) Ea(z,) de, 
0 
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The dependence of B,(t,) on t,, and consequently the functions G, (t,) 
and G,(t,), are given by the theory of photospheres. For the Sun, this 
dependence can be found from the limb-darkening law (for various 
frequeneies, sce Chapter 7) established by observation. The ratios 2,°/x, 
and 0,°/#, are known funetions (sce Chapter 11) of density, pressure, 
temperature, ete., while the distribution of these physical parameters is 
in turn known from the theory of photospheres. Thus, for given G; (t,) 
and G,(r,), the caleulation of A, for a given frequeney reduces to a 
simple ealeulation of the integrals in formula (10.43). This considerably 
facilitates the study of contours. However, it must be remembered that 
this method is applicable only to the wings of medium and strong lines 
and to faint lines (in general for eases where R, < 0-15). 

The integral equation (10.28) for the funetion S,(z,) ean be used to 
ealeulate not only the flux H,(0) at the boundary, but also the emergent 
intensity J,(0,0), i.e. the depth R,(0) corresponding to an angle of 
emergence 0. 

Besides the methods of solution of the equations of transfer (9.29), 
(9.30) and (9.32) which have been explained here, a number of other 
methods have been proposed by various authors. The majority of these 
methods involve simplifying physical or mathematical assumptions, and 
henee are of limited interest. They are most frequently coneerned with 
assumptions about the linear expansion of the funetion B, and the eon- 
staney of the quantities 7, and e,. All these assumptions are, as we have 
said earlier, far removed from reality. 

Reeently, the iterational method of solving the equations of transfer, 
both for absorption lines and for frequencies in the continuous spectrum, 
has been widely used. A deseription of this inethod is given by, amongst 
others, L. H. ALLER [2]. 


Chapter ll. The coefficients of selective absorption 


1. The relation between the absorption coefficients and the transition 
coefficients. In this chapter we shall consider the coefficients of selective 
absorption, i.e. the absorption eoefficients inside spectral lines. This 
subject amounts to an examination of the faetors which bring about 
the finite width of absorption lines in stellar (and solar) spectra. The 
coefficients ofselective absorption are funetions which give the distribution 
of the total number of absorption processes n; Biz 0, , 
interval. 

With a view to future applications, we shall now derive an integral 
foriula for the absorption cocfficient, which is of wide use in astrophysies. 
Let n; and », be the number of atoms in the ith and &th excitation 
states respectively in I cm3. Also, let the atomie selective absorption 


, ina finite frequeney 
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coefficient corresponding to the transition t ~ & be s,. Let the radiation 
incident on the atoms considered have a density o,. We shall assuinc 
that, within the spectral region (generally very narrow) where s, is 
fairly large, the density of radiation varies only slightly with frequency. 
We recall that this condition must be satisfied for the transition coefficients 
A, By, By to be applicable. 

Let us write down expressions for the number of transitions +1 > k 
which take place in 1 em? in 1 second. This number is determined, in 
terms of the transition coefficients, by formula (5.38): 

Nik = Ni Ov, By. (11.1) 
We now write an expression for n;,, using the cocfficient s,. The 
number of absorptions (n;_,,), dy inside the frequency interval dy can 
be written, from formula (5.47), as 


1 
(Msn) dv = nj 8, 4°” py . (11.2) 


In order to obtain n;,,, this equation must be integratcd over the 
frequency. As a result we find 


Wor = / (1:.4)y dy = Nj k / Oy dy. (11.3) 


Next, because of the narrowncss of the region where s, is fairly large, 
we can take 9, and y outside the integral in (11.3). This gives 


c 
Nik = Ni hy, Ovi / sy dy. (11.4) 


Identifying (11.1) and (11.4), we obtain 


hvy re 
8, dy = c Bi. (11.5) 


According to this formula, the integral of the absorption cocfficient 
is a constant quantity, and is consequently independent of the mechanism 
which broadens the line in question. 

We must now acquaint ourselves with the chicf processes which 
determine the form of s,. Here we shall use classical ideas as well those 
of quantum theory. 


2. Radiation damping. Det us consider the proccss of the damping 
of a classical atomic oscillator by radiation. The cnergy of a radiating 
oscillator, according to classical clectrodynamics, diminishes according 
to the law 

E= Eye, (11.6) 
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where 
Vp = 82? €? 97/3 m, c3 (11.7) 


is called the damping deerement. The waves emitted by such a dampcd 
oscillator do not produce an infinitely narrow spectral line, but one of 
finite width. Strictly monochromatic radiation (i. c. an absolutely sharp 
emission line) is obtained only when we deal with an infinite wave train 
of constant amplitude. 

The actual frequency distribution of the radiation is obtained by 
analysing the oscillation in question into purely harmonic components 
(using a Fourier integral). Correspondingly, the absorption process is 
also non-monochromatic. The absorbed energy is distributed in a definite 
manner within a finite frequency interval. The classical theory of 
dispersion gives the following expression for the selective absorption 
coefficient: 

es 1 
y= mc ia (v — 9)? + (yd a? ? (11.8) 
where v, is the natural frequency of the oscillator vibrations, and yo 
is the damping constant determined by formula (11.7). 

The absorption coefficient which we have written is referred to one 
oscillator. Further, the formula (11.8) is valid only for a fairly narrow 
frequency interval inside an absorption line, where yv is close to ¥%. 
(We notice that the same dependence on frequency is obtained for the 
process of emission by the oscillator.) 

The quantity yy is called the natural line width. This name relates 
to the fact that, in the scale of circular frequencies w = 22 », the absorp- 
tion coefficient, as follows from (11.8), diminishes by half at a distance 
W — Wy = } yg. Doubling this quantity to take account of the two halves 
of the contour of s, in both directions from the frequency 7, we obtain 
Yo. Hence ygis sometimes called also the total half-width of the absorption 
coefficient. If the value of y, is expressed in the wavelength scale by 
means of (11.7) and (4.38), it is independent of 2 and equal to 1-18 x10-4A. 

The quantity ty which is the reciprocal of the damping constant y, 
is called the damping time of the oscillator. The reason for this definition 
is clear from formula (11.6). For the sodium lines D, and D,, whose 
mean wavelength 2 = 5893 A, the damping time calculated by means 
of (11.7) is 1:58 x 10-8 sec. 

At fairly large pressures, the damping of the oscillator by collisions 
begins to play an important part, as well as radiation damping. In each 
collision, the vibration of the oscillator is interrupted for a moinent, 
and alinost at once a new vibration is excited with arbitrary phase and 
amplitude. In other words, the collisions cut short the sequence of emitted 
waves aud thereby also increase the non-inonochromatic character of 
the spectral line. 
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The appropriate analysis [24, §87] shows that collision damping 
(as yet without taking account of radiation damping) leads to an absorp- 
tion coefficient of exactly the same form as (11.8). However, in this 
case yy must be replaced by a new damping constant, the collision 
damping constant y,. This constant is related to the mean time t, between 
two collisions by 


Ye = 2/T, (11.9) 


(whereas for radiation damping we have the relation yy = L/Ty). 

If, finally, we take account of simultancous radiation and collision 
damping, then the form of the absorption coefficient still remains the 
same [formula (11.8)], but it is necessary to introduce into this formula 
the effective damping constant y, defined by the equation 


¥=YoT Ye- (11.10) 


Collisions in many cases play a very great part in the formation of 
absorption lines in stellar spectra. 


In all the cases mentioned the absorption coefficient s,, given by 
formulae similar to (11.8), was referred to one oscillator. To pass from 
the number of oscillators % to the number of atoms » in the state from 
which the transitions begin which form the given absorption linc, we 
introduce what is called the oscillator strength /: 


nhofn. (11.11) 


Thus the oscillator strength f gives the number of classical oscillators which 
reproduce the absorbing action of one atom in the given line. It turns out 
that in this case the absorption coefficient for one atom is expressed 
by a formula of the same type as (11.8), with the differenee that py + y, 
must be written in place of y), and the whole expression must be multiplied 
by the oscillator strength corresponding to the given line: 


oY f (11.12) 


* mye 4a (v — 44)? + (id aD? 


If we integrate both sides of (11.12) over frequency from 0 to + co, we 
find 


[sd = (xem, o) f. (11.13) 
6 


Comparing the expressions (11.5) and (11.13), we obtain 


fin = (m, hvy/z e*) Bu, (11.14) 


2. Radiation damping 13] 
or, using (5.40) and (11.7), 


3 
Me = Mee I Agi 


la = 9; Se vy2 Ay = 9; 37° (11.15) 
In order to emphasise that we are speaking of the quantum-theory 
transitions 1 > k of the atom, we have added the symbol ik to the 
oscillator strength f. 

Let us now consider the question of the broadening of absorption 
lines according to the ideas of contemporary quantum mechanics. Let 
there be 2, excited atoms in 1 cm. Neglecting stimulated transitions 
(both downwards and upwards from the level k) we can write the obvious 
expression for the decrease of nz with time 


dn, /dt = —n, >) Ai; - (11.16) 
Integrating this expression, we find 
Ny = (Mpg C7 7H , (11.17) 
where (n;)o is the value of n, for = 0, while 


Me = 2 An = Ute. (11.18) 


If we multiply both sides of (11.17) by >) Ay; hy, the law (11.17) which 
i 


gives the decrease of the total excitation energy is wholly similar to 
the classical Jaw (11.6). Hence we can call y, here also the damping 
constant, and t, the damping time. 


The quantity t, is also the mean life of the atom in the state k (or 
simply the ‘‘mean life of the state k’). In fact, the probability that 
the mean duration of the atom’s existence in the excited state & lies 
between é and ¢ + df is proportional, according to (11.17), to the differ- 
ential e~%' y, dé. Consequently, the (weighted) mean life %, of the 
atom in the state k& is 


t= f te y, dt] f e-% ydt = My =e, (11.19) 
0 0 


which is the result required. 


The values of 7 and of y,; can be found from formula (11.18) if the 
A,; are known for all downward transitions. If the atoms are in a fairly 
strong radiation field (high temperature of the radiation), it 1s neccessary 
to take account not only of the spontancous transitions downwards 

Q* 
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from the level k, but also of the transitions, both upwards and down- 
wards (stimulated emission), due to the aetion of the radiation. As a 
result, we ean write for 1, and y,, instead of (11.18), 


Ye= At = LA +D Ov, Bu +X 0, Bro + Ziyi (11.20) 


— ~"ok 
i i a 


The first sum on the right-hand side of (11.20) takes aecount of spon- 
taneous transitions downwards from the level &, the seeond takes aecount 
of stimulated transitions, also downwards, the third gives all possible 
(discrete) transitions upwards from the level &, and finally the last term 
on the right-hand side of (11.20) gives the photo-tonisation transitions 
from the level k. The latter must be ealeulated in aeeordanee with 
the expression (8.6), which of course must be first divided by n,, y. 
The finiteness of the mean life of the atom in the exeited state leads, 
in aecordanee with what is called the uncertainty principle, to a broad- 
ening of the energy level in question. Here, as is seen from the well- 


known formula 
AE Atwhl22, (11.21) 


the broadening of any level is the greater, the shorter the mean life 
of the atom for this level. 

If the exeitation of the atom to the state k takes plaee under the 
aetion of light with a eonstant intensity in the given frequeney interval, 
or under the action of collisions with particles having all possible 
velocities, then, for a finite value of the mean life of the atom, the proba- 
bility that an atom in the state & has an energy between # and EF + dF is 


YE dE 


h (afh)? (EO E,)? + (y,/2) * (11.22) 


W(E) dE = 


The normalisation of (11.22) is such that f W(£) dE = 1. 


If now we are concerned with transitions between the levels 7 and &, 
where the distribution (11.22) holds for each level, then it ean be shown 
[168, p. 282] that the relative probability of the emission or absorption 
of a quantum in the frequeney range from » to » + dy is 

(vy, + y,) dy 


= 244 2: 
BeOS $28 (9 — 15g) + (7g VIA (11.23) 


Consequently, we have the saime distribution as in the ease of (11.12), 
but with yp = 7; +7. 
Finally, taking aeeount of the normalising equation (11.13) for the 


coefficient s,, whieh is proportional to P,, we arrive at the result that 
the same elassieal expression (11.12) ean be used for s,, but the value 
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of yy must be taken as the sum of the constants y; and y,. Hence, from 
the standpoint of quantum thcory, we can write for s, 


e f c 9 Leg On 
s,= Oce » » =o... 2 3 ,, (11.24 
’ m,¢ ik (y— ry + Oye SBPr? g, (v—vy) + 6,2 ( ) 


where 


1 


14 


(} ra +?) (11.25) 
qT; Ty tJ “— 


€ 


r; 1 
Sie = 45 Han itty =y 


Thus the existence of damping in the lower state is also taken into 
account in the quantum formula. 

If the lower level 7 is the ground level of the atom, its mean life 
is large, and consequently the constant y; is small; henee the ground 
level may be considered sharp (if, of course, the radiation field is not 
too intense in the frequencies of the transition 
from the lower to the higher state). Thus the first 
term in parentheses in (11.25) disappears for lines 
which start from the ground level. Fig. 24 shows 
a schematic representation of the ground level and 
two excited levels k and 1. The energy broadening 
of the levels & and | is shown in the figure by the 
sets of parallel lines. 


We must now notice the followmg important 
circumstance. It follows from Chapter 9 that, 
besides the processes of selective absorption, those 
of re-emission of absorbed energy also play a very 
important part in the theory of stellar absorption 
lines. It was supposed in Chapter 9, and therefore 
in Chapter 10, that we are concerned with processes 
of coherent re-emission, where the absorbed quan- 
tum corresponds to a re-emitted quantum of exactly 
the same frequency. It is quite evident that this 
condition eannot be satisfied for transitions between excited levels. 
In fact, it follows from Fig. 24 that the absorption of a quantum 
of frequency v’ can lead to the re-emission of a quantum of frequency 
v, Which is different from »’, though elose to it. In this ease the 
equations of transfer (9.6), (9.29), (9.30) and (9.32) and the funda- 
mental expression for the coefficient of emission (scattering) ecase to 
be valid. It follows from Fig. 24 that the coherenee of emission 
necessarily holds only for a resonance line, i. ec. for a line whose lower 
level is the ground state, and whose upper level is that elosest to the 
ground state. In this case the frequencies of the absorbed and emitted 
quanta must be equal. It is true, as we shall see in Chapter 14, that 
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even here there are effects which destroy the coherence. However, the 
deviations from coherence are least for resonance lines. The whole of 
the present-day theory of absorption lines has been developed for 
coherent re-emission. Hence we shall, for the time being, be concerned 
with this case, and consequently we shall be discussing mainly resonance 
lines, or at any rate lines starting from the ground level. In this last 
case the cohcrence may be destroyed because, for instance, an electron 
which has been raised from the ground level to some excited level 1 
falls back from there not to the ground level, but to some lower excited 
level & (see Fig. 24), and the frequencies of the absorbed and emitted 
quanta will simply correspond to different lines of the atom concerned 


[168, § 71]. 


3. Thermal and turbulent motions of atoms. Let us consider another 
process whieh leads to the broadening of lines, namely the Doppler 
effect brought about by the motion of the absorbing and emitting 
atoms. Here there are two possibilities: (1) the thermal motion of the 
atoms: since a large number of atoms always takes part in the absorption 
of radiation, and their thermal velocities are very different in both 
magnitude and direction, this would inevitably lead, even if damping 
by radiation and collisions were absent, to a broadening of absorption 
lines; and (2) as we shall see in the next chapter, the material in stellar 
atmospheres (a gas) is characterised by the presence of irregular large- 
scale motions in every direction; apparently, gaseous masses (separate 
condensations) of the most various dimensions take part in these 
motions. These motions have acquired in astrophysics the name of 
“turbulent” motions, although the nature of this ‘turbulence’ may 
in some cases differ from that of the ordinary turbulence considered 
in hydrodynamics. It is quite evident that these motions also, like 
the thermal motions, lead to a broadening of absorption lines. 

Let us consider at first only the thermal Doppler effect, assuming 
that the effects of radiation damping and eollision damping are absent, 
i. e. in formula (11.24) 6, = 0. Let the component of the atom’s velocity 
in the line of sight be v. Then, in the presence of a Maxwellian velocity 
distribution, the proportion of atoms whose radial velocities lie between v 
and t + dv is 


— (v/v,)* 
mil. dv] (11.26) 


(the integral of the right-hand side of (11.26) over all v from — co to + co 
is equal to unity), where $v)? is the incan value of v?: 


—_— ° — (r/09)" 
z— } | ve dvfvy = § vy?. (11.27) 
,a 
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The quantity v, is related to the temperature of the gas by 


where 4 is the atomic weight and & the gas constant. 


The law of distribution of ‘“‘turbulent” velocities within stellar atmo- 
spheres is not yet completely known. If, postulating ehaotie irregular 
“turbulent” motions, we assume that the distribution law (11.26) with 
vy = v, holds here also, then, aeeording to the rule of superposition of 
dispersions, the resultant velocity distribution of atoms will be of the 
same form as (11.26), but with 


vg? = IRT Ie + v2. (11.29) 


According to Doppler’s principle, which was first experimentally 
tested by Academician A. A. BELoPoL’skII, the frequeney or wavelength 
displacement from the normal value is determined by the law 

dy vw — 9 AA hy ov 


y y A A c? 


(11.30) 


where the absolute values of the differenees 4— A, and »— v9 are 
here understood. Putting 


Arp = AAp/4y = r IC, (11.31) 


we obtain the following expression for the relative frequeney distribution, 
inside the line, of absorbing and emitting atoms: 


dn ]  —(ds/typ)* 


n = / = é€ dv/A Vp, 
or (11.32) 
dn 1 —(salday 1.) 
= e dAlAAp , 
ae [din | 


where we have taken into aeecount that d(4dv) = dy and d(4A) = da. 
For purely thermal motion 


sm VCR) ry 
and (11.33) 


v= by = 27 CE) 


where & is Boltzmann’s constant and m is the mass of the atom con- 
sidered. 
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Taking into consideration the proportionality between dn/n and 
the absorption coefficient s,. we ean normalise the latter by means 
of formulae (11.5) and (11.14); here the integration can be taken from 
¥— Wy =—~wtor— w= +o, sinec even for relatively small 
(vy — v)/Avpy the exponential factor tends rapidly to zero, and the 
ehange of limits of integration does not involve a notiecable error. As 
a result of the integration we obtain 

yet fig TOT Gey 


Oy 


(11.34) 


m, C Ary 


A similar expression is obtained for 8). 


The quantities My) and Ady are ealled Doppler widths. For 
vy — vy = Avp or A — A, = Ady, the absorption eocfficient diminishes 
by a faetor e. It can easily be ecaleulated from formula (11.33) that, 
for a temperature cqual to the effective temperature of the Sun (5710°), 
the Doppler width AZ, for the H, line of hydrogen is 0-212 A, for the D, 
line of neutral sodium (2 = 5895-9 A) it is 0-0399 A, and for the K line 
of ionised ealeium (4 = 3933-7 A) it is 0-0202 A. At 10,000° the values 
for the same lines are respeetively 0-281, 0-0529 and 0-0267. Thus these 
quantities are considerably larger than the natural widths of the lines, 
whieh are of the order of 10-4 A, 


4. The simultaneous action of radiation damping and the motion of 
atoms. A direet application of (11.34) to determine the absorption in 
some gaseous layer is possible only if the number of absorbing atoms 
is not too large. When the number of atoms inereases, the broadening 
by damping begins to play a part. Thus, in the general case, it is 
neeessary to take both effeets into account at once (the damping effect 
and the Doppler cffect). 

The absorption coefficient in the general case ean be obtained as 
follows. Let us assuine that an atom having an absorption coefficient 
determined by formula (11.24) is moving with veloeity v relative to 
the observer. In this case the central frequeney of the absorption proecss 
yy, is displaecd by a quantity dy determined by formula (11.30). For 
the observer, the absorption coefficient in the frequeney » referred to 
one such atom is 

e fix 5 
m,¢ Six Cc Vy — aly) +6,” * (11.35) 
On the other hand, the relative proportion of such atoins is, aceording 
to (11.32), 
1 —(dyfdyp) 
e 


Vn dAv/Ary , (11.36) 


sinee dy = d(# — 1.) = ddr. 
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Consequently, the absorbing effect produced by the atoms in question 

is determined by the product of the expressions (11.35) and (11.36). 

In order to obtain the resultant absorption coefficient, we must take 

into account the fact that the absorption in the frequency y is due not 

only to these atoms which move with radial velocity v, but to all the 

atoms, having all possible velocities (relative to the observer) from 

v =—oo tov = + oo. Adding the absorbing effect of all these atoms, 
we obtain 

oo a 
_ eS:, fen / eo (del dep) d Ardy, (11.37) 


$s, = = ~p utes a 
i } mm, ¢ (v — ¥y, — dv) + 6,7 


—-co 


Here, of course, we have used the fact that the integral of (11.36) over 
all Ay is unity. Next, we put 


y= Av/Avp, P= (v _ Viz) Mvp, a= 64/Avp . (11.38) 


Then (11.37) takes the form 


s, a ew dy 
5, / & + (p— yy? (GP) (11.39) 
where 
_ Vane lx 
5,= mc Avy? (11.40) 


and, in accordance with (11.34), s,, is equal to the central value (for 
¥ = 9) of the absorption coefficient due to the Doppler effect alone. 


It follows from formula (11.39) that the problem of determining s, 
as a function of » reduces to the calculation of the integral on the right- 
hand side of this formula, i.e. the function $(a,p). We shall not treat 
this integral in its general form. For values of a considerably less than 
unity (@ € 1), it can be evaluated with sufficient accuracy by means 
of various expansions of the function ¢(a,p) in series [168, p. 263}. 
We shall omit this analysis, and give only the final results. These are 
important because the case a < 1 holds for the great majority of the 
absorption lines formed in stellar atmospheres. 


The most important of these results are as follows. For a < 1, the 
absorption coefficient given by formula (11.39) may be approximately 
represented in different parts of the line by two different expressions: 
the first is determined only by the Doppler effect [in accordance with 
formula (11.34)], and the second only by the damping [formula (11.24)]. 
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The expression (11.34) plays the chief part in the central frequencies 
close to vy = v,,; the second expression (determined by the damping) 
does so for frequencies more distant from the centre, where the Doppler 
broadening does not play any part [this follows from the exponential 
character of the law (11.34)]. In the intermediate part which joins these 
two regions, the absorption coefficient cannot be represented cither by 
formula (11.24) or by formula (11.34)*. 

For the case a < 1, the value of s,, is in fact the central value of s,, 
calculated from (11.40). All these results are illustrated in Fig. 25, where 
the graph of — log,,(s,/s,,) is shown (left-hand ordinate scale) for the 
transitions which produce the sodium line D,. The values of the absorption 
coefficient calculated for 
damping only and for Dopp- 
ler broadening only are 
shown dotted. Here 7 is 
Doppler taken as 5700°. The values 
effect of |4— A, | in A are placed 
on the axis of abscissae 
at the top, and the values 
of p from formula (11.38) 
at the bottom. The values 
of — logy) (s,/f), i.e. the ab- 
sorption coefficient referred 
to one oscillator, are given 
on the axis of ordinates 
at the right. Calculations 
showft that at this tem- 
perature a = 3-0 x 107%. 

We may make the following remarks concerning Fig. 25, which is 
valid generally for the case a < 1. Firstly, it follows from this figure 
that the Doppler core almost entirely determines the value of the 
integral on the left-hand side of the fundamental expression (11.5). 
Secondly, the intermediate joining part of the curve is narrow for the 
case a <€ 1, so that we can use cither formula (11.24) or formula (11.34) 
in practically the whole frequency interval. 

In cases where a does not satisfy the inequality a < 1, it is necessary 
to use the tables of the function ¢(a,p) which are given at the end 
of the book (see Appendix I). 

When a increases, the representation of s, in two parts, the Doppler 
part and the damping part, becomes less and less accurate. This is 
expressed in the fact that the intermediate joining part of the s, curve 


° 
[a-ao| => A 
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p= AAf4a, —P 
Fig. 25 


* Tables for the calculation of the function ¢(a, p) are given in Appendix [ 
at the end of this book. 


ft Only radiation damping is taken into account. 
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becoines wider and wider as a inercases, and the right-hand side of 
formula (11.39) for p =0, i.e. for the centre of the line, ceases to be 
equal to unity (though it does not differ very much from unity). Thus, 
it follows from the tables mentioned that, for instance, for a = 0-2 
the ratio s,/s,, for A ~ A, is 0-809, so that s,, ceases to be the central 
value of s,. 


However, in the majority of cases encountered in practice, a is very 
sinall, and hence we can construct s, in these cases in the manner 
shown above, i.e. from two expressions. Moreover, for practical cal- 
culations s,, may be taken as the central value of s,. In general, the 
validity of this method must be tested in doubtful cases by means of 
the above-mentioned tables. 


5. Pressure effects. To conclude the present chapter, we shall discuss 
the question of line broadening as a result of the interaction of the 
absorbing atoms with the surrounding particles. This form of line broa- 
dening has the general name of the pressure effect, since it is the greater 
(for a given temperature), the greater the pressure of the gas. As we 
shall see in the two following chapters, the main part in determining 
the value of 6, [see (11.25)] is very often played not by radiation 
damping (i.e. the sum y; + y;), but by collision damping, duc to the 
collisions of the absorbing atoms with the particles surrounding them 
(vy. > yi t+ yx). Moreover, for hydrogen lines and some helium lines, 
formula (11.24) is in general inapplicable by reason of the pressure 
effect. 


The pressure effect includes the following two processes: 


(1) Collisions in which the absorbing atom gives up its excitation 
energy to the surrounding particles without subsequent re-cmission 
(collisions of the second kind). 


(2) Collisions between absorbing atoms and neighbouring particles 
which lead to a broadening of the absorption line without loss of the 
excitation energy of the atoms. 


In the first case, the collisions lead to a transformation of excitation 
energy into heat; thus true selective absorption takes place, which we 
considered at the end of Chapter 9. However, if the chief processes 
which determine the energy balanee in absorption lines were processes 
of true absorption, then the absorption Hines would disappear at the 
Sun’s linb (see Chapter 9), and this is contrary to observation. Another 
form of joss of excitation energy is that by collisions of excited atoms with 
molecules. Here the excitation energy of the atom is used to excite the 
molecule which collides with it. The efficiency of processes of this kind 
is due to the great complexity of the terin system of molecules. When 
a molecule collides with an excited atom whose excitation energy is &;, 
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there is a high probability that there is a transition in the moleeule 
with the same value of ¢;. However, this case also cannot be important, 
sinee there are many more neutral hydrogen atoms, which produce 
line broadening (see below), than molecules in the atmospheres of cool 
stars. Henee the part played by hydrogen atoms is greater than that 
played by molecules. Having regard to these remarks, we shall in 
future consider only the second of the two cases stated, which causes 
line broadening without loss of the exeitation energy of the atoms. 


A physical analysis of the corresponding processes shows that the 
approach to the solution of this problem can be made in two ways. 
In one, processes are considered which we have already discussed, called 
collision damping of atoms. In the other, the direet influence of neigh- 
bouring particles on the energy level of the absorbing atom is considered. 
This influence is determined by the aggregate effect of many particles 
at various distanees from the atom, and consequently it can be computed 
by statistical methods. The prineipal effeet here considered is broadening 
by the intermolecular Stark effect (see below). The relation between 
the two aspects of the same pressure effect has been investigated only 
very reeently. It has been shown that collision damping plays the 
principal part in the more central parts of absorption lines, while the 
“statistical” part of the effect operates in the outer parts. For given 
physical conditions, there is a certain critical distance AA, inside each 
line, measured from the centre of the line. Within the region + 4A, 
the broadening is due to collision damping, but outside it the broadening 
is determined by statistical theory. 


On the other hand, in various particular eases the conditions of 
interaction between atoms and other particles (or even between atoms 
of the same kind) may be totally different. For example, an interaction 
may take place between neutral atoms, or between neutral atoms and 
ions or electrons, etc. Hence the value of 44, nay be quite different 
in different cases. In some cases Ad, is relatively so small that the 
broadening can be described by statistical theory within almost the 
whole spectral linc. In other cases AA, is so large that collision damping 
plays the principal part within the whole observed line; in this latter 
case statistical broadening begins to play an important part only for 
very distant parts of the wings, which cannot be recorded by obser- 
vation, since 7, <= 1 there. 


Thus, in order to ascertain what type of interaction must be con- 
sidered the main one, we have to determine the physical conditions 
exsiting in the given region of the stellar atmosphere, and also between 
which particles the interaction takes place. 


We shall briefly discuss both forms of the pressure effect. 
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G. Line broadening by collisions. We have already, in deriving the 
constant y,. investigated the physical side of the question of collision 
broadening of lines. At every collision the oscillatory motion which is 
performed by the harmonic oscillator is momentarily curtailed, and 
begins again after a very short interval of time, though with a different 
phase. Thus. in constructing the theory, we must suppose that the 
wave train with frequency 9 undergoes from time to time a phase 
jump, the phase change at these jumps being arbritrary each time. 


The starting point of the theory is the nature of the phase change 
when a perturbing particle passes near an absorbing (or emitting) atom. 
If Ay is the change of frequency in the radiation of the atom at that 
moment, due to the passage of the perturbing particle past the atom, 
then the total phase change A¢ in the whole (very short) time of their 
mutual approach is 


Ap =2a | Avdt, (11.41) 


where the integration is extended over the whole time of approach. 
The calculation of this integral is one of the main problems of the 
present theory. 

A study of all physically possible cases shows that the value of Ay 
as a function of the distance r between the absorbing (or emitting) 
atom and the perturbing particle can be expressed in the form 


Ay =C/r, (11.42) 


where k is some integer and C a constant. The constant C can be deter- 
mined from quantum-mechanical calculations or from laboratory mea- 
surements. In the case where the broadening particles are ions or elec- 
trons (with the exception of hydrogen lines and some helium lines), 
the change of frequency of the absorbing (or emitting) atom due to 
the ion or electron moving past it can be considered as a quadratic 
Stark effect (the splitting of the line is proportional to the square of 
the field strength F = e/r?). Consequently, we can put 


Av = jr, (11.43) 


so that in this case k = 4. Measuring the field strength in kilovolts 
(F in kilovolts = F/0-3 in CGS electrostatic units) and the displacement 


Ad in A, we find 
cA Cc fe\? c{F\2 
R 0-8 = e (.) = e ( 0-3 . (11.44) 


Thus, knowing the value of the splitting 4A and the corresponding 
field strength F from laboratory ineasurements, we can deterinine the 
constant C from (11.44). 
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Let us now consider the principal cases of collision damping which 
cause line broadening in stellar atmospheres. These cases correspond 
tok = 3, k =4 and & — 6. We shall consider them in turn. 

k = 3. In this case the perturbing particles are atoms of the same 
element as the one whose line broadening we are studying (‘‘self-pressure 
broadening’’). Here the following expression is obtained for y,: 


Ye=4tr2 Cn, (11.45) 


where » is the number of perturbing particles of the given kind in 
lcm [in this case, the absorbing (or emitting) atoms themselves]. 
The value of C is here approximately 


9 


e 
C = 16 a? m, % fix , (11.46) 


where /, is the oscillator strength for the given transition and 15, is, 
as usual, the frequency of the line centre. 

k = 4. We have already considered this case above. The perturbing 
particles are ions and electrons (quadratic Stark effect). For y, we 


obtain in this case 
53 on 


Ye = 38:8 C3 58 (11.47) 


In this formula m is again the number of perturbing particles (in this 
case, electrons or ions) in 1 cm, and @ is the mean relative velocity of 
the perturbed and perturbing particles. If the atomic weight of the 
former is u,, and of the latter uw, then by the kinetic theory of gascs 
s=]/ E ne (). + a) (11.48) 
Me 
werhe /? is the gas constant and 7' the kinetie temperature of the 
medium. The values of C, as we have said, are either determined in 
the laboratory or calculated from the laws of quantum mechanics. 


k = 6. In this case the line broadening is caused by the collisions 
of the perturbed atoms with those of neutral hydrogen. The forces of 
interaction for k = 6 are of the van der Waals type. Here y, has the form 


¥, = 17-0 075 BF n , (11.49) 
where » is the number of neutral hydrogen atoms in 1 em3, while @ is 


determined by formula (11.48) with 7. = 1-0080. 


In this case it is extreinely difficult to obtain the value of C in the 
laboratory. For this reason the following approximate formula is still 
used for it: 


C=" RE. (11.50) 


7. The statistical broadening of tines 143 


Here « is the polarisability of the neutral hydrogen atom, equal to 
6-63 x 10-5 em3, while 2,2 is the mean square radius of the orbit 
for the higher excited state of the transition i > k in question. The 
value of R2 has been caleulated in a number of eases, of which we 
shall give the most important. For the sodium D lines R,? = 41 a,2, 
where ay is the atomic unit of length (radius of the first Bohr orbit of 
hydrogen). For the H and K resonance lines of ionised calcium 
Ry? = 23 ay2; for the caleium resonance line 4227 A, Re = 69 a,”. 
With the value of R,? given above for the sodium D lines, for instance, 
the value of C is found to be 2-65 x 10-%?. 


It must be remarked that all the formulae given above for y, could 
be written (as is sometimes done) in terms of the effective cross-sections 
for broadening. To do so, one can use the formula relating rt, to the 
number of collisions Z, undergone by a given absorbing atom in 1] second: 


t = 1/2, , (11.51) 


and also the approximate formula which expresses Z, in terms of the 
effective cross-section o for broadening collisions: 


Z,=and. (11.52) 
Using these formulae, we obtain from (11.9) 
Ye = 2ft, = IZ, =2Qand. (11.53) 


Comparing (11.53) with (11.45), (11.47) and (11.49), we ean estimate 
the respective mean values of o also. 


We shall discuss later the application of formulae (11.45), (11.47) 
and (11.49). At the moment we shall consider another “‘variety”’ of 
the pressure effeet — the statistical broadening of lines. 


7. The statistical broadening of lines. The clearest example of sta- 
tistical broadening is that due to the intermolecular Stark effeet, which 
arises froin the eleetrostatie ficlds ereated by ions and electrons. On 
account of the presence of these fields, the frequeney of the emission 
(or absorption) of each atoin is displaced relative to its normal position. 
And sinee for each atom the configuration of the charged particles 
(ions and electrons) elosest to it is in general different, the displacements 
of the line will also be different for various atoms of the kind in question 
(at a given moment). The resulting absorption line in tho stellar (or 
solar) spectruin, being formed by a large number of atoms with various 
displacements of the absorption frequency, will therefore be broadened. 
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Consequently, the principal task in this problem is to establish 
the law which gives the probability W(F) of a given intensity FP’ as a 
function of the field F itself. In doing so a “‘standard”’ field Fy is usually 
introduced, to which the field F is referred: 


Fy = 2-61 en? , (11.54) 


where n is the number of charged perturbing particles in } cm*. The 
ratio F/F5 is generally denoted by 8. Then the problem reduces to 
finding the probability IV(f) that B lics between B and £ 4+ df. In 
order to find the probability that the frequency increase lies between » 
and » + dy, it is necessary to know the law which gives the value of 
the splitting ly as a function of the field intensity F. We must distinguish 
two cases: (1) the linear Stark effect (the splitting Av is proportional 
to the perturbing field). This case holds in the broadening of hydrogen 
lines, and also for a fairly small splittmg of some helium lines; (2) the 
quadratic Stark effect (Avy proportional to F?). In this case the line 
splitting is less than for the linear effect. Besides this, the quadratic 
Stark effect causes the appearance of lines forbidden by the selection 
rule for the orbital quantum number J. 


Let us consider the linear Stark effect for hydrogen lines. Each 
level of the hydrogen atom (above the first), when in an electric ficld, 
undergoes a syinmetrical splitting into several components. The number 
of these components increases with the principal quantum number of 
the level. The distance of the split levels from the normal position is 
determined by the formula 

AB =hAy = 


55 
Sat om, Funny, (11.55) 


where the product of the principal quantum number n with the magnetic 
quantum number 7, is given in Table 6. 





Table 6 
n Np RNp Number of components 
of | 
l 0 0 l 
2 0, +1 0, +2 3 
3 0,+1, +2 0, +3, +6 5 
4 0,+1,42,+43 0, +4, +8, 412 7 
5 0, +1, 4+2,+3,+4 0, +5, £10, +15, +20 9 





The possibility of any transition from a level with principal quantum 
number 2 and magnetie number xp to one with numbers n’ and ny’ 
is determined by the appropriate selection rules. It follows from Table 6 
and formula (11.55) that the width of a line of a given scrics increases 
with the principal quantum number of the upper level. 
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It must be noticed that for very strong fields, exeeeding 100,000 volts/ 
em, the Stark effect changes from the linear to the quadratic, and then 
the line splitting ceases to be symmetrical relative to the unperturbed 
position. However, such fields apparently do not exist under stellar 
conditions. 


We now turn to the absorption coefficient for the Balmer lines, 
which are broadened by the intermolecular Stark effect. This coefficient 
is found from the distribution IV(8), taking account of all permitted 
transitions between the corresponding levels with n = 2 and n = k. For 
the purely static case where the perturbing particles (ions and clectrons) 
may be supposed stationary with regard to the perturbed hydrogen 
atom, calculations for the absorption coefficient in the wings of lines 
of the Balmer series give the formula [168, $ 82] 


8, = CFP? /(A— A)" , (11.56) 


where for H,, Hz, H, and H; the constant C is respectively 3-13 x 10-18, 
0-885 x 10-18, 0-442 x 10-16 and 0-309 x 10-18, 2 — 2, being expressed 
in angstroms. 

This formula is applicable only in the wings of lines of the Balmer 
series. A comparison of the theoretical and observed contours of the 
inner parts of the lines H,, Hz, H, and H, often shows a considerable 
divergenee. This is explained chiefly by the fact that formula (11.56) 
has been deduced for the purely static case. It is quite evident that 
in reality the perturbing particles are in a state of continuous motion 
relative to the neutral hydrogen atoms. When this factor is taken 
into account, it is found that the decrease of s, when 2 — /, increases 
in the inner parts of the wings of the lines H,, Hg, H, and H, is slower 
than that given by formula (11.56); further, the manner of dependence 
of s, on A is greatly changed in the central parts of the lines. 

The quadratic Stark effect in the majority of cases appears as collision 
damping, and not as statistical broadening. The same is apparently 
true for the majority of helium lines (see Chapter 13). 


8. Coneluding remarks. We shall now investigate m which cases we 
must use the statistical theory, and in which the theory of collision 
broadening. We begin with broadening by charged particles, corre- 
sponding to the cases k = 2 and k = 4. 

; = 2. The broadening of hydrogen lines and some helium lines by 
the linear Stark effect. It is clear that in this ease the index & in formula 
(11.42) is equal to two, since F is proportional to r-?. A study of the 
limiting values of 42,, and of the relative part played by the two 
forms of the pressure effect, shows that in the atmospheres of stars 
the broadening of the wings of lines of the Balmer series takes place 
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in aecordance with the statistical theory, the broadening particles being 
apparently only tons; it may be, however, that electrons should also 
be taken into account (C. DE JAGER 1952). 


k=4. The quadratic Stark effect, due to ions and electrons. The 
appropriate analysis shows that here, contrary to the preceeding case, 
the broadening agent is damping by collisions with electrons. For the 
case in question we must use formula (11.47), putting » =m,, and 
ealculate @ for collisions between atoms and electrons. For lines where 
the constant C is fairly large, the form of broadening considered may 
play an important part in the atmospheres of stars of all spectral classes. 
The broadening of lines of ionised elements by collisions with electrons 
has not yet been sufficiently studied. 

We now turn to line broadening as a result of the interaction of 
atoms with neutral particles. 








k = 3. Broadening by self-pressure. Calculations show that this effect 
is negligible for metallic lines, by reason of the relatively low content 
of metals in the atmospheres of stars, i.e. the small values of » in 
formula (11.45). It may apparently occur in the first few terms of the 
Balmer series in the spectra of the cooler stars. 


: = 6, Broadening of lines by collisions of atoms with neutral hydrogen 
atoms. (At temperatures where hydrogen is completely ionised, the 
broadening may be caused by the next most abundant element, neutral 
helium.) For & = 6, collision damping predominates; the “statistica] 
wings”’ lic at a great distance from the eentre of the line, where 7, ~ 1. 
Consequently, in this case we must use formula (11.49) for y,. It can 
also be used in the case where the atoms perturbed by neutral hydrogen 
arc in an ionised state. 

We may make the following general remark relating to the use 
of the formulae given above for y, and s,. In stars with 7', less than 
6000°, the hydrogen is mainly neutral. Hence, on account of the very 
high content of hydrogen. the broadening of the majority of metal 
lines takes place through collisions of the atoms with neutral hydrogen 
(formula (11.49)]. The broadening by collisions with electrons [k — 4, 
formula (11.47)] can take place only for lines which are very sensitive 
to the quadratic Stark effect (large C). At temperatures above 8000°, 
the hydrogen is almost wholly ionised. Hence the case k = 6 docs not 
hold here, and the broadeuiny of lines takes place through the inter- 
action of the atoms with ions and electrons. For neutral metals, the 
line broadening is here caused by collisions of the atoms with electrons, 
and for some helium lines by collisions of heliuin atoms with protons. 

Finally, the broadening of the wings of lines of the Balmer series 
is determined in the majority of cases by the statistical theory [4 = 2, 
for the wings far from the centre, formula (11.56)]. Here the broadening 
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partieles are ions and possibly eleetrons (see above). In the inner parts 
of the lines it is neeessary to introduce eorreetions to take aeeount of 
the motion of the perturbing charged particles relative to the hydrogen 
atoms. In the atmospheres of supergiants and very hot stars, radiation 
damping begins to become important. 

In eonelusion, it must be remarked that, in the cases k = 4 and 
& = 6, not only broadening but also displacement of the line occurs. 
This eireumstanee must be taken into eonsideration in studying the 
gravitational displacement of lines in the Sun. 


Chapter 12. The application of the elementary 
theory of contours. Curves of growth 


1. The elementary theory of contours. Let us considcr the application 

to stellar (and solar) absorption lines of the elementary model of a 

seattering “reversing layer’ which we studied in Chapter 9. We reeall 

that for this model we obtained the following formula for the residual 
intensity: 

r, = H,/H,° = 1/(1 + 2 1,,.) - (12.1) 


Here we are speaking of the speetrum of the integrated radiation sent 
out by the whole dise of the star (or of the Sun). 


We have notiecd in Chapter 9 that the model in question is very 
sehematic and that in reality there is no justification for dividing the 
atmosphere into the “‘photosphere”’ and the “reversing layer’’. However, 
by using formula (12.1) it is possible to obtain a satisfactory represen- 
tation of the contours of many fairly intense absorption lines in solar 
and stellar speetra. (‘or faint lines, purely instrumental effeets play 
a eonsiderably greater part than for strong lines.) Moreover, formula 
(12.1) is also important beeause by using it we can conduet a large 
number of investigations of a (so to speak) exploratory nature. 


In order to use formula (12.1) to econstruet an absorption line contour, 
it is nceessary to know s,. Except in the case of lines broadened by 
the Stark effect, we ean use formula (11.39) for s,. For the case a < 1, 
whieh is the most frequently eneountered, the absorption coefficient s, 
ean, as we have already said, be represented by means of two expressions, 
one determined only by the Doppler cffeet, and the other determined 
only by damping [see (11.24) and (11.34)]. 

Sinee. in formulae (11.24) and (11.34), the absorption eoeffieient is 
referred to one atom, we obtain for the optieal thiekuess 7, , in formula 
(12.1) 

t,o = [ 28, dh, (42.2) 
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where xn; is the number of absorbing atoms, of the kind considered, in 
1 em? which are in the excitation state 7. 


In general the coefficient s, depends on hk. In formula (11.24) dy 
depends on h (through the constant y,); in formula (11.34) Avy depends 
on A. In the former ease the dependence on h may be marked; in the 
latter case it is slight. sinee 7’ changes Httle within the “reversing 
layer’, and moreover, 7 appears in formula (11.33) under the radical 
sign. However, in order to simplify the problem further, we shall take 
for 6, and Av, their mean values inside this layer. Then (12.2) ean be 
rewritten 


Ty = S, f n, dh = 8, N;. (12.3) 


The number NV; is the number of atoms of the kind considered which 
are in a column of base 1 em? and height equal to that of the ‘reversing 
layer”. We shall call .V; stmply ‘“‘the number of absorbing atoms above 
the photosphere’’, bearing in mind that it refers to a base area of 1 em?. 


Having regard to (12.3), the formula (12.1) can be rewritten 


ry =1/(1 +358, N,). (12.4 

Let us now consider what should be the contour of an absorption 
line when formulae (12.4), (11.24) and (11.34) are applied. We denote 
by .., the optical thickness in the line centre (i. ¢. for » = 1) = vj). 
In accordance with (12.3), (11.34) and (11.40), this optical thickness is* 


/ 9 
ro _ wy _ bare fik yy ar 
Xo = Tg = NS, = mc Avy N;. (12.5) 


Thus, in the case of Doppler broadening, the optical thickness t, , is 


8, Ni = T, 9 = Xge Orly (12.6) 
Let us find the corresponding expression for t, , m the case of radiation 
damping. We notice that damping begins to become important only 
at a distance »— », from the central frequency 9; = %9 which is 
several Doppler widths (sce Fig. 25). For the majority of practical 
cases this frequency interval considerably excceds 6, (usually by several 
orders of magnitude). For this reason we can neglect the second term 
in the denominator of formula (11.24) for frequencies where radiation 
damping is important. Thus, using (12.3), (12.5) and (11.24), we obtain 


* We reeall (see Chapter 11) that, when @ does not satisfy the inequality 
a <1, the value of s, determined by formula (11.40) is only approximately the 


central valuc of s,. 
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for t, 4, in regions where only the mfluence of radiation damping ts 
important, 
eo Sin lig N.=X di, Arp 

py i i419 


§ N, = T, = a 
yor "oO mc (%— ¥%)? 1 a (y= 1)" 


(12.7) 


Using formulae (12.4), (12.6) and (12.7), we shall consider the change 
in the form of the contour when .V; increases. and therefore when X, 
increases. So long as the optical thickness of the layer is considerably 
less than unity (X,) < 1), the value of 7, is very little different from 
unity, even mn the centre of the line, where s, is greatest; thus the 
line is practically invisible on the background of the continuous spectrum. 
When JN; increases further, a noticeable absorption first occurs in the 
most central Doppler part of the curve of s,. Thus, if for the case re- 
presented in Fig. 25, t.e. for the D, line at 7 = 5700°, the value of 
T,,,o = Ag = 1, then, even in the transitional part of the eurve of s,, 
the optical thickness must be of the order of 10-4, so that at this point 7, 
will be practically cqual to unity; at the centre of the line, however, 
r, ts equal to (1 + })7! = 0-57. 

The part played by damping in the formation of the line contour 
begins to be noticeable only for V; such that the value of 7,,, for the 
transitional eonnecting part of the coefficient s, (see Fig. 25) is no longer 
so small compared with 
unity that it can be 
neglected. Before this 
critical value of N; is 
reached, the absorption 
line contour is deter- 
mined by the Doppler 
effect, i.e. by formula 
(12.6). Fig. 26 shows 
contours calculated from -0:04 -002 0 0-02 0-04ar° 
formulae (12.4), (12.5) Fic. 26 
and (12.6) for A727) =0-01 
A and various values of the product* N; f;,. We notice that the absorbing 
effeet of the atoms is detcrmined in formulae (12.6) and (12.7) not by 
the number N, itself. but by the product N; fix. 

An cxamination of Fig. 26 reveals the very characteristic form of 
contours due to the Doppler effect: the rapid decrease of r, towards 
the line eentre (for fairly large NV; fix). 

When _N; /;, increases further, the parts of the curve of s, which 
are determined by radiation dumping become more and more effective. 
If the Doppler effect were completely absent, the line contours would 


F 


N; fi = 10°\10'9 1012 





* Figures 26, 27, 28 and 30 are taken from the review article by O. A. MEL NI- 
Kov [SL]. In constructing the contours, the factor 2 in the denominator of (12.4) 
was replaced by 1. 
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have the form shown in Fig. 27, where the value of 6; has been trans- 
formed to the wavelength scale by means of (4.38), and is 0-001 A. This 
value is approximately an order of magnitude larger than the natural 
width, but, as we shall sce later, the constant y, for collosion damping 
is often an order of magnitude 
larger than yp (in particular, 
for lines of metals in the Sun’s 
atmosphere). 

0-6 We see from Fig. 27 that, 
for pure damping (contrary 
to the case where the eontour 
O is determined by the Doppler 
0-0 effect), very well-defined wings 
44. are formed in the lines, and 
Fic. 27 these pass very smoothly into 

the continuous spectrum. 


R 
0 





0-4 0-2 0 0-2 O- 


In Fig. 28 we give contours constructed from formulae (12.4) and 
(11.39), using the appropriate tables for s,. The initial valucs were: 
AAp = 0-1 A; 5; (transformed to the wavelength scale) = 0-001 A. 


It follows from Fig. 28 that for relatively small NV; /,, the absorption 
line contour is determined mainly by the Doppler effect, but for large 
Nf, by damping. It is true that, even for large N;f;,,, the variation 
of the intensity at the very centre of the line is determined by the 





0-0 
-4 -3 -2 -1 60S 1 2 3 4A4A 
Fic. 28 


Doppler effect, but for the frequencies eoncerned (6 — 6 in Fig. 28) 7, 
is so small that it is immaterial to the observer which effect plays the 
chief part in this frequeney interval. Hence we ean say that, for large 
N; fu, the whole contour is determined mainly by damping. 


Consequently, the contours of fainé absorption line (where there are 
no marked wings) are determined mainly by the Doppler effect, while 
for fairly strong lines (with well-developed wings) they are determined 
mainly by damping effects. 
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2. Comparison of theoretical and observed contours. Let us consider 
to what extent the theoretical contours agree with those obtained froin 
observation. Such a comparison is the most reliable for the stronger 
absorption lines. The contours of faint lines are usually very much 
distorted by purely instrumental effects. The removal of these distorting 
effects is not generally sufficiently trustworthy. For strong lines, the 
contour is determined mainly by damping processes. Introducing (12.7) 
into (12.4), we obtain the formula 

r= : (12.8) 


a 3 
3 
Ny fix 


Vinge (v— ve)? 


The comparison of the theoretical contour, given by formula (12.8), 
with the observed contour is carried out as follows. By inserting in 
(12.8) a number of values for the product 6, /,.V;,, we attempt to obtain 
the best possible agreement between theory and observation. [The same 
has to be done for 7,(9) in formula (9.24).] It is found that this agreement 
is satisfactory for the contours 
of many strong lines in solar 
and stellar speetra. Fig. 29 
shows an example of this, for 68 
the H and K lines in the spee- 
trum of the centre of the %6 
Sun’s dise. 

It is seen from Fig. 29 that 
theory and observation are in 0:2 
greatest disagreement in the 
central parts of the linc. The Oro 3930 3950 3970 A A 
observed central intensity is Fic. 29 
greater than the theoretical. 

This excess of the observed central intensity over the theoretical exists, 
in fact, for all strong absorption lines. Despite this divergence (to 
which we shall return in Chapter 14), Fig. 29 and similar figures 
indicate that damping is the principal faetor which determines the 
contours of strong absorption lines. This conelusion is confirmed by 
numerous other data. A similar result also follows from a theory which 
is much more rigorous than that leading to the original formula (12.1). 


FN 
1:0 





Taking these results into account, we ean use the values of NV; fiz Ojx, 
found in the manner deseribed above, to determine the number of 
atoms above 1 em? of the photosphere, i. ¢. to determine the value of N,. 
To do so, we must know f/f, and d.. The values of fj, = /,, for resonance 
lines are usually known. As a rule they are of the order of unity. The 
values of 6, = 6), are more uncertain. According to (11.25), they are 
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determined not only by radiation damping, but also by collision damping. 
The value of y, is known as yet only in a small number of cases (and 
then only approximately). On the average, for lines of the solar spectrum, 
y. is approximately 5 to 10 times greater than yo (the classical damping 
constant). If we omit the collision damping constant in 6,, we shall 
overestimate the number of atoms obtained, and, as follows from formula 
(12.8), we shall make an error in the value of V; amounting to a factor 
of the order of } [(y; + 7%)'y-]. If we take into account that for resonance 
lines y; + yp & Vp & Yo and use the maxiinum factor 10, the value of NV; 
found by omitting the constant y, is exaggerated by a factor of about 3. 

We can find the value of .V,; in the manner cescribed, not only from 
formula (12.8), which refers to the whole dise of the Sun (or star), but 
also from formula (9.24), which is applicable to individual points on 
the solar disc. The value of 1,,, which appears in this formula must 
again be taken from the expression (12.7). 

The values of V, obtained by A. Uns6ip for resonance lines in the 
solar spectrum (in the part of the spectrum accessible to direct obser- 
vation) are given in Table 49 in the first (1938) edition of his Physik 
der Sternatmosphiren [168]. These values are overestimated, since colli- 
sion damping was not taken into consideration in obtaining them. 

Similar calculations can be used for the study of the chemical compo- 
sition of stellar atmospheres. Here, using the formulae of Boltzmann 
and Saha, we can go from the number of atoms in some one state to 
the number in other states and, by summing, find the total number 
of atoms of the element considered. However, besides the inadequacy 
of the “reversing layer’? model which is used, this method of determining 
the number of atoms suffers from the defect of being inapplicable for 
faint lines, since their contours are alinost entirely of instrumental 
origin. Because of this circumstance, a method of determining the values 
of NV; not from line contours but from the total absorption, i.e. from 
the equivalent width of the line, has great advantages. The instrumental] 
distortion has very much less effect on the equivalent width than on 
the contour itsclf. The chief distorting factor in this case is scattered 
light, and ghosts in the case of a grating spectrograph. 


3. The eleinentary theory of curves of growth. A curve which relates 
the equivalent widths of lines (i.e. the quantities IW’, or W’,) to the 
values of f;, .V; is called a curve of growth. In constructing a theoretical 
curve of growth, we again use formula (12.4). However, it imust be 
borne in mind that, even for the “reversing layer’? scheme considered, 
formula (12.4) has been deduced by making several mathematical 
simplifications. A more rigorous mathematical analysis shows that, 
instead of the factor 7 in the denominators of (12.1) and (12.4), 1,4 
should be preceded by some factor yw which itself depends on t,,, and 
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is unity for t,, =0, while for t,, oo it tends to }. Bearing in 
inind the approximate nature of our calculations, we can put this 
factor s(t, 4) equal to unity. For this reason we shall use, instead of 
formula (12.4), the even simpler formula 


r =1(l+%,e) = + ¥s,). (12.9) 


If, instead of assuming «= 1, we introduce yc explicitly, this faetor 
will appear in the final formulae for the equivalent width as a factor 
in front of N;, and its effcet is thus that the values of N; which we dcter- 
inine will differ from the true valucs by a factor w. 


We obtain from (12.9) for the depth R, 


Tt NV; 8, 1 


—_— _. -_=..- =— —_. 9 
yo ] +4, —_ ] + N;8, —_ ] + (N;s,)7} . (12.10) 


Consequently, we have for the equivalent width IV,, in accordance 
with (9.2), 


oc a 


rf dy _ dy 
W yo | 1 4 (VN; 8,)7t — 2 / TH+ (N,s,)7 . (12.11) 
0 


Vo 


The last inember of equation (12.11) is obtained by using the syminetry 
of the function s, about the central frequency v, [sce (12.6) and (12.7)]. 
Consequently, according to (12.10), R, is also symmetrical, and both 
halves of the contour give the same total absorption. 

The integration in (12.11) extends, strictly speaking, over the whole 
spectrum, but in practice it is restricted to the rclatively narrow region 
oeeupied by the absorption line for which IV, is ealeulated, sinee s, 
becomes practically equal to zcrv even for relatively small values of 
1 — Np. 

Observers generally use values of 17, and not I,. Further, as we 
shall see, it is convenient to use not the values of TW, itself, but those 
of W/Z. Beeause of the relatively small valucs of equivalent widths, 
we can use for the connection between IW, and IW, the differential 
formula (4.38), and this gives 


W,/A = W,/>. (12.12) 
Let ns now investigate the dependence of IV,, and so of IWj, on 9, 
i.e. on the valucs of N; fiz. We shall first consider values of NV; fi, for 


which the line widths are determined only by the Doppler effect. In 
this ease we can use for N;s, the expression (12.6); using (12.11) we find 


r 9 dy oe a]: 
Wy so i 1+ elr—redl epls x) : (12.13) 
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We now introduce a new variable p: 
p =(¥— %)/Avp . (12.14) 


Then (12.13) takes the form 


oo low) 


— dp —2NV Ap , v \-1 215 
W, = 2 Arp | Laox, @ 2 XA / (e? + X,)-1 dp. (12.15) 
0 0 
We first consider the case where N; fy is so small that X) < 1. In 
this case the integral (12.15) can be calculated by means of a binomial 
expansion of the integrand: 


W, =2 Avy Xy fe — X,e7??' + X,2 e793?’ — ...) dp. (12.16) 
0 
Since 
[en dp =3 (n/n), (12.17) 
0 
we find 
W, = VaAvp X, {1-78 +e . (12.18) 


This expansion is applicable in practice for 0< X < 0:5. 
To calculate (12.15) when X, increases further, we put 


X, =e, b = log, Xo, p? =u. (12.19) 


In this case (12.15) takes the form 


Loe) 


1 
W, =Avp / ae (12.20) 
0 


The integral on the right-hand side of (12.20) is of great unportance 


in the electron theory of metals. For fairly large b = log, Xq, it can be 
represented by the following asymptotic expression: 


In view of (12.21) and (12.19), we can rewrite (12.20) as 


. x Tat 
W, =2 Avp V (log, X,) [1 o4 lon! X,— 384 iow! xX, . (12.22) 
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This series can be used in practice for log, X, > 4 or X, > 55. For 
0-5 < X, < 55, the integral (12.20) or its equivalent (12.15) must be 
evaluated by methods of numerical integration. 

When J, f;, (and consequently X,) increases further, the part played 
by the Doppler effect in producing the line contour becomes entirely 
negligible, and the line contour is determined by damping processes. 
For very large values of X,, we introduce (12.7) into (12.11): 


foe} 


ro dy 
v=? / L$ 7 a(y—m9)2/X gdp AY * (12.23) 
Putting ; 
V u(y — %)2/Xo Oi Arp = 2°, (12.24) 
we find 
VW, = 2 at V(X, Orn Avy) / 1 a => x V(X, Ou Avp) . (12.25) 


0 


The intermediate part of the curve of growth, corresponding to the 
transition from (12.22) to (12.25), is found by methods of numerical 
integration from the original formula (12.11), using the values of s, 
determined, for example, from the tables in Appendix I. 


Transforming now to the wavelength scale by formula (12.12), and 


using the expression (11.31) for Avy, we obtain for the three cases we 
have considered: 


0< X, < 0-5: 
Nt Vn X, 1a tne aw %¥aX,, (12.26) 
X, > 55 
Fs <9 0m 39 anon 


(12.27) 


vi an ~ V9 / 
— aysiontx; | m2" y/ (loge Xp), 


X, very large: 


" =x! \/ ( va X,) = x V (% X, i) . (12.28) 


0 
It follows from these formulac that, to remove the dependence of 
the curve of growth on the wavelength of the lines considered, it is in 


fact necessary to use not WW, but W,/2. The frequency 1, (and therefore A,) 
appears only in (12.28), and then under the radical sign. 
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The followmg conclusions can be drawn from these formulae. For 
faint lines, where , < 1, the equivalent width increases proportionally 
to X,, i.e. proportionally to the number N;/,. This relatively rapid 
increase of WW’, ts here due to the fact that when No, i. c. NV; fj, increases, 
a “saturation” of the line takes place in its central parts, so that r, 
diminishes from unity (when 1) = 0) almost to zero (when log, X, > 1), 
and the depth mm the line centre increases from 0 to approximately 1. 
When Xy increases further, and 7,, < 1, the inerease of W takes place 
not because of an increase of the depth R, in the central parts of the 
line, but mainly because of an increase in its width. It follows from an 
analysis of formulae (12.9) and (12.6) that the change in the line width 
when Xo, i. e. NV; /,. inereases, is extremely slow, because of the presence 
of the exponential factor in formula (12.6). Finally, when X, is already 
very large and inereases still further, the equivalent width increases 
proportionally to the square root of N; fix. 
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Fra. 30 


For a number of reasons, the curve of growth is constructed, not 
directly as a relation between W,/2 and X,, but as a relation between 
the (common) logarithms of these quantities. Fig. 30 shows a curve 
of growth for various values of AAp and 6,, eonstructed from the 
formulae (12.26) to (12.28) above. We denote by Ady the value of dj, 
expressed in the wavelength seale. According to (4.38), we have 


Ahy = (A92/c) Ov . (12.29) 


It follows from Fig. 30 that, when Adp, i. c. the velocity dispersion tp, 
increases, the entire curve of growth is raised, while the first two portions 
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are raised more than the third. Also, for a given dAp the third and 
straightest part of the eurve of growth, which eorresponds to damping, 
is raised when ctAy, i.e. d4. inereases. Thus the curves of growth in 
Fig. 30 form a family depending on the two parameters AAp and Ady. 

Theoretical curves of growth are often construeted so that not 
logy) (W,/A) but log,,(IVy¢/Avg) appears on the axis of ordinates. In this 


ease formulae (12.26) — (12.28) take the form 
We Ww, V X2 | 
_ Way _ +o ag | ow ae ¥ 6 
3 Y ~ thy } aX 1 }2 + 13 wee f rae] Va Xo, (12.30) 
Wa ¢ V, | = 
J 9 : 
. = ,, =21 (log, X,) )1—. two 
A tv ald eno 24 log? NX 
° » | vee (12.31) 
— mt  —... | 24 (log, X,) 
384 log,* Xy | “ ee “or? 
Wie Wy, at 5 
—_ — * / ans, _. : / 7” 9 929 
h wy ~dhy = 2 V(Xy)Z) = a+ V(aX,), (12.32) 
where 
. r,,. Day 
Za eu So gg * Lana, (12.33) 
dry Yq Uy Avy 
-1:0 0-0 1:0 20 3:0 4:0 
W, 
logioge a 4 
20 2:0 
10 <a +10 
0:0 0-0 
-10 -10 
=1:0 0-0 10 2-0 3-0 4-0 logigXo 
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The value of a is determined by formula (11.38), and Z = 4 za. 

In the ease eonsidered, the ordinate is a funetion of .X, alone for 
the first two parts of the curve of growth; the last portion is determined 
also by the ratio of 64. to dv). This is all shown graphically in Vig. 31. 
We see that, in this ease, only a branehing of the eurve of growth takes 
place, corresponding to different values of Z, and therefore of a. 
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4. Methods of constructing curves of growth from observations. Curves 
of growth can be constructed from observations only by using lines 
which appear in multiplets. It follows from formula (12.5) that logy, Xq, 
i.c. the abscissa of the curve of growth, is equal, for a given clement, 
to C + logy, (Ni fi) = C + logy V; + logig fiz. where C is independent 
of NV, and f;,. It thus follows that NV; and f, are on an exactly equal 
footing. The construction of an empirical curve of growth from obser- 
vation must therefore take place as follows. We select some multiplet 
whose components have a common lower level. For such a multiplet, 
N, is practically the same for all the lines composing it. (There is a 
small difference in NV; connected with the fact that such a level is, as 
a rule, composite, the sub-levels differing among themselves by some 
small amount, from some hundredths of an eclectron-volt to a few tenths 
of an electron-volt.) We assume also that the relative values (or, better 
still, the absolute values) of f,, are known for all lines of the given 
multiplet. We can then represent this multiplet in the following way. 
On the axis of ordinates in Fig. 31, we mark off the values of log), (14/A) 
found from observation for each line of the multiplet, and on the axis 
of abscissae we mark off the corresponding log, fj, marking on the 
graph the corresponding points. We then join all the points thus obtained 
by a smooth line. Consequently, one multiplet gives us a segment of the 
required curve of growth. (In the majority of cases the range of values of 
fin one multiplet is insufficient to construct the entire curve of growth.) 


We must carry out the same procedure for other multiplets also. 
From the separate portions of the curve, found in the manner described, 
we can construct the whole curve of growth by displacing the portions 
of the curve parallel to the axis of abscissae and aiming at a minimum 
seatter of points about the final curve. This method is very similar 
to the construction of the characteristic curve of a photographic plate 
in photographic photometry. 


We move the curve of growth, constructed by this method, on 
Fig. 31 upwards and sideways as a whole, in order to make it coincide 
as well as possible with one of the theoretical curves shown in Fig. 31. 
In doing this, the upward movement of the constructed curve (to 
coincidence with the selected theoretical curve) gives directly logio| (c/ty), 
i.e. the velocity vy. Also, this comparison fixes the value of Z, i. e. the 
constant J'y/%, vg being already determined. Finally, by bringing into 
coincidence the theoretical curve and that constructed from observation, 
we can determine log), X, for any line from the log,)(W,/2) known 
from observation. If the absolute value of fy, also is known for this 
line, then we can determine V;, by means of formula (12.5), from the 
known X, and Avy. (This is another method of determining the relative 
chemical composition of stellar atmospheres.) 
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We notice that, in constructing the curve of growth by the above 
inethod, and in comparing it with the family of theoretical curves, it is 
supposed, firstly, that J°,/v) is the same for all the lines and, secondly, 
that vy is the same for all the elements whose lines are used in con- 
structing the curve of growth. 

Let us now consider another method of constructing the curve of 
growth, which is very similar in principle to the foregoing, but differs 
from it in that the excitation temperature of the atoms can be obtained. 
Let 1, be the total number of atoms of the kind considered, in the rth 
ionisation state (above 1 em? of the “photosphere’”’). Then, assuming 
Boltzmann’s Law to be applicable, we can write, from (5.54), for the 
number NV; (the number of atoms in the ith excited state) 


Ni, = N,,¢ = (N,/u,) gy eT ET ee (12.34) 


where 7, is a temperature which we shall call the excitation tempe- 
rature. (The suffix r has been omitted from the statistical weight and 
the excitation potential.) Introducing (12.34) into (12.5) and using (11.31), 
we obtain 


, ize N, 1 Ej 
logy9 Xo = logyo ime U, % | + logy (9: fix Ao) — KT. logo é 


Vy men 


\ 5040 
= logio mc u 


{ + logiy Gifiz 40) — op &s 


ex 


r 1 
r Yo 
where in the last member of this equation e; is expressed not in CGS 
electrostatic units, but in electron-volts. 

We now assume that we know cither the relative or the absolute 
values of f;, for all the lines forming the multiplets of the given r times 
ionised clement*. Giving 7, a provisional value, which is generally 
somewhat less than the effective temperature of the star (see below), 
we mark off on the axis of abscissae the quantity 


log 4 = lo (9; ik A ) _ (5040 Tex) Eis (12.36) 
Sro <*4 £10 0 


and on the axis of ordinates, log,)(IV,/4). As a result, we obtain a curve 
of growth for the given r times ionised clement, and this curve is to be 
improved by making 7, more accurate. Then, by secking the best 
coincidence (as above) of this curve with one of the theorctical curves 
in Fig. 31, we obtain the values of vy and J'y/1%p. 

The value of the excitation temperature can be refined as follows. 
We rewrite (12.35) as 


Y = logy) Np —logyo (9: fix Ao) = LE — (5040/7 ex) &, (12.37) 


* The relative valucs must be on the same scale for all the multiplets, so 
that, to pass from the relative values of f,, to the absolute values, the former arc 


multiplicd by the same factor for all the lines of all the multiplets. 
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where 


zeN, 1 a. 
L = logy, ne t,t | . (12.38) 
Then we mark, on the graph which has already been used to find the 
coincidence of the theoretical curve of growth and the preliminary 
curve of growth obtained from observation (i. c. the dependence of 
logig(Wye/Avy) on logy) Xg), the multiplets which served for the con- 
struction of this graph. As abscissa for each line we take the corre- 
sponding value of logy (9; fix 49), and as ordinate, the value of 
logy) (Wac/Avg), where JV, is the observed value of the equivalent width, 
and ¢) is the velocity, which we have already determined in the first 
approximation. Then the horizontal distance from the given multiplet 
to the curve of growth is just the quantity 


Y = logy) Xo — logig (9; fiz 49) - 


In this way we can determine Y for all the multiplets which appear 
in the curve of growth. 

If the assumption which we have made regarding the Boltzmann 
distribution of atoms is justified, the relation between the values of Y 
and ¢; found for different multiplets should, according to (12.37), be 
linear. Then, placing the values of e; on the axis of abscissae and those 
of Y on the axis of ordinates, we obtain a straight line from whose 
slope we can determine 7',,. By producing this line to the point where 
€;=0 we find Z, and thereby V,, vg bemg already determined. This 
also is a method of chemical analysis of stcllar atmospheres. Of course, 
it is necessary in the analysis to take account of the other ionisation 
states of the element considered. (It must be remarked that we could 
find the excitation tempcrature 7',, without appealing to the theoretical 
curve of growth, by using only the equation (12.36). In this case there 
would be a linear relation between Y' = logyg X;— logy (9; fiz Ap) and 
the excitation potential e¢,;. The defect of this method is that it does 
not give the constant L.) 

The linear dependence mentioned is found most accurately by using 
the method of least squares. Further, the more exact value of 7, 
obtained can be used once more to construct a curve of growth with 
the argument log), X,, ete. The values of vg and /’y/¥%) are found more 
accurately at the same time. 

Curves of growth may be similarly found for the other ionisation 
states of the element considered, and for other elements. All these 
curves of growth can be reduced to a common curve, though, as we 
shall see later, the curves of growth for neutral and ionised elements 
are sometimes found to be different. 
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The curves of growth obtained for different clements may also be 
different. Hence, strictly spcaking, the curve of growth should be con- 
structed separately for each element (in each ionisation state). The 
eomparison of such curves lcads to important results (see below). 


5. Laboratory, theoretical. aud “solar” line intensities. Before going 
on to discuss the principal results obtained from curves of growth, 
we must also briefly consider the topic of the values of /, used for 
the curve of growth [S1]. The most reliable values of /;, for multiplets 
are at present those found in the laboratory. These ‘‘intensitics’” are 
always given in the form of the product g;/;,, and are determined in 
the laboratory either from absorption lines or from emission lines. The 
accuracy of the laboratory relative intensities g; f;, is usually about 
10 °% on the average. The absolute values of g; /;, are much less accurate 
in Many cases. 

Since laboratory data on the values of g; /;, exist as yet only for 
a few elements (chiefly Fe I, Ti I, Ni J, V J), theoretical intensities of 
multiplet lines are also used for the construction of curves of growth. 
Let us consider, for instance, the group of all possible transitions between 
some two electron configurations. Such transitions are divided into 
several multiplets. Let S be the relative integrated intensity of some 
multiplet (with respect to the other multiplets of the group of tran- 
sitions considered), and s the relative intensity of a given line in this 
multiplet. Then in the total of all the transitions, the rclative intensity 


of this line is 
Ss/Xs, (12.39) 


where the sum is extended over all the lines of the given multiplet, 
and the quantities S s/2 s for the given group of transitions (between 
two cleetron configurations) are proportional to the quantities 9; /;, A) [81]. 


Since there are usually not enough multiplets belonging to one 
group of transitions for a reliable construction of the curve of growth, 
several sueh groups arc used. A separate curve of growth is eonstructcd 
for each of them, and a resultant eurve is constructed from these by 
parallel displacement along the axis of abscissae (as explaincd above, 
since § s/2. s for each class of transitions is proportional to g; fix Ap). 


The calculations of the quantities Ss/2 s have been based hitherto 
on the assumption that Russell-Saunders coupling can justifiably be 
applied to all atoms [59, p. 128). However, it is known that this assuinp- 
tion is erroncous in many cases. A comparison shows that in some 
eases the laboratory intensities g; fy, 49 may differ from the theoretical 
Ss/X s by a factor of 100, although the laboratory valucs of g; fix Ap 
generally contain crrors of no more than 10%. Hence solar line inten- 
sities, as they are called, are often used; these are obtained as follows. 


1 Astrophysics 
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We assume that we have constructed a curve of growth for the 
Sun from the inost reliable existing laboratory values of g; fi, (say, 
for Fe 1 or Til). Here the values of log,, X, are placed on the axis of 
abscissae, and those of log,, (W4/A) on the axis of ordinates. The excitation 
temperature 7',, for the Sun is determined as above (from the same 
lines). Then, for any line in the solar spectrum whose g; f;, valuc is 
unknown, we can find the “‘solar’’ value of log,, X;, from the ‘‘standard”’ 
curve just mentioned, corresponding to the measured W’, for this line. 

We now distribute, according to elemcnts and ionisation states, all 
the lines of the stellar or solar spectrum whose g; f;, values are unknown; 
lines belonging to a given element in a given ionisation state are 
arranged in groups according to the excitation potential ¢; of the lower 
level, for example: from 0 to 0-5 eV, from 0-5 to 1-0 eV, ctc. The variation 
of logis (9: fix 4g) for each such group is then determined by the variation 
of log;, X;, in accordance with (12.36). For cach line of such a group 
log,)(WV,/2), obtained from measurements, is placed according to the 
“solar” value of log,, AX, for it, and a smooth curve is drawn through 
all the points of the group, giving a segment of the curve of growth. 
All such separate segments are moved, as described above, in a hori- 
zontal direction, and we obtain the resultant curve of growth. After 
doing this, we find the best possible coincidence of this curve with a 
theoretical curve of growth. We do the same with our original “standard” 
curve of growth constructed from the most reliable g; f;,. In each case, 
we can find log,, X, (stellar and solar respectively) from the measured 
W,/A4 and the v, already determined, and consequently the differcnce 
(logyo Xo)st — (lOgi9 Xo) - 

The excitation tempcrature for a given element can be determined 
as follows. Writing formula (12.35) once for the Sun and again for the 
star and subtracting, we obtain 

N u 
(logyg Xo)st — (login Xolq = logy any Ho 
(Yo) st 


eo 


© (U4p)et 

_i ol 
(Tex)et (Texdo 
It follows from this that, for the lines of any atom or ion, the difference in 
the values of logy, Xq is a linear function of e,. Consequently, on marking 
off on the axis of abscissae the difference (logy) Xo)st — (logig Xq)q for 
various groups of lines, and on the axis of ordinates the potential ¢;, 
we should obtain a straight line. The gradient of this line dctermimes 
the value of [1/(Tex)st —1/(Tex)o] and, if (7'x)q is known, then so 
is (7'.x)st- This method of determining (7'x)s_ is also used in the case 
where the difference in logy, X, is found, and not that in logy X,. The 
formula (12.40), which is related to the adjustment of the observed 
curve to the theoretical, is important, because by means of it we can 


(12.40) 


— logy — 5040 e; 
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study the chemical] composition, compared with that of the Sun, of 
stars close to the Sun in spectral type. 


Finally, it should be mentioned that the method described for finding 
(Tex)st from (7.x)5 1s also applicable when the curve of growth for a 
star has been constructed from laboratory values of g; fi. 


Instead of comparing the atmosphere of a star with that of the 
Sun, one can with greater confidenec compare the atmospheres of two 
stars of close spectral type, for example A and F supergiants, A and F 
dwarfs, ete.; this was first pointed out by O. A. MEn’NrKov. In fact, 
it can be assumed in this case that both stars have the same atmospheric 
structure. This method has been applied in practiec by T. M. Foranova 
at Pulkovo to the study of a number of supergiants [42]. 


Returning again to the use of “solar” values of log,) X,, it must 
be pointed out that great caution has to be exercised. For, in 
determining log,) X, from the curve of growth of the solar spectrum, 
it is implicitly assumed that all the “standard” lines here used correspond 
to the same absorbing (seattering) layer. At the same time, the presence 
of continuous absorption which varies with frequency may have the 
result that laycrs of varying ‘‘thickness” correspond to lines in different 
parts of the spectrum. This must be borne in mind. Hence, strictly 
speaking, it is best, in constructing curves of growth, to use laboratory 
values of g; fiz, or theoretical values if they are sufficiently reliable. 


6. Curves of growth econstrueted from observation. Turbulent velocities 
in the atinospheres of stars. Let us now turn to the results obtained 
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by constructing curves of growth and to the interpretation of these 
results. 

A very large amount of work has been devoted to the construction 
of curves of growth for the Sun and stars. In the Soviet Union such 
work is carried out at Pulkovo by O. A. MEL’NIKOV and _ his co- 
workers. 

In Fig. 32 we give a curve of growth for the Sun, constructed at 
Pulkovo by L. A. Mirroranova from Fe I lines (the values of g; /, 
were determined in the laboratory from emission lines of Fe I). Fig. 33 
shows a curve of growth 
for the supergiant a Cygni, 
constructed at Pulkovo by 
O.A. MEL’Nrgovy from Till 
_s lines. Here again laboratory 

values of g;/;, were used, 

as determined from emis- 

-65 ; 7) 5 4 logo%" sion lines. The points for 

each line are shown in 

Fig. 32, while in Fig. 33 the 

inean points (for several lines) are given, the diameter of the circle being 

proportional to the number of lines entcring into the determination 
of the mean. 
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As a result of this work, it has been possible to establish a number 
of interesting relations concerning the physical state of stellar atmo- 
spheres. The construction of curves of growth and their comparison 
with theoretical curves of growth has shown that in many cases, parti- 
cularly in the atmospheres of supergiants, the valuc of vg is considerably 
larger than the mean kinetic (thermal) velocity corresponding to the 
mean temperature of the stellar atmospheres. Thus, for example, for 
supergiants of temperature comparable with that of the Sun, the 
turbulent velocity «,, found from the curve of growth and the value 
of vy [formula (11.29) is used with 7' ~ T',], reaches in some cases 
tens of kilometres per second, while the mean therinal velocity in this 
case is of the order of 1 km/sec. For the Sun itself, the turbulent velocities 
in the “reversing” layer are apparently not more than 1-5 kin/sec. 
This result indicates that the conditions are more favourable to the 
appearance of turbulent currents in the very extended, relatively rareficd 
envelopes of supergiants, than in the dense non-extended atmospheres 
of dwarfs*. 


* There are apparently exceptions (though as yet unexplained) to this rule. 
For example, the turbulent velocity in the supergiant « Carinae is approximately 
the same as in dwarfs. This shows that one must be cautious in making gencrali- 
sations. 


G. Curves of growth from observation 165 


Furthermore, the existing data indicate that the valuc of 2 is larger 
for ionised than for neutral atoms. This is apparently because the 
mean level at which ionised atoins are found in the atmosphere of a 
supergiant is higher (since p, is less) than the level for neutral atoms. 
Thus, for example, in the dwarf Procyon 1, ~ 1 kin/sec for neutral 
atoms and tv, = 3 km/see for ionised atoms. In the supergiant a Persei 
the corresponding numbers are v, x 3-5 and 6-5 km/sec. Finally, there 
are indications that in the atmospheres of supergiants v, diminishes 
when the excitation potential ¢; increases. This, according to data on 
the solar chromosphere, corresponds to an increase of 4, when the level 
where the absorbing atoms are found becomes higher. As an example 
we may state that for a Perset the lines with ¢; © 0-0 eV give 
v, = 7:0 km/sec, but those with e; ~ 4-5cV give uy, ~ 3-5 km/sec. All 
these facts indicate the presence, in the atmospheres of supergiants, 
of different effective layers for different atoms. Ionised atoms lie con- 
siderably higher than neutral atoms. 


The increase in the turbulent velocity with height in the atmosphere 
of the star is particularly marked in such binary systems as { Aurigae. 
The systein ¢ Aurigae consists of a giant of class K 5 with a very extended 
atmosphere, and a considerably smaller star of class B8. Outside 
eclipse, the spectruin of the system is composite: in the red part the K 
spectrum is dominant, in the bluc and violet part the B spectrum. 
When the B star passes behind the K star, numerous sharp absorption 
lines, formed by the absorption of light froin the B star in the extended 
atmosphere of the red giant, appear in the bluc and violet parts of the 
spectrum of the system, where the B spectrum has till then been 
dominant. By this means it becomes possible to study the nature of 
the atinosphere of the K star as a function of the height above its 
photosphere. When the B star emerges from behind the K star, the 
saine events happen in the reverse order. 

The construction of the curve of growth for various times after the 
emergence of the B star from behind the K star, i. e. for various heights, 
has led to the following results: for a height of 0-8 x 10° km the turbu- 
lent velocity was equal to 6-5 kin/sec, and for a height of 20-6 x 108 km 
it was 13 km/sec. This directly confirms what was been said above. 


In some cases the turbulent velocities are particularly high. Thus, 
for example, in ¢ Aurigac the turbulent velocity is apparently close 
to 20 km/sec, and the turbulent velocity in the atmosphere of 17 Leporis 
is even greater (67 km/sec). 


It is clear that the presence of turbulent currents must lead to an 
increase in the line widths and to the obliteration of the lines. This 
effect is noticeable for large v, even on merely glancing at a spectrogram 
of the star. 
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The presence of turbulent motions in the atmospheres of stars and 
the increase of turbulence with height indicate a complexity of the 
structure of the atmospheres of such stars. The atmospheres of the 
supergiants are marked by especial complexity. Here, besides the general 
turbulent motions, differential motions of various elements are observed. 
Thus, according to the investigations of G. A. Suain and P. F.Suain 
[146], the hydrogen lines in the spectra of the supergiants « Cygni 
and f Orionis have a positive displacement relative to the lines of 
ionised metals, amounting to + 1-9 kni/sec for the former and + 4 km/sec 
for the latter. In the spectrum of « Cygni it is probable that there is 
small displacement of the lines of ionised uretals relative to the neutral 
metals, and so on. Here, besides the general turbulence, we apparently 
have certain currents of matcrial with somewhat different velocities 
for different elements. 

In concluding the subject of turbulent velocities, we must make 
the following remark. The study of absorption line contours in extended 
envelopes shows that they must differ from the case where the atinos- 
phere is a thin layer (see Chapter 13). The appropriate analysis shows 
that, if this factor is not taken into account, the turbulent velocity 
obtained from the curve of growth is less than the actual turbulent 
velocity in the atmosphere of the star. For supergiants, whose atmos- 
pheres are extended, this effect may be considerable. 


7. The excitation temperature. The damping constant. Let us now 
consider the determination of the excitation temperature. The methods 
of determining 7',, explained above are nnportant not only from the 
viewpoint of finding 7’,, itself, but also from that of testing the Boltz- 
mann temperature distribution in the outer layers of stars. If the values 
of Y, and therefore, according to (12.5), (12.35), (12.37) and (12.38), 
the values of 
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N. 
logy 1 = ¥ —log (12.41) 


are linear functions of ¢;, the application of Boltzmann’s formula for 
the range of ¢; involved is justified. [The equality of the first and last 
members of formula (12.41) is Boltzmann’s formula written in logarithmic 
form.] 

The results of the corresponding investigations show that, for ¢; 
from 0 to about 5 eV, linearity holds in the majority of cases (of course, 
within the limits of observational error)*. As an example, we give a 
graph by O. A. MEv’nikov (Fig. 34), obtained from Tines of neutral 
iron in the solar spectrum (uy is the partition function for neutral iron). 


* For e, > 5 cV there are as yet no reliable results. See Chapter 15 concerning 
cases of deviation from the linearity mentioned. 
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However, when the temperature 7',, is determined from graphs of this 
kind, it is lower, in the majority of cases, than the effective temperature of 
the star. Thus, for example, 7, for the Sun = 5710°, while O. A. MEL’NIKOV 
obtained for the Sun 7, = 4580° -L 100°, using calibrated values of 9; {5 
for Fe J. A. N. Demripova ob- 


Yo 
tained 7',, = 4700°-+ 450° using ISiog; Ni 
the theoretical Ss/¥ sfor Fel ,and 18 
S. E. Votnova obtained 7’, = 
4780° + 15° from the mean 16 O 
curve of growth for FeI. Similar oy 
anomalously low values of 7’, 14 5 
for the Sun have bcen obtained 12 


from other data, although in 
some cases, such as, for instance, 
VI,a value 7, =~ 5100° is ob- Pia. 34 

tained, which is closer to 7’, = 5700°. Moreover, the aggregate of all values 
of 7, for the Sun shows a very large dispersion, as regards 7',,, among 
different elements. It is possible that here 7',, is actually different for 
different clements. 


Similar results (7... < 7) are usually obtained for stars, and the 
difference between 7’, and 7',, may sometimes amount to several 
thousand degrees*. Morcover, the difference 7, — T’, is apparently less 
for giants than for dwarfs. Thus, for exainple, for Sirius and y Geminorum 
(stars of the main sequence), where 7', ~ 10,000°, L. H. ALLER finds 
Tex = 6000°. 

We may remark that, for stars, 7’, can be determined either from 
the linear dependence of Y on ¢;, or by means of a comparison of line 
intensities in the star’s spectrum with the corresponding lines in the 
Sun’s spectrum [see formula (12.40)]. 


In conclusion, let us consider briefly the interpretation of the ine- 
quality 7... < 7',. The position here is not yet altogether clear, but 
two possibilities must be mentioned: (1) an attempt might be made 
to explain the anomalously low 7, by using the fact that, in the fre- 
quencies of absorption lines, where the processes of excitation of atoms 
take place, the density of radiation is lessened by the presence in these 
frequencies of the absorption lines themselves. However (as we shal] 
see in Chapter 15), this explanation must apparently be rejected from 
the theoretical point of view. (2) A detailed analysis of curves of growth 
shows that an increase of 2, i. e. the turbulent velocity, with the exci- 
tation potential ¢; has the same effect on the curve of growth, in a 
finite interval of log,, X9, as a decrease of 7’,,. In other words, one 








* According to O. A. Me’ nikov [82], the same result is obtained for cepheids, 
which are non-steady stars. 


168 Chapter 12, Elementary theory of contours 


of these factors can compensate the other. Let us now assuine that 1, 
increases when e,; decreases. Then, on making the crroncous assuinption 
that the scattering of points round the curve of growth is due only to 
errors in W, and f,,, 1. e. assuming v, = constant, we obtain too low 
a value for 7’,,. It is possible that the difference between 7',, and 7’, 
may be partly due to this circumstance, since, as we have seen, x, 
in fact increases when e; decreases, i. e. with increasing height in the 
stellar atmosphere. This explanation (proposed by O. Struve and A. UN- 
SOLD) can be tested only on multiplets whose intensities cover the 
entire curve of growth. 

Let us now discuss the values of [’y,/1) obtained from the curve of 
growth. In the majority of cases the value of /°;,/¥9, which, as we have 
said, is taken as a mean for the whole curve of growth, is considerably 
greater than the value which corresponds only to radiation damping, 
which is on the average about 1-5 x 10-7 (for 4 = 5000 A). Thus. for 
instance, for the Sun, the mean value of J/’;,/%) from a large number 
of investigations is found to be some 5 to 10 times greater than the 
value mentioned, 1-5 x 10-7. The same thing is found for the majority 
of dwarf stars. These results can be explained only by the fact that 
the constant 6, in formula (11.25), and therefore J’, also, is mainly 
determined not by radiation damping, but by collision damping. 


We shall confirm this important result in the next chapter. Here 
we can test the result (though only qualitatively), starting from the 
following considerations. 

If the value of I°;,/v9 is in fact determined by collision damping, 
then from formulae (11.45), (11.47) and (11.49) this quantity should 
increase and decrease with the density of the material. In other words, 
it is to be expected that I°;,/%9 is smaller in the atmospheres of giants 
than in those of dwarfs. For ionised atoms it should be, on the average, 
less than for neutral atoms, since the former lie, on the average, higher 
than the latter. These suppositions are partly confirmed by observation, 
although in soine cases there are exceptions to the expected relations. 
Thus, it follows from the existing data that for neutral elements in 
supergiants the valuc of J';,/7) is fairly close to the value for dwarfs, 
i. ec. 10 times greater than the radiation damping constant, but for 
tonised elements I°y/1) 1s close to the value 1-5 x 10-7. 

In general, the material at present existing is meagre, and further 
investigations are necessary here before final conclusions can be reached. 


8. Critical remarks. The rational use of curves of growth can lead ° 
to a number of important results. However, it must be kept in mind 
that the theory developed above is very simplified and schematic. For 
this reason a number of critical remarks must be made. Firstly, caution 
must be exercised in the use of observational data. Thus, for instance, 
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T. M. Foranova (at Pulkovo) has shown [42] that, when spectrographs 
of small dispersion are used, the velocity vy found from the curve of 
growth increases (spuriously) when the dispersion of the spectrograph 
used decreases. Hence the spectrograms used to construct curves of 
growth must have a fairly large linear dispersion (better than 5 to 
10 A/mm). Secondly, the theory of curves of growth developed above 
is based on a large number of simplifying assumptions, of which the 
main ones are as follows: 


(1) The model of the “reversing layer’ which we have used, and 
the formula (12.9) corresponding to it, are very much simplified. In 
particular, this formula presupposes the same ‘‘thickness” of the re- 
versing layer for all A, which is equivalent to excluding any dependence 
of x, on v. In this connection, a number of calculations have recently 
been made which were based on the more exact formula (10.20) and its 
various modifications. 


The expression for 7,, by virtue of formula (11.39) and the fact 
that o,/o,, = s,/s,,, can be rewritten as 


= o,/*, = (o,,/2,) (a, p) = Ny, $ (a, p) ’ (12.42) 


where 
Ny, = Oy,/%, + (12.43) 


The argument X, of the elementary theory of the curve of growth is 
thus replaeed by 7,,. We again obtain a family of curves of growth 
for various values of the constant a. In constructing such a family of 
curves, a fixed value must be taken for the ratio 6,/a,, and for the 
quantity e, which appears through (10.9) in formula (10.20). As we 
shall see in Chapter 14, in many eases we can take e, = 0 for the calcu- 
lation of equivalent widths. 


The results of the corresponding calculations show that the general 
character of the curves of growth constructed by means of formula 
(10.20) is the same as in Figs. 30 and 31, although there are ecrtain 
differences of detai]. However, a comparison of the curves of growth 
constructed by T. M. Foranova [42]* for various models shows that 
these differesices cannot be investigated with reasonable certainty with 
the present dispersion of the separate points round the curve of growth. 
Nevertheless, the problem of constructing a physically correct theor- 
etical curve of growth is one of the main tasks of theoretical astro- 
physics. 


* In this work the influence of the change in the coefficient of continuous 
absorption with wavclength on the parameters found from the curve of growth 
is studied. This influence appears to be comparatively small. 
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(2) In the elementary theory which we have considered, some mean 
value of J’,/%) was taken for all lines. This assumption, however, is 
a crude one both in the case of radiation damping and in that of col- 
lision damping. Moreover, in the theory explained above it is supposed 
that /';./% does not depend on the depth in the stellar atmosphere. 
In the ease where /°,/1) is determined by collision damping, this is 
obviously incorrect, since the value of J’, depends on the number of 
particles at the point considered. 


(3) Furthermore, in constructing the composite curve of growth 
from several elements, a mean value is taken for vg; this is usually 
justified on the grounds that the turbulent velocity is about the same 
for all atoms, which is also an approximation. 


(4) Finally, it is assumed in the theory explained above that the 
excitation temperature 7',, is constant throughout the star’s atmosphere. 
This, as we shall see in Chapter 15, is likewise a fairly crude approxi- 
mation. 


Hence it is not surprising that the agreement between the theoretical 
curves of growth and those derived from observation is very often un- 
satisfactory. The discordances in the direction of the XY) axis sometimes 
reach 0-15 to 0-20 in the logarithm of X,, or, what is the same thing, 
in the logarithm of NV, f/f. The use of formula (10.20) instead of (12.9) 
does not appreciably change the situation. 


Chapter 13. The interpretation of observed contours 
of absorption lines in stellar and solar spectra 


1. The ealeulation of the ratio of the coefficients of seleetive and 
continuous absorption. In the present chapter we shall consider the 
subjeet of absorption line contours in the spectra of stars of various 
classes. We shall first consider lines of metals, and then those of 
hydrogen and helium. We shall also discuss the effect of the star’s rota- 
tion on the line contours in its spectrum. 


The theorcetica] calculations relating to resonance lines are at present 
the most trustworthy*. For lines which begin from excited levels (sub- 
ordinate lines) the calculations are more indefinite (see Chapter 14). 
The chief difficulty arises from the fact that the processes of absorption 
and subsequent re-eimission are completely non-coherent for subordinate 
lines. 

* This remark does not refer to the theory of contours distorted by the rotation 
of the stars. 
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The construction of a line contour amounts in the first place to the 
calculation of the quantity 7,: 


n, = 9,/x, , (13.1) 


which appcars in the cquation of transfer (10.2). The quantity e, is 
less important, and usually plays a small part except in the central 
frequencies of the line. If all three quantities 7,, «, and B, in equation 
(10.2) are expressed in terms of the fundamental physical paraineters 
T, P, Pe, 0, ete.. and the latter arc related to the optical depth 1, for 
the frequency of the line (as in Chapter 7, using the theory of photo- 
spheres), the problem reduccs simply to the solution of equation (10.2). 
Bearing these remarks in mind, let us consider an actual example: 
the absorption lines in the Sun’s spectrum. (Hotter stars will be con- 
sidered later.) 


We shall suppose throughout that the density of matter 9 to which 
the coefficients og, and x, in equation (9.29), and therefore in (10.2), 
relate, is the total density of matter*, taking account of all the atoms 
in 1 cm*. We shall determine the value of a,, starting from the general 
formula (5.23). 


Let s, be the absorption coefficient for an atom in the ith excitation 
state and rth ionisation state. The number of sueh atoms in 1 cm? is 
n,, ;- In aceordance with (5.23), we can write for the selective attenuation 
of the intensity by the atoms in question 


dl, = —1,8,n,;dk =—TI,8, "Vi odh. (13.2) 


Consequently, the sclective absorption coefficient, referred to 1 gram 
of total mass, is 


o, =S,n, i/o. (13.3) 


For subsequent work it is uscful to have the number of atoms in 
the ith and rth states referrred not to 1 em? but to 1 gram of matter 
(taking account of atoms of all elements); this number, which wo 
denote by 1,,, is 


n,, 9 =n, ./o. (13.4) 
Consequently, the gencral relation 
g, = 8, n,, (13.5) 


* We might also refer a, and x, to the density determined by hydrogen atoms, 
but the method used is more convenient. 
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holds. Next, let the fofal number of atoms of the clement considered, 
in all states of ionisation and excitation, referred to 1 g of matter, be 
n, We can relate n, ;% and n™ as follows: 


ny, « =4,,, (Pe T) ni , (13.6) 


where the function Z,; can easily be calculated from Saha’s and 
Boltzmann’s formulae (5.11) and (5.54). [For an example of the ecal- 
culation see Chapter 16, formulae (16.1)—(16.11).] 

In turn, the quantity n® can be determined as follows. Let n be 
the total number of atoms of the element considered in 1 em3, Then it 
is evident that 

n =n/o. (13.7) 


We can write the density 0 as a sum: 


o=> n,m, , (13.8) 
& 
where m, is the mass of an atom of the corresponding element, and the 
summation is to be extended over all elements. The expression (13.8) 
can also be written 


(13.9) 


THe He Mi Li 
g= mum |} Ny yy na My aE 
where we have added the symbols of the corresponding elements as 
suffixes to the numbers n and m. As may easily be calculated from 
Table 1, only the first two terms in the braces in (13.9), which take 
account of hydrogen and helium, are important. If, using Table 1, we 
take ny./ty = 0-2, the quantity in the braces is equal to 1:8. If we 
take more recent estimates (sec Chapter 15), which give a, = 0-05 for 
helium in B and O stars, the quantity in the braces is equal to 1-2. 
However, we shall, for the sake of generality, denote this quantity by 6. 
Using (13.5), (13.6), (13.7) and (13.9), we obtain for o, 


} % 


b mig ma (13.10) 


oO, = 8, Zyt (Pes T) 


Thus, to calculate o,, it is necessary to know the content of the given 
element relative to hydrogen. We denote this content by a,, in accordance 
with the notation of Chapter 5. The quantity n, in formula (5.1) is in 
our case the number of hydrogen atoms in 1 cm? (both neutral and 
ionised). 

The content of atoms of some metal in some volume is often given 
relative to the total number of atoms of all the metals in this volume. 
and is denoted by « The content of hydrogen atoms relative to all 
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metal atoms is denoted by A; the value of A in stellar atmospheres 
is close to 10,000. Thus, if my is the number of all metal atoms in 1 cm?, 
formula (13.10) can be rewritten 

a, 


Oo, = 8, Zi (pe, 1’) b my 


lon My 


= 8, 4%,3 (PT) yn eg ny (13.11) 


, 1 ~L 
= 8, Zhi (Pes T) b my A 


The methods of determining the values of a,,« and A will be considered 
in Chapter 15. At present we can take them as given, say from Table 1. 


We now turn to the coefficient of continuous absorption x, which 
appears in formula (13.1). In the solar atmosphere negative hydrogen 
ions play the chief part as far as a mean optical depth t of the order 
of unity. On penetrating further, the absorption by neutral hydrogen 
atoms becomes more and more important. Thus we can write 


x = x,(H-) + x,(H) . (13.12) 


Let us consider x,(H~-). The absorption coefficient for H- is usually 
referred to one neutral hydrogen atom and unit electron pressure (1 bar). 
This coefficient, which is shown graphically in Fig. 15(b), is denoted by 
k,(H-). Using again formula (5.23), as we did in finding a, from (13.2), 
we have 
No) ;y &, (H- 

2,(H-) = CH ia oe (13.13) 
where (ng); is the number of neutral hydrogen atoms in 1 cm%. Intro- 
ducing the expression (13.9) into (13.13), we find 


(7%) yx &, (H7) ‘ 
x, (H-) = hy “bing Pe (13.14) 
In the solar photosphere as far as tT = 5 or 7, the hydrogen is prac- 
tically all neutral, so that (o)y/ny 1. 

We now turn to the coefficient «,(H). The continuous absorption 
coefficient for hydrogen, given by formula (5.68), is referred to one 
hydrogen atom (Z is unity for hydrogen). We denote it by k,(H). Pro- 
ceeding as in the derivation of (13.13), we obtain for x,(H) 


#,(H) = k,(H) y/o. (13.15) 
Again using (13.9), we find 
#,(H) = k,(H)/b my . (13.16) 
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Thus, taking into account that (ng)q/ny ~ 1, we obtain for x, 


%, = 4 (A) + (HK) =, [b(HD) a +h, (H)}. (13.17) 


Finally, from (13.11) and (13.17) we find for 1, 


a $a, 2,5 (p,, T) 


Ne = 4 = Ep, + Bd) (13.18) 
If the value of s, is given, then 7, is a known function of the fundamental 
physical parameters of the atmosphere, T, p, p, and 9. In turn, the 
variation of these with depth should be known from the theory of 
stellar photospheres. The variable t, which appears in the equation 
of transfer (10.2) is sometimes replaced by the mean optical thickness T, 
which we defined in Chapter 6; the following ratio is then introduced: 


n, = x,/% , (13.19) 


where % is the absorption coefficient x, averaged in some manner 
over the whole spectrum (see Chapter 6). In this case dt, in equation 
(10.2) takes the form 


dt, = x,odh =n, Xodh =n,dt. (13.20) 


This method is convenient, because in the solar photosphcre », depends 
only slightly on depth. Hence we can put approximately n, ~ constant. 
In this case 

Tt, =7n,T. (13.21) 


Let us now consider the quantity e, in equation (10.2). The value 
of e, in a large number of cases, and in particular for resonance lines, 
satisfies the inequality e, < 1. In such cases, as is easily seen, for 
instance, from formulae (10.20) and (10.9), the effect of the value of 
é, on the intensity can be noticeable only for the innermost parts of 
the lines, i. ec. for the core. For the wings of lines, where 77, is less than 
or comparable with unity, the part played by e, is negligibly small. 
On the other hand, the general problem of central residual intensities 
has not yet been solved; these intensities have observed values which 
are higher than those given by theory. In the present chapter we shall 
concern ourselves only with the outer parts of absorption line contours, 
and we shall not treat the problem of the central parts of lines. For 
this reason we shall at present assume that ¢, = 0. 


2. The application of the theory to solar absorption lines. The part 
played by pressure effects. In order to construct the contour of some 
absorption line, using (13.18) and the assumption that e, = 0, we must 
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fix the value of 6, [determined by formula (11.25)] in the expression 
(11.39) or (11.24) for s,. 

As an actual example, let us consider the D lines of neutral sodium. 
Sinee the D lines are resonance lmes, we can assume that in (11.25) 
T = co and consequently y; = y, = 0. Also, for the D lines under solar 
conditions, the last three terms on the right-hand side of (11.20) are 
negligibly small compared with the first term. i.e. 4,,. Hence we can 
write for 04, 

(An +y2) + (13.22) 


L 
14 


Dy. 1 
2 = 42 4a lotr) © 4 


Let us now calculate y,. As is shown by calculations of AZ,, the contour 
of practically the whole line is determined only by collision damping. 
In order to decide which of the two cases (k = 4 ork = 6) is to be 
applied to the D lines of the solar spectrum, it is necessary to compare 
the corresponding values of y,, given by formulae (11.47) and (11.49). 
It can be predicted that the case where k = 6 is the more important. 
The lines which are particularly sensitive to the quadratic Stark effect 
are those connected with highly excited, weakly bound terms (namely 
the D, F, ete. terms); the D lines, on the other hand, are resonance 
lines with S—P transitions. Bearing this in mind, we shall start with 
y, for k = 6. 

For the calculations we shall take a level in the solar atmosphere 
corresponding to an optical depth tr, = 0-48 for 4 = 5010 A. For this 
level, the temperature 7 is 5895°, calculated from the theory of photo- 
spheres (sec Table 13, Chapter 17) with 7, =5710°; also, for this 
level p ~& 1:32 X10° bars, while p, ~ 19 bars. 

We now apply formula (11.49). For 0 we obtain for sodium and 
hydrogen 1-1 x 10% cm/sec. Also, as we have already said, C = 2-65 x 10-*° 
for the D lines. For p, we can write with sufficient accuracy: 


P= Pu + Poe = (Mn + Mpye) AT & 1:2 ny AT, (13.23) 


where we have taken the value 0-2 for the ratio 4,./ny, in accordance 
with Table 1. For the values of V7 and p which we have taken, ny = 
= 1:3X10!’. Introducing these values into (11.49), we find that y, = 
= 2-2 x10°. On the other hand, for the D lines y, » Aq), which is of the 
order of 7 x10’. Consequently, for the D lmes at the depth in the solar 
atmosphere considered, y, is approximately 30 times greater than the 
radiation damping constant. When t, decreases, y, decreases fairly 
slowly. Thus, for t, = 0-15 the value of y, is dimmished by a factor 
of about 0-6, but even so it is about 20 times greater than y, = Ag. 
It is true that the value of C is approximate, as we have said. However, 
despite the possible crrors, it cannot be doubted that y, exceeds y, by 
at least an order of magnitude. 
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The broadening caused by electrons is in this case considerably 
less. Laboratory measurements have shown that the D lines are dis- 
placed by AA = 0-025 A at 160 kV/cm. Using formula (11.44) to deter- 
mine C, and formula (11.47) with » =n, for y,, it is easily found that, 
for the value of p, = 19 bars given above, the value of y, is of the 
order of 5-410’, i.e. even less than y. = A,,. Thus the damping by 
collisions of sodium atoms with hydrogen atoms is the chief factor which 
broadens the D lines in the solar spectrum. In fact, this result apparently 
holds for all resonance lines in the solar spectrum. 

Having established the chief factors which lead to the broadening 
of the lines in which we are interested (as we have just donc for the 
cxample of the D lines of Na I), we can determine 6, by formula 
(11.25), and thus [by formula (11.38)] the value of a for every depth 
in the solar atmosphere. The ratio 7, can be determined by means 
of formulae (11.39) and (13.18): 

a,Z,; (PT) 


"yk, (H-) p, + &, CH) $ (4, P) 8y,; (13.24) 


where s,, is given by formula (11.40). 

We must first study the dependence of ,, for the given line, on 
depth in the solar atmosphcre. The fundamental parameters 7’, p, p, 
and g are given by the theory of the photosphere. If the change of 
n, With depth is comparatively small (7, ~ constant), and the depen- 
dence of B, on t, can be represented with sufficient accuracy in the 
form of a linear function [formula (8.10)], then we can use formula 
(10.20) for the line contour*; we have already said that for the wings 
of resonance lines we can put e, = 0. If 7, changes markedly with 
depth, it is best to use the method of numerical intcgration of the 
equation of transfer or the method of iteration (see Chapter 10). 

For the outer parts of the line wings and for faint lines, and in general 
for cases where the line depth &, docs not exceed 15%, we can use 
formula (10.43). We recall that in this formula the functions G, (t,) 
and G,(t,) can be obtained directly from the theory of photospheres, 
or, for the Sun, from the law of darkening of the disc to the limb. In 
our case (€, = 0) the true selective absorption coefficient x,° is cqual 
to zero by (9.31), and o,° =o,. Conscquently, the first term in the last 
member of formula (10.43) is equal to zero, and the second contains 
in the integrand the ratio o,°/x, = 0,/x, = n,, which we have already 
estimated [formula (13.24)]. Thus, to find #,, it suffices to estimate 
numcrically the second integral in the last member of formula (10.43). 


* For the ease where n, varies only slightly with depth, and the deviations 
from the linear expansion (8.10) are small, the corresponding formulae have been 
given by several authors. For these formulae the reader is referred to the literature 
(see, for instanee, M. Tunerc [166)). 
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The construction of line contours from the forinulae mentioned has 
been carried out here for the whole disc of the Sun or star, using the 
flux of radiation. The same can also be done for the separate points 
of the solar disc, using the intensity of radiation. In this case the equation 
of transfer (10.2) must be solved for a given angle 0, and not for the 
flux. This can be done, in particular, for all the three cascs which we 
considered in Chapter 10: 

(1) The “standard” case with 7, = constant, ¢, = constant and 

| By =a, +b,1,. 

(2) Nuinerical integration of the equation of transfer. 

(3) The method which we considered in Chapter 10 for small #, 

[168, p. 38+]. 
In these cases also the ratio », is the starting-point; we have already 
considered the general methods of obtaining it. 

Having constructed the contour of some line for various 0, we can 
then study the change of this contour with distance from the centre 


of the solar disc, and also compare the results with observation. In 
Fig. 35 we give such a comparison for the PD, line of the solar spectrum, 
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due to D. L. Harris [58]. The abscissae in Fig. 35 are in angstroms. 
The value of n, is here calculated in the manner described above, 
and the contour is constructed for the case where the change of , 
in the atmosphere is small in comparison with », itself, and B, is a 
linear function of t,. 
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In the case considered, these conditions are fulfilled with sufficient 
accuracy. The coefficients a, and 0, in the expansion (8.10) are taken 
from the observed law of darkening. The contours have been constructed 
for two points on the solar disc; for the centre, and for # = 0-97 Ro. 
For the relative content of sodium the value a, ~ 3 x 107-8 was taken; 
this is close to the a, given in Table 1 (& 2.X10-§). Fig. 35 shows that 
the theoretical contour, in the calculation of which collision damping 
was taken into account, is largely in satisfactory agreement with the 
contour obtained from observation, although there are also definite 
discrepancies between them, both in the wings and in the centre. In 
particular, the theory in question with e, = 0 predicts r,, ~ 0 in the 
centre of the linc, whereas the observations give r,, & 0-06. The cause 
of these discrepancies is not vet clear. It is quite possible that the 
decisive part here is played by processes of non-coherent scattering, 
which we shall discuss in the next chapter. 

The comparison of theory and observation leads to much the same 
results for other resonance lines in the solar spectrum. Thus, despite the 
small discrepancies which still remain, the theory of absorption lines, 
taking pressure effects into account, is quantitatively in fairly satis- 
factory agreement with observational results. If we were to neglect 
pressure effects and assume that the value of 6, is determined only 
by radiation damping, the theory would give much narrower lines 
than those observed. This nnportant result is in complete agreement 
with those regarding /°;, obtained from the analysis of curves of growth. 


In addition to the results enumerated which relate to pressure 
effects, onc more fact must be mentioned which indieates the great 
importance of these effects. For instance, it is found that the values 
of W,/A for all the measured lines of the diffuse series 31 P°— 21D 
of neutral magnesium in the Sun’s spectrum are practically the same. 
They all lie on the same part of the curve of growth, corresponding to 
radiation damping. In this ease, by formula (12.28), 


Wah ~ AY hie Oin) - (13.25) 


When the number of the line in the series increases, the value of fi; 
decreases. If, further, 6; were determined only by radiation damping, 
then it would diminish when & inereased, by (11.25) and (11.20), since 
A,; decreases when k increases. Finally, the value of 4 also decreases 
when k increases. Thus, in the case considered, the values of W,/A for 
the lines of the given serics would have to diminish when the number 
of the line in the series increased. Hence the observed constancy of 
these values shows that y, inercases with the serial number of the line, 
and this increase compensates the decrease of f,,, 4 and A,,;. The increase 
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of y, with the serial number of the line is easily explained. The greater 
k, the larger the orbit of the electron in the atom and the larger the 
effective cross-section for broadening collisions. Caleulations show that 
the damping constant y, increases by a factor of about 30 or 40 when 
the serial number k goes from 3 to 9. 


Thus, in the majority of cases, pressure effects play a much more 
important part in the Sun’s atmosphere than radiation damping, so 
that very often y, > y; +,. However, the problem has not yet been 
finally resolved. In particular, the constants C in formulae (11.45), 
(11.47) and (11.49) are known for only a small number of lines, and even 
then the numerical values are only approximate. It is also necessary 
to exercise great caution in deciding which case of broadening plays 
the chief part, that with k = 4 or that with k = 6. Sometimes both cases 
must be taken into account. Thus, for instance, in the 3!P®°— n!D 
series of Mg I, the main effect in the first few terms is due to neutral 
hydrogen atoms (& = 6), but for the higher terms the broadening of 
the lines by electrons (and to a lesser degree by ions — sec Chapter 11) 
begins to play the chief part, i.e. the case k = 4 becomes important. 
Thus, for some lines of the series, both effects are of about the same 
inportance. 





3. Lines of metals in the spectra of stars. Line broadening by turbulence. 
Let us now diseuss briefly the subject of the eontours of metallic lines 
in the spectra of stars of other classes. The methods used here are in 
general the same as in the case of the Sun. We must ealculate the 
structure of the photosphere of the star considered and obtain the 
appropriate expressions for 7, and for e, (see Chapter 14). The problem 
then reduecs to the integration of the equation of transfer by some 
method. However, in the calculation of line contours in the spectra of 
stars, the subsidiary problem very frequcntly arises of determining the 
acceleration g duc to gravity at the surface of the star. Without knowing 
this quantity, we cannot calculate the structure of the photosphere. 
If the mass and radius of the star in question are unknown, the value 
of g has to be found from absorption lines. One of the most reliable 
methods here is the comparison of the theoretieal contours of the 
Balmer serics with those in the spectrum of the star for which g is 
sought. Other lines can also be used, besides those of the Balmer scries. 
The effeetive temperature 7, of the star must be determined by the 
methods of Chapter 16. 


Sufficiently reliable theoretical contours of absorption lines of metals 
in the spectra of stars differing markedly from the Sun are not yet 
available. Hence it is impossible to speak of any eonclusions from the 
comparison of theory and observation. The pressure effects arc the most 


interesting in the construetion of contours. 
12* 
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For stars considerably cooler than the Sun, the construction of 
theoretical eontours is complicated by the presence of molecular bands. 
For fairly hot stars, where hydrogen is ionised to a considerable extent, 
the contour of a line is determined by the collisions of atoms with ions 
and electrons and particularly with atoms of neutral helium. At still 
higher temperatures, helium also becomes completely ionised. 

Numerous observations have shown that the lines of tonised metals 
in the spectra of supergiants are, as a rule, deeper and broader than 
the same lines in the spectra of fainter stars of the same class. (The 
reverse is observed for hydrogen and helium lines.) This fact has not 
yet been explained; the investigations are hampered by the lack of 
sufficiently accurate contours of metallic lines. Because of the smaller 
acceleration due to gravity in the atmospheres of supergiants, compared 
with the atmospheres of stars of smaller absolute luminosity, the den- 
sities in the former will be lower than in the latter. This must affect 
the coefficients of both continuous and selective absorption. 


Tn the spectra of some supergiants the lines of metals are so inuch 
broadened that they immediately suggest the presence, in the atimo- 
spheres of these stars, of turbulent velocities, of which we have already 
spoken im the last chapter. In some cases this supposition is confirmed 
by the fact that the cores of the absorption lines can be represented 
by a Doppler distribution (11.34), but with dyp corresponding to 
velocities of the order of tens of kilometres per second. The curves of 
growth for sueh stars usually indicate a v, of the order of a few kilo- 
metres per second. Thus, for example, on analysing the line contours 
in the spectrum of 6 Canis Majoris, O. Struve found a turbulent velocity 
of the material of about 30 km/sec, while the curve of growth for this 
star gives a turbulent velocity of the order of 5 km/see. 


The most probable explanation of this fact is as follows. On the basis 
of present-day ideas on the nature of turbulence, we have reason to 
suppose that in stellar atmospheres turbulence is characterised by the 
presence of separate cells of various dimensions, moving in various 
directions with various velocities. In order to make the sequel inore 
easily intelligible, let us eonsider two limiting cases. In the first of 
these, we suppose that the dimensions of the turbulence cells are com- 
parable with or greater than the thickness of the “reversing layer’. 
In the second, we suppose that the cell dimensions are considerably less 
than this thickness. 

It is quite evident that in the first case every cell in the reversing 
layer of the star absorbs photospherie radiation independently of the 
presenee of other turbulence cells. Hence the existence of turbulent 
motions does not here increase the amount of photospherie energy 
absorbed in the line, i. e. the equivalent width of the line. The line is 
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only broadened correspondingly, its contour being determined by the 
velocity distribution of the cells (as well as by the number of absorbing 
atoms). Thus, in the case considered, the presence of turbulence, which 
broadens the absorption lines, cannot change the curve of growth 
constructed for vy, = 0. This case is very similar to that of a rotating 
star, where the values of IV, are again unaltered. 

In the second case, the situation is very similar to that which exists 
in the presence of ordinary thermal motions of Doppler character. 
In fact, the separate cclls here lie one upon another. Hence a ray passing 
through the reversing layer outwards (from the photosphere) is weakened 
by absorption in many cells having approximately the same component 
velocitics in the direction of the ray. Consequently, in the case con- 
sidered, the presence of turbulence inereases the cquivalent width, 
and hence alters the curve of growth. This case was, in essentials, con- 
sidered in Chapter 12. 

The considerations just given account completely for the nature of 
the spectra of such stars as 6 Canis Majoris. In fact, the large turbulent 
velocity obtained from the contour and the considerably smaller one 
obtained from the curve of growth indicate that the thickness of the 
reversing layer in these stars is less than the most frequent dimensions 
of the turbulence cells* in the atinospheres of the stars. 

The fact that in the atmospheres of such stars as e Aurigae and 
17 Leporis the value of v, found directly from the curves of growth, 
is large, is explained hy the very great extent of the atmospheres of 
these stars. (This has been shown directly for ¢ Aurigac.) Here the 
dimensions of the turbulence cells are without doubt small compared 
with the thickness of the reversing layer. 

It follows from all that has been said that the problem of turbulence 
in stellar atmospheres is very complex. Besides the investigation of 
curves of growth, the line contours must be studied from every aspect. 
The latter are very important in eonncetion with the question of the 
velocity distribution of turbulence cells. In Chapter 1] we took as a 
working hypothesis the law (11.32) for this distribution, vg being defined 
by formula (11.29). However, calculations show that various laws lead 
to very different contours. The curve of growth is thereby changed also. 
The value of v, found by means of (11.32) may in some cases differ mar- 
kedly from the actual mean turbulent velocity in the stellar atmosphere. 

In conclusion, let us consider very hot stars, those of the O and 
carly B classes. Here the situation is complicated by the fact that, 
besides the gencral true absorption, the seattcring of radiation by free 
electrons may play a considerable part in the atmospheres of these 


* The cells of small dimensions give the velocity v, = 5 km/sec found from 


the curve of growth. 
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stars. Caleulations whieh take aeeount of the thermal motion of the 
eleetrons show that, for hot supergiants, the influenee of this effect may 
be noticeable; the eleetron seattcring mercases the intensity of radiation 
in the central parts of the lines and deereases it in the wings. 


+. The Balmer series in the spectra of stars. We now pass to the 
interpretation of the line eontours of the Balmer series in the speetra 
of stars. These lines, as was stated at the end of Chapter 11, are usually 
broadened by interatomie electric fields. The broadening due to colli- 
sions does not play any part in this case. The problem of broadening 
by radiation damping can be settled by a eomparison of the absorption 
coefficients given by formulae (11.39) and (11.56) for a fixed distanee 
from the line eentres 42 = A—A). In the former, 6, is determined, 
according to (11.25), by the sum y; + y,, wheret = 2andk = 3, 4, 5,...; 
here y, and y, are given by formula (11.20). The value of y, can be 
taken as zero, smee we are at present interested m radiation damping. 
Moreover, eollision damping plays a negligibly small part compared 
with “statistieal” broadening. Also, in formula (11.56) we must in- 
troduee for #’, the expression (11.54). Here, in aecordanee with Chapter 11, 
n must be taken as the number of ions in 1 em? (it is not yet eertain 
what part eleetrons play; see Scetion 11.8). Sinee the number of ions 
in 1 cm? must be equal to the number of cleetrons in 1 cin, formula 
(11.56) can be rewritten 
Cn, . P, 1 


8, = 2-61 esl = yy o> 
A= ( ) (4 ~- 4,)2 T (4 —4,)9* 


(13.26) 
where A—A, is expressed in Angstréms. We recall that (13.26) holds only 
for the wings of the lines. 

A comparison of (11.39) and (13.26) shows that, in praetiec, the 
broadening of the Balmer lines is determined in the majority of eases 
by formula (13.26). Thus, for example, for the line H, at a temperature 
of 10,000° and AZ = 4. A, radiation damping begins to play an impor- 
tant part when p, < 10 bars; at 7 = 5000° this pressure is halved. 
However, m many giants, and partieularly in the supergiants, the 
broadening of the lines of the Balmer series must be deterinined mainly 
by radiation damping, and of eourse by the Doppler effect. These 
faetors, as is shown by ealculation, should play the prineipal part at 
T, > 30,000° not only in the atmospheres of supergiants, but also in 
those of stars of the main sequenec. The broadening of lines by eleetrie 
fields in the atmospheres of stars with 7, > 30,000° should be important 
only for the higher terms of the series. 

The idea that, in the majority of cases, the lines of the Balmer series, 
particularly its higher terms, are broadened by “microseopie’’ electrie 
fields, and not by radiation damping, is eonfirmed by a number of 
faets, for instance: 
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(1) If the line widths of the Balmer series were determined only by 
radiation damping, then, by (13.25), the equivalent width Wy, would 
deerease very rapidly with inereasing serial number k of the line. This 
follows beeause, for the first four lines of the Balmer series H,, Hag, 
H, and H,, the oscillator strengths are respectively 0-637, 0-119, 0-0443, 
and 0-0212; for the high terms of the series the oscillator strength 
diminishes as k-3, Also, when the number k inereases, 1,; and 4 decrease. 
Hence, if only radiation damping were present, even the H, line would 
have to be very narrow. The observations show, however, that in the 
spectra of early-type stars the equivalent width of the lines of the 
Balmer series at first increases as we pass from H, to the higher terms, 
and then, having reached a distinet maximum, slowly deereases. In 
the speetra of the Sun and, in general, of stars similar to it in type, 
this maximum is considerably less pronouneed. 


These facts are easily explained in terms of the broadening of lines by 
electric fields. When the series number of the line mereases, the number 
of split components of the upper term also inereases (see Table 6), and 
in consequence the width of the line itself increases. Thus the observed 
relative constancy of the equivalent widths of lines of the Balmer 
series is a result of two oppositely acting effects: the decrease of the 
values of f;,6;,, and the inerease of the splitting of the upper level 
when & inereases. The decrease of the equivalent width when & inereases 
further, after the maximum mentioned, arises because fy decreases, and 
consequently the optical depth in the central parts of the lines dimin- 
ishes. Hence, from some k& onwards, this optical depth will be less than 
unity, t.c. the lines are formed in an optically thin layer. In conse- 
quence, despite the continuing broadening (with imereasing k) of 
the line wings [formula (11.55) and Table 6], the depth of the lines 
in their eentral parts diminishes, and this leads to a deerease in the 
equivalent width. Besides this, the overlapping of the line wings beeause 
of their close approach plays a part for high serial numbers. The law of 
variation of the coefficient H20 HIS HI3 HiIl HIO HO 
of continuous absorption x, 
with frequency also plays 
a large part in the change of 
W, with serial number. This 
law is different for stars of 
different classes. 


(2) The widths of the 
lines of the Balmer series in A2 
the speetra of dwarfs are 
considerably greater than in 
those of supergiants. Fig. 36 Fia. 36 


cA2 
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serves to illustrate this effect. In it are reproduced microphotometer 
tracings of lines of the Balmer series for a supergiant of class cA2 and 
an ordinary star of class A2, obtained by G. A. SHain from spectrograms 
taken at the 40 inch reflector of the Simneis observatory. 


This effect is easily explained by means of formula (13.26). It follows 
from this formula that the broadening by electric fields is the greater, 
the greater p, or n,. Consequently the pressure effect will be less in the 
atmospheres of giants, where the total density, and therefore m,, is 
smaller than in dwarfs. 


Typical contours of the H, line, obtained from spectra taken with 
high dispersion, are shown in Fig. 37. The dotted line represents the 
contour of the H,, line in the spectrum of the supergiant Rigel (class cB8). 
The lower contour is that of the H, line in the spectrum of ¢ Draconis, 
a main-scquence star of the same class. 
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It is interesting that the form of the contours of lines of the Balmer 
series in the spectra of B-type supergiants exhibits small changes with 
time. Moreover, these contours sometimes have a slight asymmetry, 
which also varies with time. Nothing like this is observed in the spectra 
of stars of relatively low luminosity (for exainple, the stars of the main 
sequence). This indicates a very unusual kind of structure in the atimo- 
spheres of supergiants. 


White dwarfs also are characterised by a peculiar atinospheric 
structure. Because of the very large density of matter in these atimo- 
spheres, the lines of the Bahner series in the spectra of such stars are 
extremely broad. 


Let us now consider the quantitative interpretation of the contours 
of the Baliner series in the spectra of stars. Here, as before, the chief 
problem is to find 7, as a function of 7’, p, p, and a. Since the existing 
theory of the cores of the Balmer lines is very incomplete, we shall 
consider only the wings of the lines. Assuming the static case to hold, 
we can use formula (13.26). 
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The absorption coefficient s,, determined by formula (13.26), is 
referred to one neutral hydrogen atom in the second quantum state. 
Let there be mo. such atoms in 1 cm’. Then, from (13.2), (13.3) and 
(13.9), we find for the absorption coefficient referred to 1 gram of total 
mass 


8, Moe | 


o, (13.27) 


_ bmg Ny ; 
the ratio rg: my can be determined, J and p, being known, by means 
of Saha’s and Boltzmann’s formulae (5.11) and (5.54). For x,, the 
formula (13.17) must be used in the case of the solar atmosphere. In 
stars of class A0, where the absorption is determined principally by 
neutral hydrogen, (13.16) must be used, and so on. 

The quantity ¢, needs special consideration. For the first few terms 
of the Balmer scries, at not especially high temperatures, ce, < 1. 
In this case, as before, e, plays a considerable part only in the inner 
parts of the line, with which we are not at present concerned. However, 
for fairly high temperatures the density of radiation becomes so high 
that the majority of electrons which have made the transition 2 > k 
will then be removed by radiation. This case corresponds to true sclective 
absorption with ¢«, ~ 1. The approximate equality e, ~ 1 holds for 
the higher terms of the Balmer series even at not especially high tem- 
peratures, since for these lines the binding energy xo, is very small, 
and hence the probability of photo-ionisation from the level concerned 
is relatively high. 

For the first few terms of the Balmer series in the spectra of fairly 
cool stars, we ean takc* ¢, = 0 without noticcable loss of accuracy. 

The construction of contours of the first few terms of the Balmer 
series on the basis of formulac (13.26) and (13.27) has been performed 
by a number of authors, chiefly by means of the first two methods in 
Chapter 10. These ealeulations have led to the following conclusions. 
The general form of the theoretical contours, the widths of the lines, 
ete., are in satisfactory agreement with the results of observation. 
The best agreement between theory and observation is found for the 
outer parts of the line wings. This shows that the statistical broadening 
by electric fields is the principal factor in the broadening of the Balmer 
lines. However, a more detailed comparison of theory and observation 
reveals a nuinber of important discrepancies. Thus, in the inner parts 
of the wings of the Balmer series in the spectra of hot supergiants, 
theory shows a steeper fall of r, to the eentre of the line than is found 
from observation. In general, for the inner parts of the wings of the 


* Some authors choose ¢, by an experimental method, in which they seck to 


make the theoretical intensity [e. g. from formula (10.20)] in the eentre of the 
line equal to the observed value. 
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Balmer lines, and particularly for the most central parts of these lines, 
the agreement between theory and observation is very often unsatis- 
factory. The cause of the discrepancy is not yet quite clear. However, 
we may notice some of the factors which affect the result. Firstly, 
formula (11.56) and all those derived from it are correct only for the 
purely static case where the perturbing particles (ions) are stationary 
with respect to the hydrogen atoms. Consequently, instead of formula 
(11.56) the more exact formula must be used which takes account of 
the relative motion of the perturbing and perturbed particles (sec 
Chapter 11). 

Furthermore, for the supergiants, the effect of turbulent motion 
may be very considerable; it influences most strongly the central parts 
of the lines. 


Finally, it must be borne in mind that the Balmer lines are subordinate 
lines. Hence the non-coherence of the re-emission processes may be 
very important for these lines. This non-coherence should appear in 
two ways: firstly, the processes of ordinary scattering of the type 
2—+1—2, where 1 > 2, are non-coherent (see Fig. 24); secondly, an 
electron which has made the transition 2 > 1 may fall back not to the 
level 2, but to some other level, which may be the ground level. Similarly, 
an electron which has been raised to a higher level J not from the second 
level, but from some other, may then make the transition 1 > 2, emitting 
a quantum of the Balmer series. Processes of the last two kinds (the 
interlocking of lines) lead, as it were, to an exchange of energy between 
spectral lines (see Chapter 14). These circumstances must be taken into 
account in the further development of the theory of Balmer line contours. 


The problem of the central intensitics in the lines of the Baliner 
series deserves special attention. We shall consider it in the next chapter. 
Herc, however, it is necessary to consider one important circumstance 
which is directly related to the contours of the Balmer lines. Since the 
absorption coefficient is very large in the central parts of these lines, the 
observed radiation close to the frequency 1 will come from the most 
superficial layers of the stellar atmosphere, where the total density, 
and consequently p,, is relatively small. Hence it may happen for 
sufficiently small p, that s, is determined not by the broadening caused 
by the electric field, but mainly by radiation damping combined with 
the Doppler effect, i.e. by formula (11.39). But since the formation 
of the central parts of the lines is determined by the effect of a relatively 
small number of atoms, the contour in the line centre will be relatively 
narrow, in accordance with formula (11.39). Thus the contours of the 
Balmer lines will in this case have the following form: on a broad 
contour formed by the interatomic electric fields there should be 
in the centre a relatively narrow line produced by radiation damping 
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and the Doppler effect. It is elear that such a “‘composite’” contour 
should be most distinctly shown in the spectra of ordinary stars, and 
not in those of supergiants, since in the latter case the broadening of 
the lines by the electric ficlds is very much less clearly scen than in 
the former. 


G. A. Suatn [143] first called attention to the possibility of the 
appearance of these “composite” contours in the spectra of stars. He 
established that such contours are actually observed for the Balmer 
lines in the spectra of stars of fairly small absolute luminosity. The 
existence of such cores (of width of the order of 1 A) in lines of the 
Balmer scries is important because observers, in measuring the radial 
velocity of a star by means of hydrogen lines, determine the position 
of these same cores, which correspond to the highest layers of the 
atmosphere. By comparing the velocitics thus obtained with those 
found froin shallower lines (with smaller /,,), which are formed at 
smaller heights, we can study the relative motion of gases in stellar 
atmospheres. 


5. The determination, froin lines of the Balmer series, of the aecelera- 
tion due to gravity in the atmospheres of stars. When we have constructed 
theoretical contours of the Balmer lines for stars with various effective 
temperatures 7, and various aecclerations due to gravity g at the 
surface, we can use these contours to detcrmine the true value of q. 
To do this, we take some value for 7, which is close to the effective 
tempcrature of the given star, and compare the observed contour 
of some Balmer line with the sequence of theoretical contours for 
various values of g. The value of g which gives the best agreement 
between theory and practice is taken as the valuc sought. To obtain 
reliable results, the samc must be done for other lines of the Balmer 
serics also. Finally, a siinilar determination of the value of g can be 
performed in terms of the total absorptions (cquivalent widths). For 
this purpose, the valucs of IV, must first be ealculated (again for a 
scries of values of 7, and g) from the theoretical contours which have 
been constructed. 

The important part which the Balmer series plays in the determination 
of g is duc to two circumstances: firstly, the dependence of s, on n, 
by formula (13.26) means that the dependence of the equivalent widths 
of the Balmer lines on the value of g is clearly marked*; giants give a 
considcrably smaller WW, and a eontour completcly different from that 
for dwarfs (sce Figs. 36 and 37). Secondly, both observation and theory 
show that cquivalent widths in the first few lines of the Balmer scries 


* For lines of metals, the radiation damping plays a more important part at 
low densities. For this reason the dependence of the equivalent widths on density 
is considerably less, 
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in the spectra of early-type stars depend much more inarkedly on g 
than on 7’,. Hence the error in the 7’, taken for the star does not cause 
a noticeable error in the value found for g. 


In comparing the theoretical and observed contours, agreement 
should be sought for the outer parts of the wings, sinee in the inner 
parts, as we have said, the agreement between theory and observation. 
is not satisfactory. 

The method of determining g which we have discussed is of practical 
importance. If we assume that there is a one-to-one relation between 
the mass and the luminosity for the stars for which we determine g, 
then for a given 7, there is a one-to-one relation between g and the 
luminosity of the star. Thus the relation between W, and g_ is. 
converted into one between W’, and the star’s luminosity. By this 
means the hydrogen lines can serve as a basis for determining spectro- 
scopic parallaxes. Having found the star’s luminosity from JW, and 
knowing its apparent magnitude, we can determine the distance of 
the star. 


The determination of g is equally important for supergiants. Calcula- 
tions, both by the above method and by several other methods, have 
shown that the value of g found froin absorption lines for these stars 
is considerably less than the ordinary ‘‘dynamical’’ value given by the 
expression 

g =GM/R?, (13.28): 


where fF is the radius of the star’s photosphere. For this reason we shall 
call the value of g determined from spectroscopic data the effective 
acecleration due to gravily and denote it by gor. 


The values of gog for supergiants of classes 
cB 5 to cA 3 have been detennined by 
G. A. Suain [139] by coinparison of theor- 
etical and observed contours. Fig. 38 shows, 
as an example, this comparison for the Hg 
line in the spectruin of Rigel, a supergiant 
of class cB 8. It was found for seven super- 
giants of these classes which were studied 
that logy) ger lay between 1-0 and 1-4, and 
logy) g was about 3. The same estimate for 
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3 logig Ger in the spectra of the supergiants 
Te. a6 4 studied by G. A. Sain was obtained from 
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many lines of other elements also. Such a. 
small value of g.q_ for the atmospheres of supergiants must, in the 
opinion of G. A. Suain, be due to a very unusual atmospheric 
structure. These atmospheres must be extremely extended. 
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Similar results (go¢ <g) are obtained for supergiants of other 
classes also. In particular, according to O. A. MrEL’nikov (see note in 
Section 12.7). this inequality holds also for cepheids. In all these instan- 
ees, the atmospheres of the stars are much more extended than would 
be the case for hydrostatic equilibrium with the value of g determined 
by formula (13.28). 


However, the supposition that the small values of g,_¢ found from 
spectral lines are due only to the great extent of the atmospheres of 
the stars concerned involves some difficulties. In a recent paper [83], 
O. A. MEL’NtkKov has determined the linear thickness of the atmospheres 
of A-type stars of various luminosities. He finds that this thickness 
increases with the absolute luminosity of the star. When we go from 
stars with J/7, = + 1™ to those with .W, = —5™, the thickness increases 
by a factor of approximatcly 100. It is also found that the extent of 
the atmospheres of supergiants of these classes is insufficient to account 
for the small effective accelerations due to gravity g.q_ that are found. 
Thus there are many points here which are still uncertain. It is therefore 
of particular interest to study the spectra of such supergiants as the 
cool K component of the system £ Aurigae, where we can directly 
study (sec Chapter 12) the distribution of density in the atmosphere 
of the K star. Here the rate of decrease of the density of matter is for 
metals 1000 times less than would be the case for hydrostatic equili- 
brium. 


Despite the uncertainties mentioned above (the case of A-type 
supergiants), we can assert that some force directed away from the 
centre of the star, besides the gradient of the gas pressure, acts in the 
atmospheres of the supergiants. Some authors suppose that this foree 
is the radiation pressure. It is more probable, however, that we are 
here concerned with forces similar to those which support the solar 
chromosphere (see Part ITI). 


G. A. Suain thinks that the extension of the atmospheres of super- 
giants is connected with the outflow of matter from them. This is 
confirmed by a study of the displacement of the lines of various elements 
in the spectra of supergiants. Furthermore, the extension of the atino- 
spheres of supergiants must be related to the “turbulent”? motions in 
these atmospheres. However, it is not yet entirely clear whether tur- 
bulence is the cause of the extension of the atmosphere. 


6. Helium Jines. The distortion of contours by neighbouring lines. Let 
us now turn to helium lines. The broadening of these lines is mainly 
determined by pressure effeets. ‘This is shown by a series of facts. The 
nost important of these is the presence of forbidden helium absorption 
lines in the spectra of stars. For instance, in the short-wavelength 
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wing of the allowed line of neutral helium 4471-6 23P° — 43D, the 
“forbidden” line 4469-9 23P® — 43F° is observed. The appearance of 
forbidden lines is a result of the action of interatomic clectric ficlds 
on the helium atoms. The intensity of the forbidden lines should increase 
with the field Fy, i.e. with the number »,. Thus this intensity should 
be greater m the spectra of main-sequence stars than m the spectra of 
supergiants, where p, is smaller. 
This is completely confirmed by 
the observations; sec Fig. 39, 
where the contour of the lincs 
4471-6 A and 4469-9 A is shown 
for stars of different luminosities, 
but approximately the same 
spectral class. In the spectrum 
of the supergiant 0? Canis Majoris, 
the forbidden linc 4470 Aisabsent, 
while in the spectrum of the main- 
sequence star y Pegasi it is fairly 
strong. When g increases, the 
width of the line 4471-6 A also 
increases, and this also is a result 
of the increasing pressurc effect 
when p, increases. 




















Another fact which indicates 
the great importance of pressure 
effects in helium lines is that all 
lines of the diffuse subordinate 
series (P-D transitions) of ortho- 
helium and parahelium arc broad- 
ened, while those of the sharp 
subordinate scrics (P-S_ transi- 
tions) are narrow. These results 
are related to the fact that the 
high D terms are split much 
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than the S and P terms. 


The principal qucstion arising in the interpretation of helium line 
contours is whether collision damping or interatomic cleetric fields 
determine the broadening of these lines. Isxisting investigations, both 
observational and thceoretieal, show that the chief factor is apparently 
collision damping (the perturbing particles must be mainly protons). 
In the broadening of helium lines by electric fields, the displacement 
of the split components should be asymmetric relative to the normal 
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position*. Thus in this case the absorption lines should also be asym- 
metrie. However, observation shows that, for example, the lines 4472 
and 4388 A have an essentially symmetrical contour, as would be the 
ease for collision broadening. Theoretical calculations also show 
that the width of the observed helium lines is determined by collision 
damping. Here the theoretical contours are slightly asymmetrical for 
fairly strong lines. This is due to the fact that statistical broadening 
by electric fields begins to appear in the wings, especially in their outer 
parts, and this must be greater, the greater is g. Apparently such 
“statistical” wings are to be secn for y Pegasi in Fig. 39. 

However, the quantitative investigation of helium line contours 
is as yet in an unsatisfactory state. In developing the theory, it is 
necessary to take account of Doppler broadening (low atomic weight 
of helium) and of radiation damping, as well as of pressure effects. 
Radiation damping is particularly important for the 2! P® term, because 
of the frequent transitions of clectrons to the ground level (this does 
not happen for the triplet system). 


The lines of helium (P-D) for which the dependence of the splitting 
on the field intensity is not quadratic but linear, form a special case. 


The equivalent widths of helium lines also exhibit a dependence 
on the absolute magnitude of the star, as may be secn, for instance, 
from Fig. 39. Hence helium lines also can be used to determine the 
ralue of g, though in this case the dependence of W, on g is much less 
than for hydrogen lines. 


In concluding the discussion of hydrogen and helium lines, it 1s 
necessary to make the following remark. In calculating the effeet of 
electric fields on the broadening of these lines, we are concerned only 
with intcratomic ‘microscopic’? electric ficlds. Electric ficlds of 
a “macroscopic” eharacter which are large enough to produec a noticeable 
broadening and displaeement of absorption lines have not yet been 
discovered in the atmospheres of stars, although the presence there 
of relatively small electromagnetic fields can scareely be doubted. 
On the contrary, the presence of a large magnetic field (up to 5000 gauss) 
on the surfaces of some stars has been established beyond all doubt 
by H. W. Bancock and others. In many of these stars the magnetic 
ficld is variable, changing sign periodically, and these changes are 
accompanied by variations in the intensities of some absorption lines. 
The question of the nature of the general magnetic ficlds on the surfaces 
of stars is so far unsettled. The most recent survey of this topic is 
by H. W. Barcock and 'T. G. Cowrine [1-4]. 


* This is the ease in general with the quadratic, but not with the linear, Stark 
effet. 
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The general ideas of the theory of absorption-line contours which 
we have considered have related to stars in a steady state, and the 
broadening of the lines was determined mainly by the properties of 
atoms and the interaction between them (pressure effects). Besides these, 
there are other factors which lead to distortion of the “normal” contours. 
One of these (“turbulence’’) we have considered. As well as being the 
effect of turbulence, distortion of absorption-line contours is produced 
by neighbouring absorption lines, and also by the rotation of stars 
and the outflow of matter from them. However, the latter cffect is 
large only for non-steady stars and in general for stars with spectra 
of unusual character, which we do not consider here. 


We shall make a number of remarks relating to the distortion of 
contours by neighbouring absorption lines. In some cases (especially 
for late-type stars) this effect is very considerable. In particular, in the 
parts of the spectrum (chicfly in the ultra-violet) where there is a strong 
concentration of lines, the mutual overlapping of the wings of neigh- 
bouring lines not only distorts the lines themselves, but may produce 
a general weakening of the continuous spectrum in these regions. 


In studying the contour of a line (1) which is distorted by another 
line (2), it is necessary to begin from the general equation of transfer 
(9.29). Here it must be remembered that the absorption coefficient o, 
in the given frequency, by virtue of the additive nature of the energy 
absorbed, is the sum of the coefficients o,, and o,» relating to the two 
lines. This, of course, introduccs a complication into the theory, since 
the quantities 7,, and 7,. may vary with frequency and depth in 
different ways. It must also be borne in mind that, if the distorting 
line (2) is formed as a result of true selective absorption processes 
(i.e. e, = 1 for it), then o,5 plays the same part as the coefficient of 
continuous absorption. 


If, for example, in the wing of the stronger line (2) a faint line (1) 
is observed, this means that the faint line arises in relatively super- 
ficial layers of the stellar atmosphere, since the wing of the line (2) 
prevents any radiation from emerging from the lower layers of the 
atmosphere. By comparing sueh lines with lines which are not weakened 
by other lines, we can draw a number of important eonclusions con- 
eerning the physical state (and chemical composition) of various layers 
of the stellar atmosphere. 

The absorption of radiation beyond the limit of the Balmer series 
plays a similar part in the speetra of early-type stars. Here the coefficient 
of continuous absorption is so large that we are observing radiation 
coming from practically the outermost layers of the star. Henee the 
absorption lines in this spectral region will be weakened. Froin a coin- 
parison of absorption lines lying up to and beyond the limit of the 
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Balmer series, we can again draw a number of important conclusions 
concerning the physical state (and chemical composition) of various 
layers in stellar atmospheres. However, this subject has so far not 
been much developed. 


7. The rotation of stars. To conclude the present chapter, Iet us 
consider the distortion of absorption-line contours owing to the rotation 
of stars. This rotation causes a broadening of all the absorption lines 
in a star’s spectrum, sinee the different parts of the visible surface 
of a rotating star move with different velocities relative to the observer. 
Hence the absorption line for each element of the star’s visible dise 
will be displaced by a definite amount owing to the Doppler effect. 
On observing the whole dise of the star, we find a broadening of the 
line. The greatest rates of rotation are encountered among early-type 
stars. For binary systems, the rates of rotation of the component stars 
are statistically the greater, the shorter the period of revolution of the 
system and the greater the radial-velocity amplitude A of the system. 

The main problem of the theory of absorption lines distorted by 
rotation is the comparison of theoretical contours with observation in 
order to determine the rate of rotation of the star. This problem was 
first solved by the work of G. A. Suain and O. Struve [147]. 

The following method has been the one most used to determine the 
rate of rotation of a star from a comparison of the theoretical and 
observed contours. It is a development of the theory evolved by G. A. 
Suaty and O. Struve.*To construct the contour of any line in the 
spectrum of a rotating star, we take, as an initial contour, the observed 
contour of the same line in a non-rotating star of the same class. Then, 
giving various values to the equatorial velocity of rotation of the 
star, we construct for cach of these 
values the theoretical contour distorted 
by rotation. By comparing the observed 
contour of the same line in the speetruin 
of a rotating star (of the same class) 
with the constructed sequence of theo- 
retical contours, we find the speed of 
rotation v of the star, or, more precisely, 
the value of v sin 7, where ¢ is the 
angle between the line of sight to the 
star and its axis of rotation (see below). 

In connection with the above we now consider how we can pass 
from the contour in a non-rotating star to the contour distorted by 
rotation. We place the origin of a system of rectangular co-ordinates 
é, », € at the centre of the star, with the € axis towards the observer 
(Fig. 40). The angular velocity vector « is, as usual, directed along the 
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axis of rotation of the star, while the 7 axis is so placed that the vector 
lies in the £7 plane. In this case, the vector « has the components 


w = {0, sini, wcosi}, (13.29) 


where, as was said above, 7 is the angle between the line of sight to the 
star and its axis of rotation. 

The position of any point on the surface of the star is defincd by 
the vector 


r={& 7, f}. (13.30) 
Also, the linear velocity vector of this point is 
Voo,r. (13.31) 


Consequently, the component of this velocity in the line of sight, i. c. 
along the ¢€ axis, is 


ve = @:7—ow,§ =—Fwsini, (13.32) 


since w, = w sin 7, and wz = 0. We sce from (13.32) that the radial 
velocity of the separate points on the visible disc of the star depends 
only on the co-ordinate €. Consequently, cach clement of an infinitely 
narrow strip, parallel to the 7 axis, on the visible dise of the star has 
the same radial velocity. 

According to (11.30) and (13.32), each point of a contour correspon- 
ding to a strip between & and & + dé is displaced from its position in 
a contour not distorted by rotation by an amount whose absolute 
value is 


Ah=A—dy = * Ewsini. (13.33) 
If, further, R is the radius of the star, then (13.33) can be rewritten 


AA=h 





y= Fvsiné, (13.34) 


where v = w f is the linear velocity of rotation of the star’s atmosphere 
at the equator. Here v sin 7 is the radial velocity at the equator for 
the points € = + R. 

Let us now obtain an expression for the intensity of radiation at 
any point of a contour distorted by rotation. We shall take the radius 
of the star as unity; the extreme values of € and » will then be + 1. 
Let I(&, 4, A—A,) be the intensity of radiation on the disc of a non- 
rotating star at a point with co-ordinates € and 7 and at a distance 
A— 4%, from the centre of the line. If the star is rotating, the whole 
line contour at the point (&, 7) is displaced by an amount 4/, deter- 
inined by formula (13.34). 


~ 
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We must now introduce /, ++ AZ into the expression for the inten- 
sity J in place of 2,. The energy sent out to the observer by the element 
dé dy of the stellar dise in 1 second inside unit solid angle, in the wave- 
length interval from 4 to 4 + dA, is 


(5, ma— ag Le "sing }) dé dn da. (13.35) 


If the intensity of the continuous radiation were constant over the 
entire dise of the star, and the line contour had the same form at every 
point of the dise, then, by (13.35), the value of J for a given & would 
be independent of 77. This condition is not fulfilled for actual stars. 

In order to obtain the energy emitted by the whole dise in the 
given wavelength, we must integrate (13.35). As a result, we obtain 
for the energy referred to unit wavelength interval 


1 ¥(i— $) 


f= || / 1(é, n aay [Ut ; sin é]) dy | ag, (13.36) 


The calculation of #, for given v sin 1 and 4 is performed as follows. 
We divide the visible dise of the star into a series of narrow strips 
parallel to the 7 axis, and for each of these strips (of width 4&) we 
calculate the value of 


y(i— é*) 
{ Idy \ AE. 
6 


The summation of all such clements is then effected. To ealeulate the 
quantity in braces in (13.36) we use the intensities J(€,7) for the case 
of a non-rotating* star, but for a given A we take the point in the contour 
which corresponds to a distanee A—A,) [1 +(&/c) vsin2t] from the 
eentre of the line. We carry out a similar procedure for other 2 also, 
and as a result the line contour distorted by rotation is found. 

In calculating £, from formula (13.36) it must be borne in mind that 
in general there is a darkening to the limb of the star’s dise in every 
wavelength. We shall assume that the line contour is the same over 
the whole dise of the star, i. e. that the dependence of 7, on 4 is the same 
at all points of the dise. In this case the initial intensity distribution 
within tlie line for any point &, 7 of the stellar disc, i. c. the funetion 
I(E, 1, A—A,), is 


I(E, n, A—4g) = P(A, 0) 1(0,0,A—Ay) , (13.37) 


* The ease where the gravitational effect (sec below) is important forms an 
exception. Here the figure 2 before the integral in (13.36) must be removed, and 


the integration over 7 is from — } (1—é?) to } (1—&?). 
13* 
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where (2,0) is the law of darkening of the star’s dise for the given 
wavelength, sin 0 being 1 (§?+ 7"). The function (2,0) » @(A,0) 
within the line is practically constant. For some cclipsing variables it 
can be determined from observation. The appropriate calculations show 
that the effect of limb-darkening is generally small. 


If the contour itself changes with distance from the centre of the 
disc, then the calculations are more laborious. However, it has not 
hitherto been necessary to take this factor into account. 

At very high velocities of rotation the gravitational effect has to be 
taken into account; it operates as follows. The general theory of rotating 
stars shows that the flux 7l/, at the surface of a star which rotates 
as a rigid body is proportional to the effective acceleration due to 
gravity at the point. Consequently, the effective temperature at the 
poles must be greater than at the equator. Thus, the star’s rotation 
in this case alters the energy distribution over the star’s disc. Since 
in general the angle i is neither 0° nor 90°, there will be an asymmetry 
in the energy distribution over the star’s disc, relative to the &¢ plane. 
However, the gravitational effect causes an appreciable distortion of 
line contours only for velocities of rotation so large that the centrifugal 
force at the equator is of the same order of magnitude as the force 
of gravity. Finally, the differential effect of rotation may play a con- 
siderable part in the case of rotating stars, since the outer layers of the 
star may have different velocities at different latitudes. This is so in 
the case of the Sun, as is well known. 





Fic. 41 


As an application of formula (13.36), we give in Fig. 41 the contour 
of the line HeI 4026 A as distorted by rotation. The contour with 
v = 0 is the contour of the line 4026 A in the spectrum of the non- 
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rotating star « Herculis. The theoretical contours are calculated for 
the case where limb-darkening is absent. To take account of this cffect 
would cause little further alteration; it would make the contours a 
little deeper and less broad. We see that, as v sin ¢ increases, the contour 
is raised and broadened, while the equivalent width of the line is not 
affected by the star’s rotation. 


Graphs of the type shown in Fig. £1 form the starting-point for the 
determination of v sin ¢ from observed contours. To comnpare the theor- 
etical and measu redcontours, they must be reduced to the same equi- 
valent width. It must be emphasised that by the mnethod described we 
determine not vq but (v sin 7),,. Finally, it must be stated that, in the 
method of determining (v sin ?),, which we have explained, it is not 
necessary to take account of imstrumental distortion if the original 
contour and the observed contours, distorted by rotation, are obtained 
with the same instrument. It is evident that the effect of rotation 
operates more strongly on the deeper lines than on those which are 
shallower and more obliterated. This is one of the criteria which enable 
us to decide whether the star is rotating or not. Besides this there are 
other criteria. For example, the rotation of a star causes a broadening 
of all the absorption lines. Also, the broadening of the lines in the 
spectrum of a rotating star inereases, roughly speaking, proportionally 
to the wavelength [see (13.34)]. Finally, rotation, unlike many other 
effects, has no influence on the ratios of the equivalent widths. 


At the present time a fairly large amount of material has been 
accumulated on the values of v sini. It has been ascertained that in 
some cases these values can be very large. Thus, among stars of class B, 
we find sone for which v sin? reaches 400 km/sec. Stars of class B for 
which v sin 7 exceeds 200 to 300 km/sec are not infrequently met with. 
The greatest velocities of rotation belong to stars of class Be. For soine 
of these, v sini exceeds 500 km/sec. Stars of the later classes rotate 
with considerably smaller velocities. Thus, the linear velocity of ro- 
tation of the Sun at the equator is only 2 km/sec. Cases of rapid rotation 
in stars of late spectral classes are exceedingly rare. They occur mainly 
ainong stars of W Ursae Majoris type, which have shallow lines in their 
spectra, and these are certainly distorted strongly by rotation. The 
G-type star HD 117555 also should perhaps be regarded as a rapidly 
rotating star. The H, line in its spectrum is bright. The equatorial 
velocity of rotation for this star is 75 km/sec. 

The accumulation of reliable data on the values of v sini, for as 
many rotating stars as possible, is a very important task of theoretical 
and observational stellar spectroscopy. 

In conclusion, we may remark that in the spectra of eclipsing stars 
an asymmetric distortion of the lines is observed; this is fully explained 
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by the rotation of the eclipsed star of the system. When we see behind 
the eclipsing star one of the limbs of the disc of the rotating eclipsed 
star, the approach (or recession) of this limb to (from) the observer 
displaces the absorption line in only one direction, and since we see 
a finite portion of the disc, corresponding to various & v sin 7, the resulting 
line will be asymmetrical. 


Chapter 14. The variation of absorption-line contours 
from the centre to the limb of the solar disc. 
Non-coherent scattering. Central residual intensities 


1. The variation of absorption-line contours from the centre to the 
limb. Interlocking. The analysis of absorption-line contours at different 
points on the solar disc is the principal method of testing the theory of 
absorption lines in the solar spectrum. For in this case we are exaimi- 
ning in different directions the layers which form the lines, i. c. we are 
introducing a new variable 0 into the problem. By this means we ean 
test whether we have found tlie correct distribution with depth of the 
various characteristics of the atmosphere. These include the form of 
the interaction between radiation and atoms. For example, by studying 
line contours at different points of the solar disc, we can find whieh 
process (scattering or true absorption) plays the chief part in line for- 
mation at various levels. By this means, for instance, we were able to 
establish at the beginning of Chapter 9 that in the solar atmosphere 
strong lines, at least, are formed by scattering of light. 


Let us assume that, starting from definite hypotheses and using 
parameters chosen in the proper manner, we have obtained eomplete 
agreement between the theoretieal and observed contours at the centre 
of the solar disc. Then a comparison of the results of theory and ob- 
servation for various points of the disc is a test of the original theoretical 
assumptions and parameters. This method is also applicable to eclipsing 
variables. Here the lines in the spectrum of the eclipsed star both 
during and outside eclipse must be studied. 


In order’ to study the contour of any absorption line at various 
points of the disc, we must solve the equation of transfer (10.2) or 
(9.32). Equation (10.2) can be rewritten 


dl, (0,t,);dt, — 1,(0,1,) (1 + 9) see 0 + 
(14.1) 
+ [J, 7, (1—e,) + B+, é,)] sec 0 = 0 , 
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i.e. we have here an equation of the form (3.20). According to (3.21), 
the solution of equation (14.1) can be written down as 


Ty 


1,(0,t,) = A, exp [see 0 f (14y,) dt,] + 
0 


+ exp [sec 0 [ (1+n,)dt,] f [U—e,) J, + (14.2) 
0 Ty, 


ty 


+ (l+e,%,) B,] exp [— sec 0 / (1 + »,) dé,] sec 0 dt, , 
6 


where A, is a constant of integration. Proceeding as in the derivation 
of (3.36) and (3.37), we find that A, = 0, and consequently the emergent 
intensity J,(0,0) at the boundary of the atmosphere is 


= / [(1 — €,) Ny J, + 
0 
L, (14.3) 
+(1 +e, 7,) B,] exp [— sec 0 /f (1 + »,) dé,] sec 6 de,. 
0 


Denoting the corresponding intensity in the continuous spectruin m 
the frequency v by J,°(0,0) and putting in this case 7, = 0, we find 
for the residual intensity 7,(0), at the point of the dise considered, 
the expression 


r,(0) = I,(0, 0)/1,°(0. 0) 

oo ty 

f(a —e)nJ,t(lte, ny) Bylexp[—see 0 J (1 + m,)dt,] sce dt, (14.4) 
_? 


lee} 


[ B, e~'¥8°°9 see 0 dt, 
0 
Thus, in order to find the dependence of 7,(0) on the frequency for 
various given 0, we necd to know the dependence of the quantitics 
B,. J,, n, and e, on the optical depth. We have already discussed in 
detail, in Chapters 10 and 13, how this is to be found for B,, J, and 1),. 
The dependence of ¢, on the depth will be considered at the end of the 
present chapter. In the majority of cases the integrals in (14.4) are 
calculated by the method of 1umerical integration. However, m sone 
cases the value of 7,(0) can be obtained in closed form. For example, 
for the method explained im Section 10.2, the functions J, and B, 
ean be taken from formulae (10.12) and (8.10) respectively, where C, 
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is determined by the expression (10.17), and the parameters 7, and e, 
are constant throughout the photosphere. Itflecting the elementary 
integration, we obtain for r, (0) 


b, cos 0 


r, (0) = [a, + b, COs 0}? (a, + 1 + n 


4. 7, (1 — e,) [3 b, —a,(1 + 7,)] | 
LlLt+n,+4,cos@](3¢,+1+7,] J’ 


(14.5) 


where g, is given by the expression (10.9). 

The expression (14.5) for r,(0) can be considered separately for 
scattering alone (e, = 0) and absorption alone (e, = 1) and the resulting 
contours compared. Such a comparison shows that, within the wings 
of the lines, the residual intensity (for a definite wavelength in the line) 
and its law of variation from the centre to the limb of the solar disc are 
almost independent of the value of ¢,, i.e. of whether the absorption 
line (or more precisely its wings) is formcd by scattering of radiation 
or by true absorption. 

It is also of interest to compare the dependence of 7,(0) on the 
angle 0 for two models, that just considered and the simple model of 
Chapter 9, in which the star’s atmosphere is divided into the “reversing 
layer” and the “photosphere’’. For scattering, the value of 7,(0) is 
given by formula (9.24); for absorption, the corresponding formula can 
be derived by separating off some region between the limits 1, = 0 
and t, =, ; in the photospheric models of Chapter 3. The absorption 
lines are to be formed in this region. 

A comparison of these models shows that the variation of the inten- 
sity of the wings in passing from the centre to the limb of the dise of 
the star (or of the Sun) is very different in the two cases, this result 
being true both for a scattering mechanism and for an absorption 
mechanisin. In other words, the variation of the contour in the line 
wings in passing from the centre to the limb of the dise depends mar- 
kedly on the structure of the stellar atmosphere. 

Finally, in the eentral parts of fairly strong lines, the variation of 
r,,(0) with the angle 0 should depend very much on what is the main 
process for these frequencies, absorption or scattering. Thus, for instance, 
in the first case J, (0) is elose to B,(79) for all 0 and depends only 
slightly on 0, while in the case of scattering the intensity J, (0) varies 
quite differently with 0. 

Let us consider briefly some of the principal observational results 
regarding the law of variation of line contours over the solar disc. 
For strong lines the most usual relation is that, at the extreie limb 
of the dise (in practice, for R w 0:995 Rp), the values of 7, (0) throughout 
the coutour are greater than the corresponding r,(0) at the centre of 
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the dise (cf. Figs. 23 and 35). In gencral, the variation of the contour 
over the whole disc (from # = 0 to R = 0-995 #-) is often very complex 
and is not the same for different lines. 


The equivalent widths of faint lines, whose contours are instrumental 
in nature, usually increase towards the limb, but at a certain distance 
from the centre of the disc a maximum is reached, and then the equi- 
valent width decreases again. For very faint lines, the increase of VW, 
is apparently maintained up to the limb itself. In this respect very 
faint lines are sharply distinguished from strong lines, where Wy, is 
less at the limb than at the centre. The central residual intensities 
of faint lines, unlike those of strong lines, arc practically the same 
over the whole disc of the Sun. 


Let us now examine the results of quantitative comparisons between 
the gencral theory which has been explained above and the observations. 
In Fig. 35 we have already given an instance of such a comparison, 

‘from which a satisfactory agreement is seen to exist between the theore- 
tical and observed contours, although there are also definite discrepancies. 
The conclusion that there are definite discrepancies between theory 
and observation follows also from the majority of other work on the 
variation of contours over the solar disc*. This divergence is found both 
for strong lines (particularly in the ultra-violet region of the spectrum) 
and for faint lines. 

The cause of these discrepancies might be supposed to lie in the 
insufficiently exact calculation of the integrals on the right of (14.4); 
rejecting the various simplifications such as, for example, 7, = constant, 
B, =a,+56,t,, ete., we might attempt to refine the methods of 
calculation of these integrals. In particular, the direct method discussed 
at the end of Chapter 7 might be used to find the relation between 
B, and t,. Furthermore, the variation of J,(8,7,) with 6 can be taken 
into account fairly exactly in deriving the dependence of J, on t,, 
and so on. However, all these improved ealculations, though few have 
been performed as yet, show that the use of the expression (14.4) cannot 
give a sufficiently satisfactory agreement between theory and obscr- 
vation. It is true that the existing observations still need further re- 
finement. The results obtained by different observers are usually some- 
what discordant. However, the discrepancics between theory and ob- 
servation exceed the possible errors in the latter. 


Faint lines form a special case. Observations during eclipses have 
establishcd that these lines are observed as absorption lincs at points 
on the cxtreme limb of the solar disc, where they ought to change 
into eiission lines (sce Chapter 21). This fact could be cxplained by 


* See (168, § 113] for a detailed discussion of such investigations and of the 
discrepancies found. 
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(e. g.) an unevenness of the Sun’s surface, owing to which we observe 
radiation emerging from parts of the solar surface which are oriented 
somewhat differently with respeet to the observer. Consequently, 
even where, for a “smooth” surface, we should expect 0 & 3 a, there 
are regions with an effective 4 differing from this value. This, of course, 
reinforces the absorption lines at the limb itself. 

Let us return to strong lines. The impossibility of reconciling the 
results of applying the very general formula (14.4) with observation 
compels us to conclude that the initial assumptions behind this formula 
are not completely accurate. We recall that this fonnula follows clireetly 
from the equation of transfer (9.29). At the same tine, the principal as- 
sumption in this equation of transfer is that the re-emission within 
absorption lines takes place without change of frequeney. In other 
words, cach absorbed quantum is re-emitted in the same frequency. 
Let us now consider how far this assumption is justified. 

We first consider re-cmission processes for transitions whose lower 
level is not the ground level. The importanee of this case lies in the faet 
that in such transitions subordinate lines are formed, and there are 
many more of these lines in stellar spectra than there are resonance 
lines. The formation of subordinate lines differs from that of resonance 
lines, which start from the ground level, in the following ways (see Fig. 24): 


(1) After the absorption of a quantum by an atom as a result of the 
transition k— 1, the electron may fall to a quite different level. say 
the ground level, where i = 1. In this case, the frequency of the re- 
emitted quantum will be totally different from that of the absorbed 
quantum, and the radiation corresponding to the transition k — 
(i.e. to the eoefficient j,) will be attenuated. However, transitions in the 
opposite direction, of the type 1 > 1— &, will contribute to the strengthen- 
ing of the re-emission in the frequencies corresponding to the transition 
k +l. Thus the energy balance in a subordinate line (k > l transitions) 
ean be computed only by taking account of the relation between this 
line and other lines having the upper or lower level in common with 
the given line. In what follows we shall call this the interlocking effect. 


(2) The lower level of a subordinate line is not sharp. Hence, after a 
quantum hy’ has been absorbed by the atom, the eleetron which has 
made the transition k > 1 can fall back to the same level k but to a 
different (energy) element of this level, as a result of which a quantum 
hy” will be emitted which differs slightly from the absorbed quantum 
hy’. In this case we shall call the re-emission proccss non-coherent, 
bearing in mind that the concept of non-coherence here refers to the 
frequency, and not to the phase. It is clear that the phase remains the 
same during the re-emission process considered (in the absence of such 
factors as, for instance, collisions). 
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The interlocking effect has been studied by a number of authors. 
It may be somewhat different in character for each subordinate linc, 
since the scheme of lines connected with different lines must in gencral 
be different. Without taking account of non-coherence in frequeney, 
the interlocking effect for any line can be investigated on the basis of 
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the balance between the number of transitions in the given line, allo- 
wing for the most important lines connected with it. This balance makes 
it possible to calculate the ratio of the numbers of atoms m the upper and 
lower states, and thereby the variation of 7, duc to the interlocking effeet. 
As an example of the caleulation of interlocking (neglecting non- 
eohereice), let us consider one of the most important lines in stellar 
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spectra, the H, line, which begins from the second level. It may be 
assumed that the preponderant part of the absorption processes leading 
to the formation of the H, line correspond to the transitions 2 p > 3s 
and 2p)—>3d. The 2s > 3p transitions are few in number compared 
with these (Fig. 42). On the other hand, having arrived at the 3s or 
3 d level, the electron will usually return to the 2 p level again, since 
the probability of upward transitions from the 3 s and 3 d levels is small, 
for fairly cool stars, compared with the probability of some transition 
3 > 2. The transitions 3s —>1s and 3d— 1s are forbidden by the 
selection rules for the azimuthal quantum number. Thus, the inter- 
locking effect for the case considered (the H, line) is connected only 
with the processes 2 s + 3 p (which can lead on to the transition 3 p > 
ls, i.e. the emission of a Lyman f quantum). Hence, on account of 
the relative rarity of 2 s > 3 p transitions, the effect considered is not 
so large as might appear at first sight. 


2. Non-eoherenee of seattering processes. We have now considered 
the interlocking effeet for a line of the Balmer serics and have shown 
it to be small. However, in other cases it may be more considerable. 
We must simultancously take into account the effect of non-coherence, 
as well as of interlocking. 

For non-coherent scattering of light, the fundamental expression 
(9.5) for the emission coefficient 7, 


jy = 9, / 1,¢° (14.6) 
must evidently be replaced by the following [155]: 


, ‘ ,d - 
i= [[ Lev ors oyar' 82, (14.7) 


where p(v,’,y) dy is the probability that radiation of frequency +’ 
is scattered into the frequency interval from y to » + dy, in a direction 
making an angle y with the original ray. 

The importance of non-coherent scattering processes in stellar 
atmospheres has been discovered only very recently. In particular, it 
has been found that non-coherence (in both frequency and phasc) 
exists for resonance lines also. Let us consider the reasons why non- 
coherence, both for subordinate and for resonance lines, may occur. 


(1) Non-coherence arising from thermal, turbulent and other motions 
of the absorbing and cmitting atoms. In general, the components of 
the velocity of the moving atom in the direction of motion of the ab- 
sorbed and emitted quanta are not the same. Hence the frequencies of the 
absorbed and emitted quanta must in gencral be different, even if the seat- 
tering by stationary atoms of the kind in question is completely coherent. 
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(2) Non-coherenee due to the broadening of the lower level. This 
applies mainly to subordinate lines*. Here the magnitude of the re- 
emitted quantum /»” is in general (sec Tig. 24) different from that of 
the absorbed quantum hy’. If a strong radiation field is present (very 
hot stars), the ground level also may be broadened [sce formula (11.20)]}. 
In this case the coherence is destroyed for resonance lines also. 

It is of interest to remark that, in the case we are now considering, 
the following restrictive condition on processes of emission and absorp- 
tion of quanta exists: in the given line, the sum of the values of hy 
for all quanta absorbed by the atom in a sufficiently long time must be 
equal to the sum of the values of hy for all quanta re-emitted by this 
atom. This condition, of course, follows from the law of conservation 
of energy. 

Both the cases of non-coherence described above relate to non- 
coherence only in frequency, since the continuity of the wave proccss is 
not here destroyed. 


(3) Non-coherence caused by pressure effects. This factor is apparently 
the most important one in stellar atmospheres, since, as we have scen 
in Chapters 12 and 13, the broadening of the levels of atoms in stellar 
atmospheres, with the possible exception of supergiants, is largely 
determined by pressure effects. A consideration of these effects shows 
that, in the case in question, the re-emission of the absorbed quanta 
must be completely non-coherent in both frequency and phase. This is 
most easily seen for the case of statistical broadening. If, for instance, 
the process of absorption of a quantum by an atom takes place at a 
moment when there is a perturbing particle close to the atom, the fre- 
queney of the absorbed quantum will differ from that of a quantum 
absorbed in the absenee of the perturbing particle. At the moment 
when the electron returns to its original level, the perturbing particle 
may be so far from the atom that the frequency of the emitted quantum 
is different from that of the absorbed quantum. The difference (excess 
or defect) of energy between the absorbed and emitted quanta gocs 
to inerease (or deerease) the energy of the perturbing particle, whose 
kinetie energy (at infinity) will now differ from its original value by 
exactly the difference in energy of the absorbed and emitted quanta 
(if, of course, the absorbing atom returns to its original state and non- 
coherence in the unperturbed atom can be neglected). 

In this ease, the frequeneies of the absorbed and emitted quanta 
are coinpletely independent, and the re-emission of quanta is completely 
non-coherent. These results are applicable, for example, to the broadening 
of hydrogen lines by interatomic electrie ficlds. The case of line 
broadening by collisions is similar to that of statistical broadening. 


* The interlocking effect is also significant for subordinate lines (sec above). 
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It follows from the above that, in the presence of pressure effects, 
the frequencies of the absorbed and emitted quanta must in gencral 
be different. Scattering processes are therefore completely non-coherent 
in the presence of pressure effects. Furthermore, the non-coherence here 
considered is non-coherence in both frequency and phase. In fact (sce 
Chapter 11). pressure effects are caused by just the change in phase of 
the oscillations of the absorbing and emitting atoms. 

Let us now consider how the equation of transfer should be modified 
in the presence of non-coherent scattcring processes. Here we shall 
consider only non-coherence caused by the effects of collision damping. 
We have seen in Chapters 12 and 13 that in many cases these effects 
are the principal ones in the broadening of absorption lines. 

In this case, the scattering is completely non-cohcrent. This means 
that the frequency distribution of the re-emitted quanta is independent 
of the frequency distribution of the radiation which cxcites the atoms. 
Consequently, the frequency distribution of the re-cmitted quanta is 
determined by the law (11.23), i.e. the energy re-emitted in completely 
non-coherent scattering should be proportional to o,, the absorption 
coefficient in the line*. 

Let us now consider an actual example of the construction of the 
equation of transfer for resonance lines. Here it must be taken into 
account that in general the broadening of these lincs is determined 
both by pressure effects and by radiation damping. The rigorous scpa- 
ration of these two factors in writing the equation of transfer poscs 
a problem as yet unsolved. However, if we start from the model of a 
classical oscillator, this separation can be performed as follows. Let the 
radiation damping constant for the given line be y,.9, and the collision 
damping constant y,. In this ease the absorption of radiation is deter- 
mined by the absorption cocfficient (11.24) with 63 = (yen + y)/42, 
since y, ~ 0 for resonance lines. Analysis then shows that, of the energy 
absorbed, the fraction ycon/(Ycon +Ve) 18 coherently re-emitted, i. ce. the 
frequeneies of the absorbed and cmitted quanta are equal, while the 
fraction ¥-/(Ycon + Ye) is completely non-coherently re-emitted, where, in 
aecordance with what was said above, the frequency distribution of 
the re-cmitted energy is identical with the frequency dependence of 
s, (or d,). 

The eorresponding emission coefficient 7, consists of two parts. 
The first part, which corresponds to coherently seattered light, has the 
form 


* _ 7coh dw 
Gidoon = yo f Le GS (14.8) 


* Since the probability distribution laws mentioned are the same for both 
emission and absorption processes. 
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The second part can be written by starting from the total amount of 
energy absorbed by one grain of matter, which is 


, d 
tm | a, ay press: (14.9) 


Of this energy, the fraction y,/(ycon+ y,) is scattered non-coherently. 
Since we arc concerned with completely non-coherent scattering, we can 
write for the second part of j, 


(jy Anon = yey oun | 90 - dv’ fies v dn , (14.10) 


where g,,, is the absorption coefficient normalised to unity, i. e. 
Onn =0,| f 0,00. (14.11) 


(Here o, is the absorption coefficient in the line, defined in the usual 
manner.) The integral of (14.10) over the whole line should give us the 
expression (14.9) multiplied by y./(veon + ¥¢) - 

Consequently, if we take no account of true absorption processes, 
the equation of transfer, instead of (9.30), takes the form 


T, (8) 
cos 0" dk (Me +9) L, (8) — 


i 


G, J dw Ve dw 
— — I . oy dy’ f Ty) -}— x, B,. 
Yeon t 7c jen J "4a el / | 


The addition to the right-hand side of (14.12) of additional terms with 
the factor ¢, cannot be made without a special analysis to find how 
far the recombinations to the kth level can alter the second term in 
the braces in (14.12). 

The exact solution of the equation (14.12) for the case y,o,, = 0, i. ¢. 
the solution of the equation 


(14.12) 


T, (8) i 
£08 0 = (%, + 01) 14(0)— fouae ,_| 2 av [le do __ 4, B,, (14.13) 


has been explicitly obtained by V. V. Soporey [155]. This case is of 
great interest since, as we have scen in Chapters 12 and 13, in many 
cases we actually have yoon < Ye - 

The absorption line contours constructed on the basis f this solution 
become more broadened as we approach the limb of the disc; this 
agrees with the results of observation. The calculations of G. Mincu for 
the K line of Ca II, based on the solution of equation (14.12) with 
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certain assumptions, lead to a satisfactory agrement with the observed 
variation of the K line contour over the solar disc. The faet that the 
theory of line formation with non-coherent scattering is in better agree- 
ment with observation than the theory for coherent scattering follows 
also from more recent calculations by V. V. SoBoLey [160]. Thus taking 
account of non-coherent scattering largely removes the discrepancies 
between the theoretical and observed contours, though much further 
work is of course necessary. Further, it is very important to develop 
the physical foundations of the theory of non-coherent scattering by 
the use of laboratory results*. It must be mentioned that the existing 
laboratory data completely confirm the hypothesis of the non-coherence 
of scattering processes in the presence of broadening collisions. W. ORTH- 
MANN and P. Princsuem have shown (using mercury lamps) that, 
when the atoms of a gas are excited by the radiation of a narrow reso- 
nance line, the new line which arises from re-emission processes is 
considerably broader than the former one, and has a contour which 
is entirely determined by broadening processes due to the collisions 
of the atoms in question with other atoms. 

We have now considered processes of non-coherent scattering 
related to pressure effects. Lf the non-coherence arises only froin the 
broadening of the lower level (subordinate lines), analysis shows that 
the scattered radiation is not completely non-coherent, but consists 
of two parts. The first part corresponds to coherent scattering and the 
second to non-coherent scattering. However, subordinate lines also 
are, apparently, broadened inainly by pressure effects. Hence we should 
expect that the considerations given regarding completely non-coherent 
scattering would be applicable to these lines also. 

In conclusion, the following remark must be made. Both observation 
and theory (though still incomplete) show that the difference between 
line contours in the cases of coherent and non-coherent scattering is 
relatively small. This means that all our quantitative results regarding 
such parameters as the turbulent velocity, the damping constant, the 
number of absorbing atoms (and thus the chemical composition), etc., 
ought not to be much altered by replacing coherent scattering processes 
by non-eoherent ones. In other words, all our quantitative results are 
apparently of the right order of magnitude. 


3. Central residual intensities in absorption lines. Comparison of theory 
and observation. Let us now pass to the subject of the residual intensities 
in the central parts of absorption lines. We have already said on several 
occasions that there is a scrious divergence between the results of 
calculations and those of observation. Namely, for the centres (v = 1) 


* For the theory of the diffusion of resonance radiation, taking account of 
the frequency change in absorption and emission processes, see I. BrneRMAN [22]. 
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of fairly strong lines in the solar spectrum, where, according to (10.20), 
we should expect (for e, = 0) the result r,, ~ 0. the observed values 
of 7,, lie in general between 0-05 and 0-2. Such discrepancies exist 
not only for the Sun, but also for other stars. On the basis of (10.20) 
we should always expect the result r,, <0 to hold for fairly strong 
lines if e, = 0. It is casy to see this by substituting a sufficiently large 
value of 7,, in this for- 
mula. The extent of the 
disagreement between 1Ok 
the results of the theory 0-9 
in question and obser- 
vation for stars of non- 
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solar type can be seen, 
forexample, from Fig.43, 
compiled for the H,, line . 
by G. A. SHaix [144] O'4re ¢ 
from Simeis  spectro- 0-3 
grams. On the axis of 
abscissac are placed the 
spectral types from O 
to MO and log), 7, and on the axis of ordinates, the depth R,, = 
I—r,,. It may be seen from this graph that, between the classes 
I’ 5 and B2, where the H, line must be considered fairly strong, the 
value of R,, differs very appreciably from unity, and that of 7, from zero. 
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Fig. 43 


Let us now consider a possible interpretation of these results. We 
first ascertain to what extent the intensity within a line is determined 
by processes of true absorption. We have seen in Chapter 9 that, when 
processes of true absorption are predominant (¢, ~ 1), the intensity 
of radiation in the centre of a strong absorption line must be close 
to B,(7,), for all angles 0. Thus, if the intensity of radiation in the 
parts of the continuous spectrum near the line is B,(7'g), where 7’; is 
the temperature of the radiation (sce Chapter 8), then to a sufficient 
approximation we can put 


r,, © B,(1,)/B, (Ty) . (14.14) 


vo 


(In many cases it can be assumed that 7) ~ T7,.) 


Consequently, in this case r,, will have a quite appreciable value, 
different from zero. It is true that in Chapter 9 we showed that the 
central parts of absorption lines in the solar spectrum are formed mainly 
not by processes of true absorption, but by those of scattering. However, 
some part ¢, of the absorbed quanta is re-cmitted aecording to the 
laws of true absorption. Moreover, it is evident that the introduction 
of a value ¢«, > 0 in (10.20) increases r,, in comparison with the case 
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€&, = 0. We shall now consider this possibility. Here we shall as yet 
have in mind only lines of the solar spectrum; we shall speak later 
of stars of other spectral classes. 

In obtaining the residual intensity r,, in the centre of a strong line 
we shall work from the following simplified considerations. Since, for 
the line considered, the absorption cocfficicnt ¢, is very large in its 
central parts, we observe radiation coming from a very thin surface 
layer of the solar photospherc. Inside this layer, which includes part 
of the lower regions of the chromosphere, we shall assume the tem- 
perature to be constant (see Chapter 21) and equal to the surface tem- 
perature 7). In view of the small thickness of the layer econsidcred, 
we shall assuine the valucs of 7, =o,/x, and of e, to be independent 
of depth also. Consequently, we can use formula (10.18), putting b, = 0 
because of the assumed constancy of the temperature. For the flux 
H,° (0) which corresponds to the continuous spectrum, we can take 


H,°(0) = B, (1p) , (14.15) 


where 7’; is the temperature of the radiation. The value of 7',, in the 
case where the linear expansion (8.10) is justified, can be found from 
(14.15) and (10.19). In general this can be done by equating 2 B,(7';,) 
to the theoretical flux 2 H, in the radiation of the continuous spectruin 
at the boundary of the atmosphere. Finally, 7’, may also be dcter- 
mined from observation. 


Taking this into account, we find for r, 


} (1 + €,7,) B, (To) 


— 4 7/2 _ . . . 
= S13 ca 4 n,) £37 BU +en,)) BUT) 


(14.16) 


For e, = 1 we obtain approximately* the equation (14.14), as we should 
expect. 

It should also be noted that formula (14.16) cannot be applicd for 
ny, =0, sinec it has been obtained for the case 7, > 1, i.e. for the 
centres of strong lines. The use of (14.16) for 7, =0 is permissible 
only if 7 = T, =constant throughout the atmosphere of the star. 
In the centre of a fairly strong line, not only 7,, but also e, 7,, is 
considerably greater than unity. In this ease formula (14.16) takes the 
form 


B, (To) 


Bp Vee = 28 pony 
(Fy) 


3" cp,) Ver (14.17) 


"© 47/3 


where it is assumed that e, < 1. 


* ‘The factor 1.07 which then appears before B,(7'5)/B, (7) arises from the 
mathematical simplifications of the method, particularly the use of formula (14.15). 
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In the solar spectrum for 4 = 4500 A, 7; » 6200°; for 2 = 6000 A, 
Ty, ~ 6000°. With 7’, = 5710°, we find from formula (4.25) that 
T, ~ 4640°. With these values, we obtain for 4 ~ 4500 A the ratio 
B,(T,)/B,(T 5) ~ 0-17, and for 2 = 6000 A, B,(7',)/B, (1p) ~ 0-30. 
Thus, in the former case a factor close to 0-4, and in the latter case 
one close to 0-7, stands in front of ye, in formula (14.17). It follows 
from this and from formula (14.17) that, if for example r,, ~ 0-05 
in the centre of an absorption line lying near 4 = 4500 A, then we 
should have e, ~ 0-016, and fora line lying near 4 = 6000 A, e, ~ 0-005. 

Let us now consider what values of ¢, we should expect for strong 
lines in the solar spectrum. For definitencss, we shall discuss resonance 
lines. We shall denote the lower and upper levels of such a line by the 
symbols 1 and k respectively. 


We recall that the quantity ¢, is the proportion of the total selectively 
absorbed energy that is transformed into thermal energy. It is clear 
that this quantity is also the proportion of the total number of tran- 
sitions, accompanied by the absorption of quanta, which correspond 
to processes of true absorption. Since we wish to obtain only an approx- 
imate value of 7,., we shall not take account of transitions upwards 
from the level & to higher disercte levels. 


Let us now consider clectrons which pass from the ground level 
to the level & in consequence of absorption processcs (transitions of the 
type 1 > k). Having arrived at the level k, these electrons may leave 
it in three ways: (1) by transitions back to the ground level; the number 
of such transitions referred to one excited atom is equal to the coef- 
ficient A,,; (2) by photo-ionisation processes from the level &; the 
number of such processes is denoted by Cj,, and it is equal to the expres- 
sion (8.6) divided by n,;; (3) by collisions of the second kind, which 
transfer electrons from the kth level to the ground level without the 
cmission of a quantum 4»,,. Let the number of such processes referred 
to one excited atom be cy. 


Of these three processes, the first corresponds to scattering, and the 
latter two to the transformation of radiant cnergy into thennal energy. 
Since the total number of transitions from the &th level, referred to 
one atom, is A,, + Ch, + ¢,,, and the number of transitions corresponding 
to true absorption is C,, + cj,, we have 


&y = (Cyy + Car) /(Cay + Cer + An) - (14.18) 


It is evident from the meaning of this formula that the value of ¢, must 
be the same everywlhicre in the linc*. 


* See the article by B. Strémcren [164] for a more rigorous justification. 
14* 
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In fommula (14.18) we can neglect the term c,, in both the numerator 
and the denominator. lor we have seen that the central parts of absorp- 
tion lines are formed in the outermost layers of the solar atmosphere. 
In these layers the particle density is small, and consequently collisions 
of the second kind cannot be important there. This conclusion is con- 
firmed by direct calculation. Thus the value of ¢, = € can be caleulated 
from the formula 


ey = € = Oyy/(Cyy + Ags) - (14.19) 


To find the quantity C,, we can return to formula (8.6). If we use 
the approximate formula (10.16) at the boundary, then we have by 
(8.6) 


co 


Cy & “ | (H,):,-0 Ook dy. (14.20) 
"k 

Here we can put (/,), 9 = B,(7y), where 7’, is the temperature of 
the radiation, to estimate C,, in the region which is most important 
for the photo-ionisation of the given atom from the kth level. For the 
levels of the hydrogen atom, and for levels of other atoms which have 
small binding energies z,;, we can use formula (5.24) in calculating 
(ky). For low-lying terms with large z,,, direct quantum-mechanical 
calculations or laboratory data must be used in each case. 

In Table 7 we give the values of C,, obtained from formula (14.20), 
using the equation (H,),, 9 = B,(7'y) and formula (5.24). In this last 


formula we take Z = 1, g’ =1 andxn =k =2. 


Table 7 
_ en 
(eV) 7, = 4900° T,, = 6500° 


2 2105 75x 105 
3 15x 104 9x 104 
4 1x 108 1-2x« 104 
6 5 225 
8 0-03 45 


Although the values in the table are approximate, we can never- 
theless estimate from them the order of magnitude of e. Let us first 
consider the D, and D, lines of sodium, for which, accordiug to obser- 
vation, 7,, is approximately 0-05 to 0-06. For these lines 79, = 3-03 eV. 
If we take as an upper limit 7; = 6500°, we find C,, ~ 9 x 104. On 
the other hand, +1,,; ~ 6 =< 10? for these lines. We hence obtain for 
the lines in question ¢ ~ 0-0015, and 7, ~ 0-03. 
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For the CaI line 2 = 4227 A. with an observed r,, = 0:03, the 
transition coefficient A, ~ 1-4 x 10%, yo, e% 3-2 eV. Cy, » 6 Xx 104, 
é 4:3 x 10-4, and the theoretical value of r,, ~ 0-007. Thus in both 
cases the theoretical value of r,, is less than the observed valuc. The 
situation is still worse for the H and K lines of ionised ealciwin. For 
these 4, = 8-7 eV, and consequently (from Table 7) C,,; <1. while 
for both lines A,, ~ 1-4 x 108 per see. We find from this that in the 
case considered e€ is equal to or Jess than 10-8 in order of magnitude, 
which is negligibly small for the purpose of explaining the observed 
value of 7,,, 0:07 to 0-08. 


4, Deviations from thermodynamic equilibrium in the Sun. Stars of 
other spectral classes. Let us attempt to take account of the effect of 
possible deviations from local thermodynainie equilibrium on the last 
term on the right-hand side of equation (10.2). Since it gives the emis- 
sion corresponding to processes of true absorption, these deviations 
ean be represented by simply multiplying ¢, 7, B, by some quantity Q. 
If Q > 1, then the emission will be greater than when the laws of ther- 
modynaiie equilibrium are valid; if Q@ <1, the emission will be less. 
In this case, equation (10.2) takes the form 


cos 0 dl, ()/dr, = (1 + m,) 1, (0) — 


(14.21) 
—(1—e,) 1,5, — B, — Qn, & By. 

In order to write the quantity Q explicitly, we consider the physical 
meaning of the calculations we have just performed. The increase of 7,, 
due to the difference of e, froin zero is caused by recombinations to the 
kth level, i. e. by captures of clectrons into this level. Let us consider 
processes of the types 1 >k—>f and f>k-—1. In thermodynamic 
equilibrium, the two types of process balance cach other. In the outer- 
most layers of the atmosphere of the Sun (or star), the intensity of 
radiation in the line is small, being weakened in the ratio 7,,; hence 
transitions of the type 1 — &, and consequently k > f, take place less 
often than in thermodynamic equilibrium. The diminution of the 
intensity in the line frequeney has, however, no direct cffeet on processes 
of the type {/ > k > 1. Each process of the type f > k > 1 leads to the 
production of a quantum in the line frequency. The predominance of 
these processes must increase the central intensity of the absorption lines. 


The case we have considered is essentially an instance of fluorescence, 
i.c. of a process in which quanta of high energy are transforined into 
quanta of low energy. In fact, in the ease considered the number of 
transitions corresponding to the closed cycle 1 — k > f — 1 is, for the 
reasons given, less than the number corresponding to the cycle 
1—+f{—-k—+1. In other words, the processes of transformation of 
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quanta with the higher energy h»,, into quanta with the lower encrgics 
hy, and h1,, take place much more often than the converse processes 
with the successive absorption of two quanta hy, and hy, and the 
re-cmission of one quantum h71,,. 


On the basis of these considerations, let us consider the problein 
of the value of Q. Since almost every electron which arrives at the 
level & falls directly back to the ground level (the cocfficient C,, is 
much smaller than A,,), producing additional radiation in the line 
centre, the intensity of this latter radiation is proportional to the number 
of recombinations to the Ath level. Furthermore, in the presence of 
equilibrium the number of recombinations which take place in 1 em? 
in 1 second must be equal to the number of photo-ionisations in the 
same volume and time. Hence an increase in this number of photo- 
ionisations for any reason must lead to an increase in the number of 
captures C,,, and so to an increase in the number of additional tran- 
sitions A,,. On the other hand, the number of photo-ionisations which 
take place in 1 cm? is mainly determined by transitions of the type 
1 > f, since, as we have seen, there are few atoms in the &th excited 
state. Consequently, the number of transitions k > 1 which producc 
additional radiation must be proportional to the coefficient C,,. Bearing 
this in mind, we can write for Q 


Q = Cyy/Ciye ; (14.22) 


where C\,,1s the number of photo-ionisations corresponding to thermo- 
dynamic equilibrium, and C,, is the saine number in the case considered. 

A more rigorous discussion of this problem leads to the expression 
[164] 

_ Oy! Oy 9 
d= Cue! Cue (14.23) 
The difference between (14.23) and (14.22) is noticeable only in cases 
where the upper term & lies fairly deep. The H and K lines of Ca IT, for 
which 7), = 8-7 eV, belong to this class. 

If we now assume that, within the relatively thin layer in which the 
observed central residual intensity is formed, the value of Q is constant, 
and that the quantities 7,, ¢, and B,(7') ~ B,(7)) are also constant 
(sec above), then we can find the solution of cquation (14.21), using 
the method of Chapter 10; instead of equation (10.5) we obtain the 
equation 


1 dH, /dt, = (l+.e,7,) (J, —, B,) , (14.24) 
where 


My = (1+ 9, €,Q)/(L + yy) 5 (14.23) 
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while equation (10.6) remains unchanged. Further, using equations (10.6) 
and (14. 24) and the fact that u, B, =», B,(T,) = constant, we obtain 
instead of (10.10) the equation 


d? (J,— nw, B,)/dr,? = Ww (J,—p, B,) (14.26) 
and its solution 
J, =p, B(T)) + C, eu. (14.27) 


Finally, determining the constant C, as in Chapter 10, we find for the 
flux H,(0) in the centre of a strong line the relation 


1 BT 
H (0) = 4 + n, &,@ Gy v( 0) _. 
4 S ltane ltnt+Fy, 





(14.28) 


Introducing also the flux H,° (0) by the relation (14.15), we obtain for r, 


l+ne@ , ; 


3 yd +e, 7,) B,(T >) 


yt) +3 y 1380. + 4, 7,)) By(T_) ° 








~—=Ttn,e, * 


If we now take into account the fact that, for the centre of a strong 
line, not only 7, > 1, but also n, ¢, > 1, the first factor in (14.29) 
becomes equal to Q, and instead of (14.17) we have the formula 


w23Q p Ve,. (14.30) 


Thus formula (14.30) differs from (14.17) by the factor Q. 


On returning to the ealeulations of r,, which we have carried out, 
we see that, to explain the observed value of r, in the case of the D 
lines of NaI, we must have Q ~ 2, and for the line 4227 A of CaT, 
Q ~ 4. Thus, by introducing even relatively small values of Q, agreement 
can be achieved between theory and observation. To do so, it is only 
necessary to assume [see formula (14.22)} that the density of radiation 
which ionises the atoms of Na I and Ca I from the ground level is a few 
times greater than the density of radiation in thermodynamic equili- 
brium. However, it is impossible to explain in this way the eentral 
residual intensitics of the H and K lines in the solar spectrum. The 
application of formula (14.17) here gives for r,, a value of the order 
of 10-4 or less, i. c. the value of r,, obtained from observation (r,, = 0-07 
to 0-08) is more than 700 times greater than the theoretical value of r,,. 
Consequently, it would be necessary in this case to have Q not less 
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than 700, and this is very dubious. The greatest difficulty is that the 
value of 4, = 8-7 cV for the H and K lines is little different from the 
ionisation potential of Ca IT (z, = 11-8 eV). Hence the two parentheses 
in (14.23) cannot differ by very much. Consequently, for lines where z, , 
is large, the theory we have considered is apparently untenable. How 
then can we explain the observed values of 7, at the centres of the H 
and Kx and similar lines ? A new possibility has been pointed out recently. 
V.V. Sopotev [155, 160] has shown that processes of non-coherent 
scattering also lead to an appreciable increase of r,,. The same result 
has been obtained by I. W. BusspripceE [26]. It is possible that the 
anomalously high intensities in the centres of many absorption lines 
in the solar spectrum will be explained in just this manner. Moreover, 
processes of non-coherent scattering may perhaps explain the observed 
values of r,, for the D, and D, lines of Na I, 4227 A of Ca I, ete., without 
the introduction of the hypothetical factor* Q, though in general fluor- 
escence processes (with Q@ = 1) should play a considerable part for 
some lines. It must be pointed out that these processes may occur 
not only on account of the decrease of the radiation density in some 
member of the cycle of transitions (in the case considered above, the 
transition 1 + k was this member). As will be shown in Part IV, which 
deals with the planetary nebulae, fluorescence must occur in every case 
where the dilution factor W, which appears in formula (8.4), is less 
than unity. This is so, in particular, for the outer layers of the atimos- 


phere of the Sun (and of stars), since there, as we know, W  }. 


To study fluorescence phenomena, the equations of the steady 
state are constructed, each of which equates the total number of tran- 
sitions in 1 em in 1 second, to any given level of the atom in question, 
to the number of transitions in 1 em* in 1 second starting from this 
level. The solution of these equations as written for the different levels 
furnishes the answer to the problem proposed. 


The efficiency of fluorescence processes should be increased in the 
presence of factors which increase the ionisation of atoms. These 
considerations should apparently be important for the H,, Hg, ... lines 
of the solar spectrum (sce Part IV). In carrying out a quantitative 
analysis, it must be recalled that in the majority of cases the effect 
of fluorescence is diminished by the selection rules. 


In conclusion, we must make the following remark. We have scen 
that in almost all cases the quantity ¢, = e < 1. This means, however, 
that on going no great distance from the line centre, we shall have 
not e, 7, > 1, but on the contrary the inequality e, 7, < 1. Consc- 


* In fact, observations and theoretical calculations indicate that in’ the 
region of photo-ionisation of Na [ and Ca J it would be correct to use the second 
column of Table 7 and consider @ as not greater than unity. 
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quently, by (10.20) and (10.9) we can neglect the cffect of ¢, for the 
transitional parts and wings of lines, and put ¢, = 0 there. 


It must be mentioned that, although we can put e¢, ~ 0 in the 
wings, their whole formation in the case of strong lines corresponds 
rather to the case of thermodynamic equilibrium than to scattering. 
In fact, we shall see in Chapter 15 that for the centre of a strong line 
J,, ~ B, almost throughout the atmosphere, with the exception of 
its outermost parts, and this means (cf. Chapter 15) that the excitation 
of atoms takes place in accordance with the laws of thermodynamic 
equilibrium. The sum (1—e,) o,J, + 9,6, B, in equation (9.29) is 
equal to o, B, both in the case of simultaneous fulfilment of the equa- 
tions J, = B, and ¢, = 0, and in the case of fulfilment of the single 
equation e, = 1. 

According to (10.20) and (10.9), we can often put ¢, » 0 for faint 
lines, where 7, is small even in the centre of the line, if, of course, ¢, 
is not close to unity, so that e, 7, <1. We have already used this 
result in the preceding chapters. In general, however, caution must be 
exercised in any such case. In particular, for lines with a small binding 
energy z,, and a small transition coefficient A;,;, the quantity ¢, may, 
by (14.19) and Table 7, approach unity. This is true to an even greater 
degree in hot stars, where the density of ionising radiation is large, 
and consequently the coefficients C,, are also large. 


We shall now consider briefly the question of the central intensities 
of absorption lines in the spectra of stars of non-solar type. As we go 
froin the Sun to hotter stars, the density of radiation in the far ultra- 
violet region of the spectrum rapidly increases, and the part played 
by fluorescence processes thereby increases also, cspecially in fairly 
hot stars with extended envelopes, where the dilution factor may satisfy 
even the inequality W <1. In certain conditions, fluorescence leads 
to the appearance of bright lines. This case will be specially considered 
in Part VI. 

The inerease in the density of ultra-violet radiation as we pass to 
the hot stars brings about an inerease in the valuc of C,,, and thereby 
of e,. Hence, in fairly hot stars, the value of ¢, may become equal to 
unity even for strong lines where A;, is large. In this case r,, 1s deter- 
mined by formula (14.14). Thus strong lines, of many different clements 
but lying in nearly the same spectral region, should give (for these 
stars) nearly the same valuc of 7,,. This is confirmed by observation 
[144]. The surface temperature 7’, can be estimated from the central 
intensities of these lines. 

Finally, it is to be noted that an additional factor increasing r,, 
might be the increase in the kinetic temperature in the outer layers 
of the atmospheres of soine classes of stars [70, pp. 114-5]. 
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position of stars. The results of investigations 


1. The application of the elementary theory of curves of growth to the 
study of the chemical composition of stars. The mean electron conceiutra- 
tion. The subject of the chemical composition of stellar atmospheres, 
and of the heavenly bodics in general, is of great cosmogonical significance. 
By comparing the compositions of various cosmic objects, we can draw 
conclusions concerning the evolution of the universe around us. For this 
reason, the question of the cheinical composition of the heavenly bodies 
always attracts particular attention. The study of the chemical coim- 
position of stellar atmospheres is regarded as one of the principal tasks 
of the theory of stellar atmospheres. 


It must be noticed that the finding of the chemical composition with 
fair accuracy has to be preceded by the establishinent of some “initial” 
approximation to the chemical composition, since the physical state of 
the matter in the stellar atmosphere will itself depend on its cheinical 
composition. It is extremely difficult to solve simultancously the two 
problems, that of the structure of the stellar atmosphere, and that of 
finding the chemical composition of the atmosphere. Hence we shall use 
the method of successive approximations: cach step towards the solution 
of the problem of the chemical composition of the atmosphere refines our 
knowledge of its physical structure and makes possible a further step 
towards finding the cheinical composition. 


At the present time, two paths have becn marked out m the study of 
the cheinical composition of stellar atmospheres. The first of these is 
based on the application of the elementary theory of curves of growth 
(Chapter 12), while the second is based on the study of line contours of 
different elements (Chapter 13). The second method may also include the 
construction of curves of growth, but on a more exact basis. Bearing in 
mind the inadequacy of the contemporary theory of curves of growth, 
mentioned in Chapter 12, we must regard the second method as con- 
siderably more exact than the first. However, the first method has 
hitherto, for a number of reasons, found greatcr application. 


We have already given in Chapter 12 the genera] ideas relating to the 
determination of the chemical composition from curves of growth. 
Nainely, the values of Z in equation (12.37) are found from observation, 
and the nuinbers N, from equation (12.38). In order to find the nuinber 
of all atoms of the given clement above | cm?, it is necessary to take ae- 
count of all stages of ionisation, i.c. to find the sum 2 N,. This can be 
done as follows. If all the stages of ionisation of the atoms in question 
which are of any importance have absorption lines in the spectral region 
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considered, then the value of 2 N, is obtained by adding the values of 
NV, obtained directly from the curve of growth. 

If, on the other hand, some ionisation state r, in which there is a con- 
siderable number of atoms, is not represented by observable absorption 
lines, the number iV, can be determined from N,_, or V,., (whichever 
is known) by means of Saha’s formula (5.11). To do this the temperature 
T and the electron pressure p, must be known. 


Here the values of 7' and p, must be some mean values for the whole 
atmosphere, and this, of course, at once introduces some indeterminacy. 
In particular, it is not yet clear which temperature should be inserted 
in Saha’s formula: the effective temperature 7',, or one specially deter- 
mined. In one particular case it can be determined as follows. If we have 
found from the curve of growth the ratio of the numbers JN, for two 
clements in two successive ionisation states (c.g. N,/N,_, and N,4,/N,), 
then, writmg Saha’s formula once for cach element, we have two equa- 
tions in two unknowns, 7’ and p,. However, this method often leads to 
differing values of 7 and p,, if we use not one but several pairs of ele- 
ments. Hence the mean values of 7' and p, have to be taken from the 
values determined from several pairs of elements, and this is not a satis- 
faetory method; it only displays the inadequacy of the contemporary 
theory of curves of growth. 

If we take some definite value, for instance 7',, for 7’ in Saha’s for- 
mula, then p can be determined from elements where the ratio of the 
numbers of atoms in two successive ionisation states is known. Here, 
too, different values of p, are usually obtained for different elements 
(sometimes the difference amounts to one or two orders of magnitude), 
so that we have to go back to averaging. These results again display 
the inadequacy of the method in question. 


Another method of finding p, has recently come into use. It is known 
that, for instanee, the coalescence and disappearance of the lines of the 
Balmer scries in the spectra of stars takes place before the theoretical 
series limit (at 2 = 3646 A) is reached. For example, the transition from 
lines to continuum in the spectra of stars of elass AO takes place at ap- 
proximately 2 = 3700 A, so that the continuum begins not at 2 =3646A, 
but at 2 = 3700 A. 

The reason for the premature disappearance of the series lines, be- 
fore the limit is reached, is the line broadening by the pressure effect. 
The appropriate investigations have shown that the prineipal part here 
is played by the broadening of the higher levels of the atoms by electric 
fields (statistical broadening). We recall (see Table 6) that the broaden- 
ing of the level increases with its principal quantum number, so that 
after some term in the series the lines must coalesee. This coalescence 
usually begins with those lines of the series for which the binding energy 
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of the corresponding levels is small. Hence the probability that au clec- 
tron from these levels will return to its original level is practically zero. 
On the contrary, it is much more probable that the cleetrons will be 
removed froin these levels, i.e. the atom will be ionised. The cause of 
the ionisation may be either of two: (1) ionisation by radiation, (2) iomi- 
sation by the intcratomic eleetrie fields which broaden the levels (see 
Chapter 8). In both cases, the processes of line formation in the series 
correspond to true absorption. On the other hand, the attenuation of the 
radiation in the frequencies of the continuous spectrum of stars is like- 
wise duc to processes of true absorption. Thus the region where the ab- 
sorption lines coalesce is in every respect equivalent to an ordinary part 
of the continuous spectrum beyond the series limits. 

Of the two causes of ionisation mentioned, the second is, as a rule, 
the principal onc. Hence it is quite clear that the coalescence and cis- 
appearance of lines in the series, as a result of the pressure effect, should 
depend on the concentration of charged particles in the atmosphere. The 
more of these particles there are in 1 em?, the less will be the number of 
distinguishable lines in the given series. Hence the number of distinguish- 
able lines in the series is a measure of the electron concentration x,, and 
consequently of the electron pressure 7,. 

Let m be the principal quantum number of the last distinguishable 
line in the series. Then n (the number of charged particles in 1 ei) is 
determined by the following theoretical formula: 


logig m = 23:26 — 7:5 logy, m, (15.1) 


The number n which appears in formula (15.1) refers only to those 
charged particles which cause the coalescence of the lines in the series. 
It is found that, for temperatures below 10°/m, the number » includes 
both ions and clectrons, so that in (15.1) we nrmust put n = 2n,. At 
higher temperatures, ions alone must be taken into account, and since 
the number of ions is equal to the number of electrons, in this case we 
must put n = », in (15.1). It is true that electrons do not play a negli- 
gible part here*. However, this method of determining », is in gencral 
approximate and gives only the order of magnitude. Hence errors of 20 
to 50 % are not considered large. 

Laboratory investigations confirm formula (15.1); they introduce 
a small correction which increases the first term on the right of (15.1) 
by 0-10. 

Formula (15.1) is applieable not only to hydrogen, but also to the 
alkali metals. In the latter case the effeetive principal quantum number 
must be used. 





* For T' > 105/m, the presence of electrons is a factor leading to an inerease 
in collision damping. 
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Formula (15.1), as we have said, is approximate and gives only the 
order of magnitude. There are a number of factors which (spuriously) 
increase the value of »,. The chief of these are, firstly, the imperfect 
resolution of the spectrograph and, secondly, Doppler effects connected 
with thermal motions, turbulence, rotation, ete. On the other hand, since 
the absorption coefficient is large at the series limit, we obtain », for 
the more external layers of the stellar atmosphere. Hence the values of 
n, found in the manner described are on this account too small. The 
method in question is in general more justified for emission lines. 


A third method of determining mean values of p, is based on the 
calculation of models of stellar photospheres according to the general 
methods explained in Chapter 7. It is true that this gives not the mean 
valuc of p, but its dependence on depth. However, we can determine 
the required mean value of p, from such data if we know approximatcly 
the effective level at which absorption lines are formed. 

As an example, we give in Table 8 a list of determinations of p, for 
stars of various classes and luminosities. For some stars, and especially 
for the Sun, several determinations exist. The statement of these in- 
dependent determinations is important because it permits a comparison 
of values of p, found by various methods. 


Table 8 


Star Class p, (bars) Star Class p, (bars) 
] 
a Ori cM 2 5-1 1077 70 OphA dK0O 1-2 
a Sco cM 1 1-3 x 1076 Sun dG 3 18, 46, 17, 31 
2 Boo ; gK0O , 0-004, 0-003 6 Cyg PS 12 
a Cep G5 3°5 a CMi dF < 160, 86 
a Aur GO 3-4, 0-05 a CMa daA2 950, 120 
y Cyg | cl 8 0-5 y Gem dA 2 | 120 
3 Cep cl 5 1-2, 2-0 t Sco dB 0 1200 
a Per cF 4 7-4, 4-2 ¢’ Ori BO 630 
« Car gk 0 


10 10 Lac | 035 | 630 


The most important feature seen from Table 8 is that p, decreases 
with 7; this is, of course, related to the general decrease in the ionisa- 
tion of atoins. 

Let us now return to the subject of the chemical composition of the 
atmospheres of stars. Having determined by some method the electron 
pressure p,, we ean, as we said above, take into account all states of 
ionisation of the given clement and obtain the value of N = 2 N, for 
the clement considered. By comparing N for different elements, we find 
the relative chemical composition (content) of the solar or stellar atmo- 
sphere, i.e. the quantities a, and , [see (5.1) to (5.4)]. 
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Tn cases where we do not know the oscillator strength and the theo- 
retical intensity determined by formula (12.39), we can use the “solar” 
intensities mentioned in Chapter 12. To do so, it is simplest to use for- 
mula (12.40), which we have already applied to determine (7',.,),,. Having 
found, as in Chapter 12, the difference A = (logyy Xo) — (logyy Xo)@ for 
various lines, and having determined the dependence of ¢; on 4, we find 
the quantity 


(Ny )et (te i (%) st 
u 


A = logy Vo (ey OL19 (v5 


at the point where e; = 0. 


Having determined (vy)., and (vy) from the curves of growth which 
we have constructed, we find the ratio (N,)s/(N;)o from the A (e; = 0) 
just obtained. We ean thus discover the chemical composition of the 
stellar atmosphere relative to that of the solar atmosphere. Of course, all 
stages of ionisation must again be taken into account, i.e. the sums 
>» N, must be compared. 

The method just explained can also be applied to compare the chemi- 
cal composition of two stars of neighbouring spectral classes. The cor- 
responding results have been derived at Pulkovo by O. A. MEL’NIKOV 
(see Section 12.5). 

It must be stated that the determination of the numbers NV need not 
be based on formulae (12.37) and (12.38). If we have an insufficient 
number of multiplets to construct graphs like Fig. 34, the number JN, ; 
ean be found directly from the curve of growth. The transition from J, ; 
to N, is then made by the use of Boltzmann’s formula (5.54). 


It has to be noted that this method of studying the chemical coinpo- 
sition clearly assumes the validity of Boltzmann’s Law. The validity of 
this law for not very large e; (up to 5eV) can be tested by ineans of 
a graph similar to Fig. 34. Here the temperature 7’, can be determined 
directly from observation, namely from the slope of the line in Fig. 34. 
For large e;, however, above 4 to 5 eV, the possibility of applying Boltz- 
mann’s Law to stellar atmospheres is by no means evident. Henee, in 
the case where the observed lines of the element considered correspond 
to transitions from very high energy levels (¢;> 5 eV), the application 
of the inethod in question may lead to errors. Such lines include, in par- 
ticular, those of H, He, C, N, O, Si, S, ete., especially the lines of the 
ionised elements. Finally, the absorption lines of helium are entirely 
absent in the spectra of low-temperature stars, including the Sun. All 
such cases must be considered individually. Thus, for example, in the 
atmospheres of late-type stars, including the Sun, the relative content 
of H, C, N, and O can be found from a study of the inolecular bands of 
the compounds CN, C,, OH, NH, and CH. Moreover, very weak for- 
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bidden lines of oxygen have recently been discovered in the speetrum of 
the Sun; they eorrespond to transitions from low energy levels of the 
oxygen atom. Consequently, the application of Boltzmann's formula in 
this case ought not to lead to large errors. We shall speak later of other 
methods of determining the hydrogen content. The helium content in 
the atmospheres of low-temperature stars is generally taken as equal 
to that in the solar atmosphere, where it is determined for the ehromo- 
sphere and the prominences. Here it is supposed that the ehemieal 
composition of the chromosphere and prominences is the same as that 
of the layers of the solar photosphere lying beneath (see Chapters 20 
and 21). 


2. The distribution of atoms among excitation states. It follows from 
what has been said above that the hypothesis of Boltzmann’s distri- 
bution plays a considerable part in the problem of the chemical com- 
position of stellar atmospheres. It is therefore neeessary to consider 
this hypothesis more elosely. It ean be tested, in partieular, by means 
of such graphs as Fig. 34. The linearity of the relation between ¢; and 
log,,(.V/g;) indicates the applicability of Boltzmann’s Law to stellar 
atmospheres. However, even so there are things whieh are still uncertain. 
For instance, the marked difference in the values found for 7',, and T,, 
which we have discussed in Chapter 12, has not yet been explained. 

What are the predictions of theory in this case? First, it is neeessary 
to notice the following genera] characteristie of ionisation and exeitation 
processes in stellar atmospheres: both these processes are determined 
almost entirely by the radiation field, and not by collisions between 
particles. (For cxcitation processes, this can easily be seen by means 
of calculations like those which we performed in Chapter 8 for ionisation 
processes.) The density of matter in stellar atmospheres is too small 
for excitation by collisions to be at all efficient. In such a case the main 
condition for the validity of Boltzmann’s formula is the identity of the 
exeiting radiation ficld with the radiation field in thermodynamic equi- 
librium. In other words, the quantity J, at a given point must be equal 
to Planck’s function B,(7’) at that point. This is a necessary and suf- 
ficient condition for the existenee of a Boltzmann distribution, in the 
absence, of course, of external perturbing factors (for example, a strong 
electric field). 

Let us consider whether this condition is fulfilled in stellar atmo- 
spheres. To do so, without going beyond general principles, we can use 
the model which we discussed in Section 10.2, i. e. the model with a 
linear expansion of the function B,. From (10.11), (10.17) and (8.10) 
we can write 
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The number of transitions n;., made by n; atoms in | sccond under 
the action of the radiation field J, is, by (3.6), 


G, 


Nik = 4 un, | J, hy 


4: : 
dy & he ni | J,o,dyr, (15.3) 


where the integration is to be extended over the whole of the line which 
corresponds to the transition 1 —> k. 

Introducing the expression (15.2) into (15.3) and using formula (11.39) 
for the selective absorption coefficient, we can find the dependence of 
the product J,o, on the frequency within the part of the spectrum 
occupied by the line, and thereby ascertain which parts of the line are 
the most efficient in exciting the atom. Such calculations, performed 
for various ¢,, #,, etc., show that the central parts of the line are the 
most efficient, since the absorption coefficient has, aceording to (11.39), 
a sharp maximum at the centre of the line (the Doppler core). Thus, 
in studying the deviation of J, from B,, we need pay attention only 
to the most central parts of absorption lines. 

To study the difference J, — B,, we consider a fairly strong line, 
in whose centre 7,, > 1. Further, we at first assume (what is often 
found) that e, <1, and e, 7, <1. In this case, formula (15.2) for 
the line centre can be written (see Chapter 8 regarding b,): 

J,, » B, (1) — B, (1,) exp [— ¥(3 7,,) t,] - (15.4) 


It follows from (15.4) that at the boundary of the atmosphere, where 
t, =0 and 7’ = 7), the quantity J,. ~ 0. This result, which we have 
already encountered in a previous chapter, indicates that the theoretical 
central residual intensity of strong lines with e, < 1 is alinost equal 
to zero. Thus, at the boundary of the stellar atmosphere, the exciting 
radiation does not correspond to radiation in thermodynamic ecqui- 
librium. However, as soon as we move into the atmosphere, even to 
t, + 0-1, the exponential in (15.4) becomes considcrably less than 
unity. If, for example, ,, = 104, then for t, = 0-1 we have 
V(3 Ny) Te & 17, and e7 w 4 x 10-8. Even for t, = 0-02, the value 
of exp[— 1/(3 7,,) t,] ~ 0:03. In other words, we should expect the 
equation J, ~ B,(7), where 7’ is the local temperature, to hold practi- 
cally throughout the stellar atmosphere. If we no longer assuine that 
e, € 1 and e, 7,, < 1, the approach to the equilibriuin state is nade 
even more rapidly, since when e, > 1 the conditions approximate more 
and more closely to those of thermodynamic cquilibrium. In fact, for 
é, = 1, but again with 7, > 1, we have instead of (15.4): 
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exp [—] 3, T,]. (15.5) 
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In particular, at the boundary of the atmosphere, where t, = 0 and 
T=T,, we have J, ~ + B,(7,). The factor } is equivalent to the 
dilution factor at the boundary*. The appearance of 7,, before 1, in 
the exponent (instead of } 7,,) makes the transition to thermodynamic 
equilibrium even more rapid. Thus, for strong lines, and to a somewhat 
lesser degree for medium lines, we may expect Boltzmann's formula 
to be applicable practically throughout the stellar atmosphere (for the 
temperature corresponding to cach level, of course). 

For faint lines 7,, < 1 or 7,, < 1,1. e. the radiation field approaches 
what it would be in the absence of absorption lines. It is evident that 
under these conditions the deviation of J,, from B, (7) will be deter- 
mined chiefly by the presence of the gradient dB,/dT. 

Observations give us an idea of the mean excitation state over the 
whole atmosphere. The linear relation between log), (.V7;/g;) and e; which 
is usually obtained (for ¢; << 5eV) indicates that in such cases the 
excitation conditions are not far from those of thermodynamic equi- 
librium. This fact is certainly related to the comparative smallness of 
the gradient d8,/dt,, for the observable region of the spectrum, in 
the atmospheres of ordinary stars and of the Sun; this follows from 
theoretical calculations also. For large ¢,, however, great caution must 
be exercised, since these ¢; correspond to the far ultra-violet regions 
of the spectruin, where the gradient dB,/dt, is very large in some cases, 
Finally, we must not forget the as yet unexplained fact that, according 
to observation, 7,, < 7, i.e. the mean excitation temperature is 
found to be less than the effective temperature. In particular, calcula- 
tions show that the application of formula (15.2) cannot explain this 
inequality. Either the approximate equality 7, ~ 7, or the inequality 
T.. > T, is usually obtained. 

Observations usually give graphs like that shown in Fig. 34. How- 
ever, in a number of cases there are deviations from linearity. These 
are observed chiefly for cool red giants of the « Bootis type. It is found 
that in the atmospheres of these stars the number of atoms in high 
quantum states is considcrably greater than would be the case for con- 
ditions of thermodynamic equilibrium. Thus the Boltzmann distribution 
does not exist here. Some lines of Fe I in the infra-red part of the Sun’s 
speetrum, for example lines whose lower term is e?D, also point to a 
deviation from the Boltzmann distribution. The nature of all these 
deviations is as yet unknown. 


3. Refined methods of studying the chemical composition of the stars, 
Faint lines. The method of studying the chemical composition of stellar 
atmospheres which is based on the application of the elementary theory 


* The slight difference of the expression 2 V3 from | arises from the inexacti- 
tude of the methods used to derive (15.2). 
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of curves of growth has a number of defects, due largely to the schematic 
nature of the theory itself (see Chapter 12). The principal one is that 
a very imperfect model of the scattering “reversing layer” above the 
‘“photosphere”’ is used in this theory, the thickness of the layer being 
taken the same for all lines. In reality, this “thickness”, and conse- 
quently the value found for the “number of absorbing atoms above 
the photosphere”, varies with wavelength on account of the variation 
of the continuous absorption coefficient with wavelength. Moreover, 
direct analysis shows that the “thickness of the reversing layer” is 
different for lines with different excitation and ionisation potentials. 


A second method of studymg the chemical composition is based on 
a model which takes account of scattering and of true absorption of 
radiation (both general and selective). In this case we start from the 
equations of transfer (9.29), (9.32), (10.2). The general principles of 
this second method of studying the chemical composition are as follows. 
Having taken some provisional chemical composition, obtained, say, 
by using the first method, we find p, p,, 0, 7, z,, t,, ete. for every point 
of the stellar photosphere, using for stars the method of Chapter 7, 
and for the Sun that of Chapter 17. Then, using the general method 
which we explained at the beginning of Chapter 13, we form an ex- 
pression for the quantity 7,. This quantity should be a function [sec 
(13.18)] of the content a, of the element in question and of the remaining 
parameters p, p,, 0, T, ete. . 


So 


Now, taking several values of a, close to the expected valuc (we 
suppose a, constant throughout the stellar atmosphere), we integrate 
(see Chapter 13) the corresponding equation of transfer and construct 
the contour of the line under consideration for each of the a, taken. 
By comparing these theoretical contours with that of the given line, 
obtained from observation, we find the a, required. Here a comparison 
can be made both of the contours themselves and of the equivalent 
widths. To do so, it is necessary to calculate first the equivalent widths 
W, for the whole asseinbly of theoretical contours. Having determined 
the content (i.e. the value of a,) for every element, we can coinpute 
the structure of the photosphere afresh, with greater exactness. 


For a more aceurate estimate of the value of a,, the application of 
the method of curves of growth is recommended. This can be done, for 
instance, as follows. Let us consider the group of lines which begin from 
some one lower level 7, and let the oscillator strengths f,, be known 
for all these lines. Then, giving a, some valuc close to the expected 
value, we can construct a contour and calculate the total absorption 
for cach of the lines considered, in accordance with the considerations 
just given. We therchy obtain the theoretical relation between f,, and 
W,. Now, placing log,, fj, on the axis of abscissac and log,)(IW’,/A) for 
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the corresponding lines on the axis of ordinates, we construct a portion 
of the theoretical curve of growth. We plot on the same graph the 
relation between the logarithms of the same values of f, and W,/A 
for the corresponding lines, as obtained directly from observation. If 
the value taken for a, were the correct one, the two curves of growth 
thus constructed would coincide. However, this will not in genera] 
happen. The theoretical curve is somewhat displaecd (along the axis 
of abscissac) relative to the curve obtained from observation. From the 
best coincidence of the two curves we evidently determine the correction 
A log,,@,. Adding this to the value of log,,a, taken previously, we 
find an improved value of a,. 


The following remarks must be made regarding the above. 


(1) Since the value of a, gives the content of the element in question 
relative to hydrogen, we can, having found a, for all elements whose 
coutent is fairly large, estimate the percentage content of hydrogen 
also. 

(2) In cases where 7, and g are unknown, we must first determine 
them in order to calculate the structure of the photosphere. We can 
determine 7, by using the scale of effective temperatures (or by means 
of the methods explained in Chapter 16), and g either as in Chapter 13 
(comparison of theoretical and observed contours of H,, and H,), or 
by using the mass, determined in some way (e. g. from the mass-lumi- 
nosity relation), and the radius. (This is most reliably done for eclipsing 
variables where the speetra of the two components can be distinguished.) 


The second method of studying the chemical composition considers 
two cases which must be distinguished: firstly, strong and inedium lines, 
and secondly, faint and very faint lines. Analysis of the two cases shows 
that the use of faint and very faint lines to solve the problem of chemical 
composition often has great advantages over the use of strong and me- 
dium lines. These advantages are ehicfly the following. (1) Contrary to 
what is the case for strong lines, the intensity of faint lines is independent 
of the damping coefficients y,, whieh have not yet been accurately 
determined, and which vary with depth in the stellar atmospliere. 
(2) The central parts of strong lines are distorted, much more than those 
of faint lines, by various factors which we discussed in the last chapter 
(fluoreseence, non-coherence) and which are difficult to take into aeeount. 
(3) In the construction of a fairly accurate contour of a strong or medium 
linc, we usually encounter a number of difficulties. For faint and very 
faint lines, on the other hand, we can use the solution (10.43), which 
is more exact than (10.20). (4) Only a very small number of chemical 
eleinents have strong lines in the region of the spectrum of the Sun and 
stars which is acecssible to investigation. The use of lines of inedtum 
intensity is inconvenient, since thesc lines lie on the flat part of the eurve 
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of growth, where the equivalent width of the lines varies very little 
with the number of absorbing atoms. Hence even a small error in the 
equivalent width found may give a very large error in the values of 
N, or Nj. Because of the circumstances just enumerated, faint lines 
should, as we have said, be preferred to strong ones, though in many 
cases, particularly in the analysis of spectra with small dispersion, the 
strong and medium lines are an important means of chemical analysis 
of stellar atmospheres. 

The general method of finding a, is practically the same for both 
faint and strong lines. However, let us consider how faint lines may 
be used [88], having in mind the Sun, for which the possibilities of 
studying the chemical composition are greatest, since apparatus with 
a large dispersion can be employed. 

We shall start from the solution (10.43). For the Sun, the relation 
between B, and t, can be determined from the law of darkening to 
the limb of the disc, found from observation. The weight functions 
G,(z,) and G,(z,) can also be determined in this way. Calculations show 
that the difference between these functions is not large. In the red region 
of the spectrum, the two functions practically coincide. These properties 
of the functions also follow from an analysis of the expressions (10.44) 
and (10.45), if we take into account the fact that F, (x) > &, (x) every- 
where. Henec we can take instead of G, (t,) and G, (r,) in (10.43) their 
mean, which we denote by G@(r,). By so doing we introduce into the 
final result errors which do not exceed 20 % on the average, and these 
are quite admissible with the problem of the chemical composition of stellar 
atmospheres in its present state. Thus, instead of (10.43), we can write 
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the last member of this equation follows from (9.31). 

We introduce, in place of o,/z, in (15.6), the expression (13.18) 
for it. Bearing in mind that in the photosphere of the Sun (at least 
up to 4000 A) the continuous absorption is determined mainly by H- ions, 
we can neglect the second term in the denominator of (13.18). As a 


result we obtain ~ 
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Integrating (15.7) over frequency and using (12.12), we find: 
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where the integration over frequency takes place within the lmits of 
a very narrow (faint) absorption line. 

In place of the integral in the braces in (15.8) we can use (11.5), 
replacing By, by fy, with the aid of (11.14). As a result we obtain, 
instead of (15.8), 
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The dependence of G (t,), and thus of 7', on t, is derived from obser- 
vations. which give the dependence of B,(7') on t,. That of p, on 1, 
can be found from the theory of photospheres. In this way the integral 
on the right-hand side of (15.9) can be evaluated by methods of numerical 
integration. Consequently, having determined IV, from observation and 
knowing /;,, we obtain the required value of a, directly. Of course, in 
this method also it is necessary to assume some provisional chemical 
composition of the solar atmosphere, since the value of p, is determined 
by the ionisation of both hydrogen and the metals, the approximate 
content of which has to be known beforehand. However, if a, is deter- 
mined froin lines of neutral metals, this can be avoided, as we shall now 
see. 

We multiply together the ionisation equation (5.11) and the equation 
(5.54) with r = 0. Then, using (5.6), we find 
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where 7%; is the binding energy of level 1. The majority of the metal 
atoms in the solar atmosphere are singly ionised, so that ny < n,. Hence 
we can suppose that the fofal number 1 of atoms of some element in 
1 cm? is approximately equal to the number of tonised atoms of that 
clement in 1 cm’. Consequently, we can assume that n = ny + ny + 


+n,—-+... wn,. For Z; (p,, 7) we can therefore write the cquation 
2 1 0,7 Pe q 
Zo,i (Per T') = N0,¢ [2 Noe [My 5 (15.11) 


using (15.10), we find for Zo; (p,, 7’) the expression 
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(15.12) 

Now, introducing this function into (15.9), we see that », cancels, 
so that the expression under the integral sign is a function of temperature 
alone. On the other hand, the relation between the temperature and t, 
is found directly from observation. Thus, the integral on the right-hand 
side of (15.9) can be evaluated from observation alone. Consequently, 
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faint lines of neutral metals give directly the content a, of the metal 
concerned relative to hydrogen. 


4. The results of investigations. By means of the genera] methods just 
explained, with various modifications of course, a large amount of work 
has been done on the chemica] composition of the Sun and stars. Various 
methods have been used for the Sun, and this makes it possible to estimate 
the reliability and accuracy of the results obtained. A comparison has 
shown that in a number of cases therc are fairly large discrepancies in 
the values of a,. These discrepancies are caused chiefly by differences 
in the values taken for the excitation temperatures and the oscillator 
strengths f;,. However, because of the abundance of material, we now 
have sufficiently reliable data on the values of a, for the Sun and for 
some stars. The probable error in the values of log,,a, for these objects 
ainounts, on the average, to 0-3 to 0-5, although in particular cases it 
may be considerably greater. This is especially true of elements where 
the lines studied begin from very high levels, i. e. from levels with large 
é,,;. These elements, as we have said, include He, C, N, O, Si, 5, etc. 

The values of a, for the Sun, given in Table 1 (see Section 5.1) were 
obtained (except for He, C, and N) by W. J. Craas [33], who used 
mainly the method of faint lines. The helium content in the Sun is put 
equal to the helium content in the chromosphere and prominences (see 
Chapters 20 and 21). The carbon and nitrogen contents are based on 
the study of molecular bands. 

To obtain the numbers 1, of atoms of various elements above 
1 cin? of the solar photosphere, it is sufficient to know the number Ny, 
since NV, =a,Nyq. Different authors give somewhat different values 
for Ny, lying between 10%4 and 5 x 104. For rough calculations we 
can take Ny = 2:5 x 10% atoms above | cm?. It must be recalled that 
the quantities N, give the fotal number of atoms above 1 cim?, taking 
into account all degress of ionisation and excitation. 

As well as for the Sun, the determination of the chemical compo- 
sition has been carried out for stars of many different classes. The most 
reliable determinations are those for F-type main-sequence stars and 
giants, hot B-type stars like r Scorpii (sec Table 1) and O-type stars. 
The relative chemical composition (values of a,) of the atmospheres of 
all these bodies, including the Sun, is approximately the samc*. Further- 
more. an examination of Table 1 shows that this chemical composition 
is similar to that of the planetary nebulae and of the interstellar gas. 
This, of course, is a fact of great cosmogonical importance. It cannot 
be ignored by any theory of cosmogony which professes to explain the 
possible ways of stellar evolution. 


* It is not yet possible to speak of complete identity, beeause of the insufficient 
accuraey of the existing data. 
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It must be admitted that the question whether all stars of the main 
sequence have identical chemical compositions cannot yet be considered 
as finally resolved, since there are a number of cifficulties. For instance, 
the position as regards heliuin is very indefinite. According to Table 1, 
the content of helium relative to hydrogen is about 0:2. However, 
according to recent investigations (see, for example, L. NEvEN and 
C. DE JAaGER [112]), the helium content in the atinospheres of B-type 
stars is only 0-05. It is still difficult to say whether there ts an actual 
difference in heliuin content between the atmospheres of B stars and 
that of the Sun, sinee the helium content of the Sun’s atmosphere is 
itself not reliably determined. R. Micuarp [87] finds a lower content 
of helium in the Sun than was previously supposcd. 


Let us now consider the question of marked deviations from the 
“normal? composition. Here we must be extremely cautious, since there 
are a number of factors which distort the intensities of absorption lines 
and may lead to incorrect values of a,. These include: (1) anomalous 
excitation and ionisation conditions. The possibility that such anomalous 
conditions exist is indicated, for example, by the study of the exterior 
envelopes of the Sun (chromosphere, corona and prominences); (2) tur- 
bulent motions in stellar atmospheres. These motions have different 
effects on strong and on faint lines, and an inadequate consideration 
of them may lead to incorrect values of a,; (3) such factors as the mag- 
netic field may also change the intensities of lines. As an example we 
may quote the star HD 125248, where the observed magnetic field varies 
with time, in phase with the variations in intensity of lines of ionised 
curopiunl. The cause of these synchronised oscillations in two quantities 
which are apparently independent lies in the fact that in a strong mag- 
netic field the lines of curopiuin are split into numcrous Zeeman com- 
ponents; the blending of these components produces a broad, relatively 
intense line. Thus, by taking account of the general magnetic field, we 
can apparently explain quite a number of observed anomalies, especially 
in connection with rare elements. 


We shall enumerate the cases where the analysis of absorption lines 
(and the general nature of the spectrum) leads to the conclusion that 
the chemical composition is “anomalous”. 


(1) The bifurcation of the spectral sequence at class K 2 into the 
oxygen branch (classes K and M) and the carbon branch (class N). 
The spectra of oxygen stars of class M are characterised principally by 
bauds of titanium oxide TiO. Stars of class N are characterised by 
bands duc to carbon compounds, in particular Swan bands (C,) and 
those of cyanogen CN and carbon-hydrogen CH. Here we are concerned 
with au obvious difference in chemical composition: in the atmospheres 
of M-type stars there is much more oxygen than in those of N-type 
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stars, while in the atmospheres of N-type stars there is eonsiderably 
more carbon than in those of M-type stars. 

In their extensive investigations on the speetra of earbon stars, 
G. A. Suain and V. F. Gaze [43] have found other very interesting 
properties of these stars. In particular, the D, and D, lines in the speetra 
of some earbon stars are approximately ten times as intense as in the 
spectra of M-tvpe stars. This difference is apparently due to a difference 
in temperature, and perhaps to an actual difference in the sodium con- 
tent. Judging by the intensities of the atomic lines of other metals, 
such as Fe, Cr, Mn, ete., their eontents are about the same in stars of 
classes N and M. 


(2) The division of Wolf-Rayet stars into the carbon braneh and the 
nitrogen branch. We shall discuss points (1) and (2) again in the next 
ehapter. 


(3) “Metallic-line” stars. These stars form a large group of objects 
with contradictory speetral features. Thus, if we use the hydrogen lines 
or the K line of Ca II, the star can be placed in the spectral class A, 
but if we judge by the intensities of the majority of the lines of neutral 
and ionised metals, the star’s spectrum corresponds approxiinately to 
class F 5. The analysis of the spectra of such stars by J. L. GReEN- 
STEIN [50] shows that the content a, of the elements Ca, Se, Ti, Zr, V 
and Mg is anomalously low; for some of the stars it is ten tines less 
than in the atmospheres of ordinary stars. 


(4) A number of peeuliar stars are now known, in whose spectra the 
lines of hydrogen are much fainter than in the speetra of ordinary stars 
of the same temperature, and in some cases do not appear at all. All 
these objects seem to be characterised by a fairly high luminosity. 

Among the stars of the carly classes O and B, the stars HD 160641 
and HD 124448 are of this type. The hydrogen lines do not appear in 
their spectra. The stars v Sagittarit and HD 30353 are sinilar, but are 
of class A. Jfinally, the group of stars with anomalously weak hydrogen 
lines includes a few of lower temperature, whose spectra show molecular 
bands of C,; they inelude variable stars of the R Coronae Borealis type, 
and other stars which have approximately the same spectrum but are 
not variable. 

There is reason to suppose that the hydrogen content in the atimos- 
pheres of all these stars is in fact low, since it is difficult to imagine 
any physical mechanism which would explain the almost total absence 
of the Balmer lines (and of the Balmer discontinuity), the lines of the 
other elements being of normal strength. 

It may be thought, and there are weighty reasons for doing so, that 
there exist real and considerable deviations from the ‘‘normal’’ chemical 
composition in the stars mentioned under (1), (2) and (4). The position 
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regarding the “‘metallic-line” stars is more indefinite. All the metals 
which show anomalously low contents (Ca. Se, Ti, Zr, V and Mg) have 
very similar properties. [n fact. the atoms of all these metals have two 
outer electrons. Morcover, quantum-mechanical calculations performed 
for Ca II have shown that its absorption coefficient extends anomalously 
far into the ultra-violet region of the spectrum, and hence, even for 
a small excess of radiation in the far ultra-violet region of the star’s 
spectrum, the atoms of CaII will be anomalously strongly ionised. 
Because of the similarity between the atoms of the elements mentioned 
and those of calcium, it may be assumed that, if there is an excess of 
radiation in the ultra-violet, there will be an anomalously strong second 
ionisation for these elements as well, and this leads to an apparent 
decrease in the values of a,. Other elements, such as Fe, Mn, which also 
have two outer electrons,. possess relatively large second ionisation 
potentials, so that here the ultra-violet cxcess will play a smaller part. 


GREENSTEIN [50] has put forward another mechanism for the ioni- 
sation of the atoms Ca II, Sc II, etc. by protons, involving a resonance 
mechanism with ‘‘charge transfer”: H+ + Cat H + Catt. 

Both these mechanisms, however, require an anomalously high ioni- 
sation of hydrogen in the atinospheres of the “metallic-line” stars, 
which ought to be noticeable in the contours of the Balmer lines, and 
especially in the H, line. An investigation of this line in the spectra 
of nine “imetallic-line” stars by E. R. Mustet’ and L. S. GaLKrn [109] 
has shown that there is no such anomaly in the ionisation of hydrogen. 
It is therefore very probable that in the “metallic-line” stars also there 
is an actual deviation from the “standard” chemical composition. 

The carbon N-type stars are extremely interesting as regards chemical 
composition. Thanks to the investigations of Academician G. A. SHain, 
who was awarded a Stalin Prize in 1950, and the investigations which 
he conducted together with V. F. Gaze, we now know a very great deal 
about the spectra of these stars. 

In 1940 G. A. Suaix [138] showed that the carbon isotopes C}* 
and C3 are present in the atmospheres of N-type stars. This was dis- 
covered by a very careful analysis of the molecular bands in the spectra 
of these stars. It is extremely difficult to detect isotopes by means of 
atomic lines. In the case of molecules, however, the displacement between 
the bands of two isotopes reaches quite perceptible valucs (up to several 
Angstréms). Working on these principles, G. A. SHatn detected a number 
of new Swan bands in the spectra of N-type stars: C!#C!, C}3C?2, 
CC13, Subsequently, bands of CN corresponding to the isotopes C1? 
and C13 were discovered also. 

A sccond extremely important fact established by G. A. SHatn ts 
the anomalously high content of the isotope C!% relative to Cl®. This 
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content varies, froin star to star, between the limits 0-05 and 0-3 or 0-4. 
Thus, in the latter case there are two or three times as many C?? atoms 
as there are C13 atoms, while on the Earth the ratio of the numbers of 
C13 and C!? atoms is about 0-01. Consequently the isotope C!3 is extremely 
rare on the Harth. The Sun, also, has a very small relative content 
C3: Cl, it being certainly less than 1/55. The question of the eontent of 
the isotopes C!? and C!4 in the atmospheres of stars has a direet bearing 
on the problem of the sources of stellar energy. In the wellknown carbon 
eycle, the isotopes C1? and C143 play a very important part (sce Part VI). 

New and interesting data have recently been obtained concerning 
the presence in the Sun’s atmosphcre of sueh elements as lithium and 
beryllium, as well as rather more uncertain data on the presence of 
technetium and deuterium. 


These data apparently indicate that there is no mixing of matter 
between the innermost layers of the Sun, where the temperature is 
of the order of ten million degrees, and its atmosphere. The ealculations 
of J. L. GreEENSTEIN and E. TANDBERG-HANSSEN [51] show that, if 
there were a circulation of gases in the Sun embracing a region where 
the temperature exceeds 3-6 million degrees, the beryllium atoms would 
be rapidly disintegrated. If, however, we also take into account the 
anomalously low lithiuin eoncentration that has becn found by obser- 
vation, extreinely narrow limits must be placed on the mixing time of 
the gases in the Sun and on the boundary of the mixed region, and this 
is very improbable. 

This leads to the hypothesis that there are some processes as yet 
unknown which generate lithium and beryllium in the outer layers of 
the Sun. The whole subject is discussed in the Liége symposium on 
nuclear processes in the Sun and stars [SO]. 

To eonclude this chapter, we must mention the importance of study- 
ing the cheiical composition of groups of stars having various kineinatic 
and spatial characteristics. This is very important for the study of the 
evolution of stars in the Galaxy. 

The coimparison of the chemical composition of stars belonging to 
various sub-systems with appreciably different velocity dispersions is 
of very great interest. We recall that the velocity dispersion is related 
to the spatial characteristics of the sub-system. In general, the “‘flatter” 
sub-systems have a small velocity dispersion, and the more ‘‘spherical”’ 
sub-systems a large dispersion (see the review article by P. P. Panrxaco 
[119]). The difference in the spatial and kinematic characteristies of 
different sub-systems gives reason to suppose that the origin of stars 
in different sub-systems is different, so that we should expect the chemical 
composition of the stars in question to be different also. The data at 
present available confirm this. 
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The study of giants of classes G and K shows that, in the spectra of 
stars having a relatively large velocity dispersion, the CN bands are 
fainter than the saine bands in the spectra of stars with a smaller velo- 
city dispersion. The opposite cffect (stronger bands in the spectra of 
stars with a large velocity dispersion) is observed for the CHT bands. 
lor dwarfs of class F, the ratio of the equivalent widths of lines belonging 
to CH and Fe I in the spectra of stars having a relatively large velocity 
dispersion is also increased. These facts (and several others also) can 
be explained on the assumption that. the percentage content of the 
metals (and, to a lesser extent, of the ctalloids O, C, N) in the atmos- 
pheres of stars with a large velocity dispersion is less than that in the 
atinospheres of stars with a smaller velocity dispersion. 


Similar results are obtained when the atmospheres of the subdwarfs 
are compared with those of main-scquencc stars. The difference in the 
spectra of the stars of these two groups can be explained as being due 
to a smaller content of calciuin and iron (and perhaps of other metals) 
in the atmospheres of the subdwarfs, i. e. of stars belonging to a sphcrical 
sub-system. The percentage content of hydrogen in the atmospheres 
of stars having a large velocity dispersion is apparently, according to 
the above investigations, almost the same as in the atimosphcres of 
stars with a small velocity dispersion. 


Chapter 16. The interpretation of the spectral 
sequence. The absolute-magnitude effect. 
The scale of effective temperatures 


1. Introductory remarks. We have seen in Chapter 15 that the 
cheniical composition of the atmospheres of the overwhelming majority 
of stars, of very different classes, is approximately the same. Conse- 
quently, the differences between the speetra of stars within the spectral 
sequence are certainly not duc to a difference in the chemical composition 
of their atmospheres. In fact, as soon as it appeared (in 1920), the theory 
of the ionisation of stellar atmospheres showed that the chief factor 
which causes the change in the character of the spectrum along the 
spectral sequence is a change in temperature. Froin this standpoint, the 
nature of the spectrum (i.e. the presence of given absorption lines, 
their relative intensity, ctc.) of any star within the spectral sequence 
should be determined mainly by the temperature alonc. These ideas 
are in accordance with the linear Harvard classification of spectra, 
which depends on only one paraineter and is of a purely empirical 
nature, 
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From the physical point of view, the results just mentioned are 
quite evident, since, for a given chemical composition, the nature of 
the spectrum of a star is determined by the ionisation and excitation 
conditions in its atmosphere, and these depend mainly on the tempera- 
ture of the star. 


However, the word “mainly” must here be used with the following 
reservation. In reality, the ionisation, by formula (5.11), depends not 
only on the temperature, but also on the pressure 7,, though of course 
to a considerably smaller extent. Hence the spectra of two stars at the 
same temperature, but with different luminosities, and consequently 
with different average p,, will be somewhat different. In general, as 
we shall sce later, the spectra of a dwarf and a giant of the same spectral 
class are distinguished by a number of features. Besides differences in 
the degree of ionisation, there are also differences caused by the pressure 
effect (the atmosphere of the giant is more rarefied than that of the 
dwarf). For this reason, a more exact empirical classification of spectra 
would have to be at least two-dimensional — fwo parameters must be 
given in order to characterise the spectrum of a star. The spectral class 
may be taken as one of thesc; it is very sensitive to temperature varia- 
tions. The other parainetcr may be any characteristic (or several such) 
which is very sensitive to variations of absolute magnitude* (even if 
not altogether free from the influence of the temperature). The first 
problem for the observer is to assign values of these two parameters 
x and y for each star. The second problem is to examine the nature 
of the dependence of these two cinpirical parameters on 7' and g: 


x =f, (7,9), 
y = fo (7,9), 


and to find the values of 7 and g from the given z and y. To conclude 
this short introduction, we must recall] that the linearity of the Harvard 
classification ceases abruptly at the class K2, since a ramification of the 
spectral sequence into three branches takes place: the K-M stars, the 
K-R-N stars and the S stars. 

The spectra of the K-M stars are characterised by titanium oxide 
bands, which are faint in K5 stars but reach great intensity in the class 
MS. The spectra of K-R-N stars are characterised by carbon and cyano- 
gen bands, which become stronger from RO to R5, NO and N3. No star 
is known whose spectrum contains both titanium bands and carbon 
bands at the same time. The spectra of S-type stars are charactcrised by 


* For the main sequence, the absolute magnitude of a star at a given teim- 
perature is in a onc-to-one relation (by the mass-luminosity law) with the accelc- 
ration g duc to gravity. 
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zirconium oxide bands. As has been said in Chapter 15, there is here ap- 
parently an aetual difference in chemical composition. 

We must now, starting from the basic ideas of the theory of stellar 
atmospheres, investigate how the nature of the spectrum will change 
when the temperature and the acceleration due to gravity at the surface 
of a star vary. To solve this problem, a special branch of theorctical 
astrophysics was built up during the twenties of the present century — 
the theory of tonisation of stellar atmospheres. This theory, because of the 
relative imperfection of our knowledge, at that time, of the formation of 
absorption lines, developed for a long time ahnost independently of the 
theory of absorption-line intensities. However, such a separation, which 
is in essence completely artificial, cannot be maintained at the present 
day. In fact, in order to study the nature of a stellar spectrum for various 
T, and g and a given chemical composition, we have to construct the 
contours of absorption lines for these 7, and g (see Chapter 13). Then 
we must consider the change in the intensities of these lines in the spectra 
of stars with different 7', and g, and compare the theoretical results 
with those of observation. Thus, in principle, everything reduces to cal- 
culations based on the contents of Chapter 13. It is true that such calcu- 
lations will, of course, be very schematic, since they do not take into 
account such factors as turbulence in the atmospheres of stars, the ro- 
tation of a star, small differences in the chemical composition, etc. How- 
ever, these problems already lead us into the field of a two-dimensional 
classification. 

It follows from the above that, to interpret the most important 
characteristics of the spectra] sequence, we can here restrict ourselves 
to a qualitative discussion of the problem, since quantitative calculations 
would be based on the methods of Chapter 13, which we have already 
considered. The formulae and methods of the old “theory of ionisation 
of stellar atmospheres” have lost almost all significance nowadays *. 


2. The variation of line intensities with increasing temperature. Let 
us now investigate how the intensities of various absorption lines will 
vary, fora fixed value of g, as we pass from stars witha low 7’, to those with 
ahigher 7’. (The effect of varying g will be considered in the next section.) 

The starting-point for what follows is that the intensity of any linc 
in the spectrum of a star is the greater, the more atoms there are which 
produce this line (see Chapter 12). Hence, in order to study the quah- 
tative change in the intensity of any line in stellar spectra along the 
spectral sequence, it is sufficient for us to consider the change in the 
number of these atoms. 


* This theory, in its final form, began from the idea of the so-called effective 
optical depth, which was supposed to be the samc for all absorption Hines. How- 
ever, it has recently been found that this depth varies for different lines from 0.2 
to 2, depending on the excitation potential, the region of the spectrum, cte. 
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The most characteristic properties of the spectra of stars with the 
lowest effective temperatures are as follows: 


(1) the presence of bands due to molecular compounds; 


(2) the presence of absorption lines which start from the ground 
level, for example the line 4227 A of Ca I. At low temperatures the num- 
ber of atoms in excited states is small, by formula (5.54); 

(3) lines of ionised elements will be relatively faint in the spectra of 
the stars in question. 

Let us now ascertain how the nature of the spectrum changes as we 
pass from these cool stars to stars with higher 7',. The increase in tem- 
perature causes a decrease in the number of molecules, because dissocia- 
tion processes are intensified, and consequently the molecular bands be- 
come fainter. Here the first bands to disappear will be those which are 
due to easily dissociated compounds (with a small dissociation energy). 
The same will happen for the atomie lines which start from the ground 
level of the neutral atom. The number of neutral atoms will decrease 
(slowly at first, and then more rapidly) as the ionisation increases. 

The lines of neutral atoms which correspond to transitions from ex- 
cited levels will behave differently. As the temperature inecrcases, the 
number of such atoms will at first increase [formula (5.54)]. The intensity 
of the corresponding lines will therefore increase also. However, this in- 
crease will not continue indefinitely. As the temperature increases fur- 
ther, the total number of neutral atoms of the element considered begins 
to decrease, because of the continuously increasing ionisation. For this 
reason, the intensities of lines which correspond to transitions from ex- 
cited levels of neutral atoms must have maxima for some temperature. 
The line then becomes fainter and disappears at some spectral sub-class. 
(The lines of the Balmer series form an exception; they are observed 
even in the spectra of O-type stars. This is due to the exceptionally high 
percentage content of hydrogen in stellar atmospheres.) It is casy to sce 
that lines which correspond to transitions from the ground level should, 
as a rule, disappear later (i.e. at higher temperatures) than those which 
correspond to transitions from excited levels. 

The position of the maximum intensity of the line must depend on 
the ionisation potential of the clement in question and on the excitation 
potential of the level from which the transition begins which forms the 
line. The greater these two potentials, the higher will be the temperature 
at which the line reaches its maximum. Thus, for example, the maximum 
intensity of the lines of He I is observed in the spectra of stars of the 
B sub-classes (the lines of neutral helium first appear im the spectra of 
stars of the sub-classes Al and A2), while the majority of lines of neutral 
atoms of metals which are relatively casily ionised and excited have their 
maxima in the classes M, K and G. This, in particular, explains why 
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metal lines* are predominant in the spectra of stars of these classes. The 
lines of elemcnts which are not easily excited are either absent or extreine- 
ly faint in these spectra. Hydrogen forms an exception: even its first 
excitation potential is very high (for the second level, where the Balmer 
serics begins, &2 = 10:16 eV). The Balmer lines, however, are fairly 
intense even in the spectra of G, K and M stars; this is due to the 
extremely high relative content of hydrogen (sec Chapter 15). 


The presence of an intensity maximum for the lines of neutral elements 
must relate, as we have just seen, to excited levels. However, in certain 
cases lines produced by transitions from the first level may also have 
maxima. For, if as a result of the rise in temperature the atoms im 
question are released by the disintegration of molecular compounds 
which contain them, the intensity of the corresponding atomic lines 
should likewise increasc. The subsequent ionisation of the atoms causes 
a maximum of the intensity and then a decrease. 


Let us now consider lines duc to ions. We first examine lines pro- 
duced by transitions from the ground state of the ionised atom. As we 
pass to the atmospheres of hotter and hotter stars, an increase in the 
number of ionised atoms will take place (at the expense of the number of 
neutral atoms). Because of this, the intensity of ionic lines increases, and 
new lines appear whose intensity also increases. However, this increase 
in intensity eannot continue indefinitely. As the temperature rises fur- 
ther, the increase in the second ionisation of the atoms considered leads 
to the result that the number of singly ionised atoms, having reached 
a maximum, begins to decrease. Thus the intensitics of lines produced 
by transitions from the ground state of ionised atoms must also have 
sone maximum in the spectral sequence. This maximum is reached at 
a point where the lines belonging to neutral atoms of the given element 
are already very faint. Furthermore, the maximum must be relatively 
flat, since the next stage of ionisation usually requires a considerably 
higher temperature. 

It is quite evident that those lines of ionised atoms which correspond 
to transitions from excited levels must also have a maximum, though of 
course at a higher temperature, since additional energy has to be ex- 
pended on the excitation of the atoms. These maxima should be more 
sharply defined than those of lines which start from the ground levels of 
the ions. 

For ionised atoms, the position of the maximum must also depend 
on the values of the ionisation and excitation potentials. The larger these 
are, the higher is the temperature at which the corresponding lines and 
their intensity maxima are observed. 


* Not only of neutral metals, but also of ionised metals with small ionisation 
potentials. 


240 Chapter 16. The interpretation of the spectral sequence 


The concepts which we have explained are wholly applicable to higher 
ionisation states also. 


Thus, as we move along the spectral sequenee from the eoolest stars 
(among those known to us) to the hottest, we should observe a continuous 
replacement of some lines (and maxima) by others which have greater 
ionisation and excitation potentials. A general change takes place cor- 
respondingly in the appearance of the spectra of stars, from spectra 
erossed by a multitude of absorption lines (and at first by bands) with 
strong blending, to the speetra of early classes, which have relatively 
few lines. In fact, as we pass from cool stars to hotter ones, we are con- 
cerned on the whole with atoms which are more highly ionised or diffi- 
cult to ionise (for example, He 1). In atoms with large 7, 7%), Zo...» 
however, the majority of the strong lines are situated in the far ultra- 
violet, which is a region of stellar spectra not yet accessible to us. Thus, 
for instance, the lines of doubly and triply ionised atoms are, in general, 
encountered relatively seldom in the aceessible region of the speetrum. 
The relative ‘‘scareity’’ of lines in the spectra of early classes is hereby 
explained. 


It is interesting to note that it was previously supposed (until the 
twenties of the present century) that the disappearance of metal lines 
and the appearanec of lines of the inert gases in the spectra of hot stars 
was due to the destruction of the metal atoms and the formation of inert 
gas atoms. In actual fact, everything is explained by the multiple ion- 
isation of the metal atoms; for sueh ions, practically all the lines are in 
the ultra-violet region of the spectrum, which is inaecessible to us. The 
observed lines of the inert gas atoms start from highly excited levels, so 
that a fairly high temperature is required to produce a suffieient number 
of absorbing atoms. 


All the conclusions given here, i.e. the presenee of maxima and the 
general nature of the variation of speetra as 7’, increases, are in coim- 
plete accordanee with observation. The earlicr ‘‘theory of ionisation of 
stellar atmospheres” achieved some success as regards quantitative eon- 
clusions, principally in the construction of a scale of “‘ionisation”’ tem- 
peratures (see below). However, this theory was fundamentally too ele- 
mentary and was based on data for the absorption coefficients which are 
now known to be ineorrect. Caleulations performed in the last few years. 
based on a direet construction of absorption-line contours, can be used 
with justification only for stars of the early spectral classes, where the 
absorption is determined by hydrogen. For the cooler stars of classes F, 
G, K and M, where the continuous absorption is produced by negative 
hydrogen ions, and later by metals and by inolecules, there are no calcu- 
lations which give the variation of the intensity with 7T,. Earlier caleu- 
lations were based on the supposition that the absorption in the atmos- 
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pheres of these stars is produced by metals and by hydrogen. Nor are 
there sufficiently well-founded calculations for very hot stars, where the 
absorption of radiation is determined by hydrogen, by helium, and by 
free electrons. 

The study of the behaviour of various lines along the spectral se- 
quence is important, and not only for the solution of the general problem 
of interpreting the spectral sequence. This interpretation is applicable in 
practice to a number of situations. One of these is the establishment of 
a scale of stellar temperatures. Let us assume that we are considering 
stars with almost the same value of the acceleration g due to gravity, 
but with various 7. Having constructed the theoretical contours and 
computed JV, from them for some line, we find the value of 7, for which 
the line concerned has the maximuin value of Wy. Let this be 7, =(7s)m- 
Next, having selected stars of various classes, but with approximately the 
same value of g, we determine spectrophotomctrically the spectral class 
in which the value of W, for the given line is a maximum. Let this be, 
say, the class FS. We can consequently suppose that the effective tem- 
perature of class F5 is (7,,),,. A similar determination of 7, can be made 
for many other lines also, and these will in general have a maximum W, 
for other spectral classes. We thus obtain what is called the scale of 
“ionisation” temperatures, i.c. the relation between the spectral class 
and the temperature of a star: the temperatures found in the manner 
described must be essentially the effective temperatures, as follows from 
the method by which they were found. 

We must extend the scale of effective tempcratures to groups of stars 
with various values of g, since, as we shall sec later, the effect of this 
parameter on the values found for 7’, may be considerable in some cases. 


The establishinent of the scale of “ionisation” temperatures was one 
of the inain tasks of the old ‘‘theory of ionisation” of stellar atmospheres. 
However, because of the much simplified character of this theory, the 
7, deterinined from different lines for one and the saine spectral class 
was often different. 

At present, the method of maxima has retained some significance 
only for hot stars of classes B and O, where a number of difficulties are 
encountered in the establishment of the temperature scale (sce below). 
Of course, here too the old “theory of ionisation” has to be entirely re- 
placed by caleulations based on the integration of the general equations 
of transfer (9.29), (9.32) and (10.2), taking into account the main ideas 
of Chapter 13. We shall discuss the results of such calculations a little 
later. 


3. The effect of the acceleration due to gravity. Having considcred 
in outline the effect of a star’s temperature on its spectruin, Iet us now 
turn to a study of the part played by the acceleration g due to gravity. 
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A difference in the value of g means, as we know, a difference in the 
electron pressure: the smaller g, the smaller p,. and conversely. On the 
other hand, the degree of ionisation, according to formula (5.11), is 
greater, the smaller p,. Consequently, if we have two stars with the 
same effective temperature, one heing a dwarf and the other a giant, the 
ionisation of the atoms in the atmosphere of the giant will be greater 
than in that of the dwarf, i.c. the spectruin of the giant will be of an 
earlier class than that of the dwarf. 

Let us consider, for instance, two groups of stars with different values 
of g, say g’ and g”, where g’ > g”. Then, as we move along the spectral 
sequence towards higher temperatures, all phenomena in the spectrum 
(disappearance of lines, maxima of lines, appearance of lines of ionised 
elements, ete.) which depend on the ionisation will take place at lower 
T, in the second group of stars than in the first. These facts are casily 
illustrated by means of formulae (5.11) and (5.54). For, by using these 
formulae. we can calculate the ratio of the number of ionised atoms of 
some clement to the total number of atoms of that element (in the same 
volume). If we are interested in r times ionised atoms in the Ath exci- 
tation state. then this ratio, which we denote by y, ,, is 


Nek ry pe n 


Yk = PS a as (16.1) 


Yr 
where 


N= A+++... =D, (16.2) 


the sum being taken over all ionisation states. 


For the first factor on the right-hand side of (16.1), we have from 
formula (5.54) 


n g -—€ AAT 
rk Ske (16.3) 
n, u, 
The second factor must be calculated by means of the ionisation equation 
(5.11). Writing this equation for r = 0, r= 1, r = 2, ete., we obtain, 
as a result of appropriate inultiplication of the equations, 


pe = KyK, , hs pei = KyK,K,.ete., (16.4) 


where the notation (5.17) is used. In accordance with (16.4). the expres- 
sion (16.2) takes the form 


n=S(T,m) 2, (16.5) 
where 
S(P py =1-- Roy Koki Koki Re (16.6) 
Pe ry P, 
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Using (16.1), (16.3), (16.4) and (16.5), we obtain the followmg expressions 
for Yous Yrs «++ > Yrge ete.: 


—eg PAT 
Jor © OF 
g . , “ gyesp ’ 16.7 
Yo,k Uo S( T ; P,) ( ) 
r oe, y/kT 
Dy, Kye “Vk 
Yr. = - oom ; 16.8 
Yuk u, S(T, p,)P, ( ) 
r r r - [KT 
Opp Ko Ky... Kye“ 
Yr k = , ~ SU? I r ’ (16.9) 
ty (7, P) P, 


ete. 

As has been mentioned in Chapter 5, the levels of consecutive ioni- 
sation states are usually so far apart that, for a given p,, only 7 and 
r-+ 1] times ionised atoms exist in an appreciable amount, i. e. for 
example, my and n,, or n, and n., ete.* Thus the sum (16.6) is deter- 
mined mainly by two terms only. Hence we have in this ease, for neutral 
atoms, 


Jone *0.Ki A? 


Yo,k YY Up 1+ Ky/p, . (16.10) 


If we are dealing with neutral atoms in the ground state, then (16.10) 
takes the form (&, = 0) 





Yo. © a + Kelp? (16.11) 


where we must remember that the partition function u, depends on the 
temperature. The saine is truc of u,, u,, ete. In some eases the variation 
of u, with 7' may eause some displacement in the position of the maxi- 
mum of y,,. This ean be shown, for example, for lines which correspond 
to transitions from the ground level of the singly ionised atom. We can 
observe these lines only in eases where they lie in the accessible region 
of the speetrum, i. e. when the nearest exeited level has a fairly small 
exeitation energy. The seeond ionisation potential of the atom, however, 
is comparatively high. Henec, when the temperature increases, the ions 
first pass ito the exeited state, and only later into the seeond ionisation 
state. The deerease in the number of singly ionised atoins m the ground 
state, after the maximum, is caused im these eases not so mueh by 
second ionisation as by the exeitation of atoms to the nearest level. 


* Jt follows from an analysis of absorption lines in stellar spectra that atoms 
in three successive ionisation states may sometimes exist in comparable amounts 
in stellar atmospheres, In this case we are dealing not with the ionisation state 
in a volume clement, but with the total effect produced by the different layers of 
the atmosphere. 
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In general, the part played by the individual terms in the suin (16.6) 
can be ascertained by calculating them directly, for a given p, of course. 

The application of formulae (16.7) and (16.8) to the problein in 
which we are interested, that of the effect of p, on the variation of the 
quantitics y,,, is shown in Fig. 44. On the axis of abscissae is placed 
the temperature, and on the axis of ordinates the ratio of n,, to n, 
expressed as a percentage. The curves A and B show the dependence 
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of y on the temperature for the ground level of neutral calcium, froin 
which starts, in particular, the transition which produces the resonance 
line 4227 A. The curve A is constructed for p, = 10 bars from formula 
(16.11), and the curve B for p, = 0-1 bar. The curves A, and By show 
the dependence of y on the temperature for the ground level of ionised 
calcium, from which the transitions start which produce the H and K 
resonance lines. The curve A+ is constructed for p, = 10 bars, and the 
curve B, for p, = 0-1 bar. The curves Ay and By; are constructed from 
formula (16.8), where €,; = 0, since the level concerned is the ground 
level. 

The curve C is constructed for p, = 10 bars, and shows the depen- 
dence of y on the teinperature for the excited level of neutral calcium 
from which the transition starts which produces the line 6162 A. The 
potential of this level is about 1:9 eV. The curve D is calculated for 
p, = 90-1 bar. Both curves are constructed from formula (16.10) with 
Eo, 1-9 eV. Finally, the curve Cy shows the dependence of y on the 
teinperature for the excited level of ionised caleiuin with €), @ 3-2 eV, 
calculated for p, = 10 bars. The transition which produces the line 
3737 A starts from this level. The curve D, is a similar curve for 
P, = 9-1 bar. Both curves are constructed from formula (16.8) with 
Ey, & 3-2 eV. 

The curves in Fig. 44 entirely confirm the statement nade above 
that, as we move along the spectral sequence (in the direction of 7' 
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increasing), all the phenomena which depend on the ionisation take 
place at lower values of 7’ in stars where g, and consequently p,, is 
smaller, than in stars where g is larger. 


Consequently, if we have two stars, a giant and a dwarf, of the same 
spectra] class, the giant should have a lower effective temperature than 
the dwarf. For, if the spectral class is the same, this means, roughly 
speaking, that the tonisation state of the atoms is the same, while a lower 
temperature is needed to reach a given ionisation state of the atoms 
in the atmosphere of the giant, where 9, is less, than in that of the dwarf. 
This is very clearly noticeable for stars cooler than those of class F 5, 
i. c. for stars where the division into dwarfs and giants is clearly marked. 
We shall give in Table 11 quantitative data on the differences in T,. 


4. The differences between the spectra of dwarfs and giants. The 
absolute-magnitude effect. We have just said that a difference in 7, may 
be balanced by a difference in p,, so that a giant and a dwarf may have 
practically the same spectral class. However, this compensation is not 
really complete. The similarity in the spectra of giants and dwarfs is 
only, so to speak, one of principle. There are a large number of marked 
differences of detail. These arc due to the following causes. 


(1) Let us write the ionisation formula (5.11) in the logarithmic form 





” U 
logio a = 108y9 a + $ logy 7 — 5040 L 
r 
2(2%m,) 3/2 5/2 (16.12) 
— logig Pe + logig -- ~~ —43———- 


where 7, is expressed in electron-volts. It follows from (16.12) that an 
increase or decrease in p, respectively decreases or increases 7,4 /n, 
by the same amount for all elements. On the other hand, a change in 7 
causes a change in 7,,,/n, which is not the same for different elements. 
For large 7,, the change in n,4,/n,, for a given change in 7, will be 
greater than for small 7,. Thus the temperature “compensation” (de- 
erease in 7’) in passing from a dwarf star to a giant star (of the same 
class) is too small for casily ionised atoms and too large for atoms which 
are difficult to ionise (y, is a factor of the most important term, 5040 7,/7). 
Hence we should expeet that, as we pass from dwarfs to giants, atoms 
with sinall z, will be ionised more strongly in the atmospheres of giants 
than in the atmospheres of dwarfs, and those with large 7, less strongly ; 
for elements with moderate values of z, the difference should be unimpor- 
tant. 

This should appear froin the behaviour of absorption lines, and such 
a thing is in general observed. Thus, for instauce, the lines of Ca I and 
Sr 1 are stronger in dwarfs and weaker in giants, while the reverse is 
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observed for the lines of Ca Tf and Sr II. (For Cal 7, = 6-09 eV, for 
Srl zy = 5:67 eV, for Ca Ty, = 11-82 eV, and for Sr 11 7, = 10-98 eV.) 

(2) We know (see Chapter 13) that the contour of any absorption 
line, and also its equivalent width, are determined by the ratio 7,: 


n, =9,/x,. (16.13) 


Here the value of a, is determined by the pressure effects, among other 
things. Thus, even if the temperature compensation for the difference 
in degree of ionisation between giants and dwarfs were complete*, there 
would still necessarily be a definite difference between the intensities 
of absorption lines in their spectra. 

It follows from all we have said that, when we consider stars of the 
same spectral class but with different g, and measure the equivalent 
width JV,, in the spectra of these stars, of any line which is sufficiently 
sensitive to a change in p, (and thus in g), we should expeet a definite 
relation between g and IW,. This is wholly confirmed by the appropriate 
observations. However, in practice we establish not the relation between 
W, and g, but between Wy, (or some other characteristic of the line 
strength, such as an cye estimate of the strength) and the absolute 
magnitude of the star or its bolometrie luminosity L. This relation, as 
is well known, is the basis of the method of spectroseopic parallaxes. 
The possibility of passing from the relation between IW, and g to that 
between IW, and ZL depends on the existenee of the mass-luminosity 
law (see below). This law, although not universal, is nevertheless obeyed 
by fairly large groups of stars in the Hertzsprung-Russell diagrain. The 
method of spectroscopic parallaxes is generally applied within such 
groups of stars. As is well known, it consists essentially in the following. 
Having selected for a given spectral class two lines whose intensity ratio 
changes noticeably with the absolute magnitude of the star, we determine 
this ratio for a number of stars of knownf and different absolute magni- 
tudes (but of the same class). A graph is next constructed: on the axis 
of abscissae is placed the absolute magnitude, and on the axis of ordinates 
the ratio in question. Using this calibrated graph, we can determine 
the unknown absolute magnitude of any star (again of the same class), 
if we have measured the ratio of intensities of the lines concerned, in 
its spectrum. For greater accuracy we can use not one pair of lines, 
but several. 

It is quite evident that the array of pairs of lines necessary to deter- 
mine the absolute inagnitude varies along the spectral sequence. More- 
over, the array of pairs of lines and the corresponding calibrated graphs 


* That is, if the decrease of p, in the giant were compensated for all atoms 
by a deercase in its temperature relative to the dwarf. 
¢ Determined, say, from the trigonometrical parallax. 
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(see above) are different for instruments with different dispersions. For 
early-type stars, the absolute magnitude ean be determined simply from 
the equivalent widths of the lines of the Balmer serics. We have already 
explained the eorresponding method in Chapter 13. The readcr is referred 
to the literature for a list of the lines used in the method of spectroseopie 
parallaxes, and for details of the method. 

It must be remarked that the purely empirieal method of spectro- 
scopic parallaxes has given very good results in practice. It is based, 
as we have just said, on the assuinption that all stars of the spectral 
class coneerned and neighbouring classes follow the “mass-luminosity 
law”: 


L=@(M). (16.14) 


We then find from formulae (4.22) and (13.28) that the aceeleration g 
due to gravity must be a function of the luminosity and of the tem- 
perature T,: 

g =F (L, T,). (16.15 


On the other hand, as we have seen above, the speetral elass Sp depends 
on 7’, and (to a lesser extent, it is true) on g. Henee we can write 


Sp =f (9, T,). (16.15’) 


Having found 7, from (16.15’) as a funetion of Sp and g and substituted 
in (16.15), we find 
g=(L, Sp), (16.15) 


from which it follows that, for a given Sp, the acceleration g due to 
gravity is a funetion of Z, and conversely. This is why the value of W’,, 
for a given Sp, must depend mainly on L. 

The dependenee of W, on g for a given 7’, (or for a given Sp) is 
ealled the absolute-magnitude effect. This cffeet was the objeet of 
partieular study in the “theory of ionisation’. However, all the pre- 
dictions of this theory regarding the dependence of W, on gy must now 
be entirely revised. Besides its sehematie nature, this theory took no 
account of the line broadening eaused by eollision damping. The effi- 
eieney of this proeess is determined by the density of matter, and must 
consequently depend on the value of g, and directly on the absolute 
magnitude when 7, is constant. 

In order to investigate the absolute-inagnitude effect theoretically, 
it is necessary to proeeed in the manner diseussed above, namely to 
ealculate the structure of the photospheres of stars for various 7’, and g, 
and to construct, on the basis of these calculations, the contours of the 
absorption lines in whieh we are interested. Then, having deeided on a 
definite value of T, (or Sp), we ean study the dependenee of W, on g. 
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It must be remarked that such calculations are restricted as regards 
stars of high luminosity, since calculations based on “dynamical” values 
of g are impossible for the atmospheres of supergiants (see Chapter 13). 
Furthermore, the broadening of Imes by the effects of turbulence has 
a distorting effect in the atmospheres of supergiants (Chapters 12 and 13). 

The present state of the theory of the absolute-magnitude effeet is 
in general very unsatisfactory. A great amount of work remains to be 
done here. As yet the whole problem has been developed m a purely 
empirical manner. 

Besides the purely quantitative method of spectroscopic parallaxes, 
the so-called luminosity classes have recently come into use. The lumi- 
nosity classes are denoted by Roman figures. Stars of class I are super- 
giants, while those of class V are chiefly stars of the main sequence. 
Fig. 45 shows the corresponding diagram, which gives the preliminary 























Fig. 45 


calibration of the luminosity classes [e. g. 92]. On the axis of abscissac 
is placed the spectral elass, and on the axis of ordinates the absolute 
stellar magnitude. 

In conncetion with the interpretation of the spectral classification, 
it must be remarked that it will, of course, be necessary in future to 
refine the classification continually, in order to take account of various 
supplementary factors which characterise the spectra of stars: tur- 
bulence, deviations from the “normal” chemical composition, etc. 


5. The seale of effective temperatures. In conclusion, we shall briefly 
consider the subject of the scale of stellar effective temperatures [97]. 
By this we shall understand the relation, established from observation, 
between the spectral class of a star and its effective temperature. It is 
clear that, for stars of different luminosity, this relation will be different, 
because of the considerations given above. 
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We shall be interested only in effective temperatures, since we have 
seen that the effective temperature of a star is in fact the basic tem- 
perature paraineter. According to the relation (4.22), it determines the 
total, i. ec. bolometric, luminosity Z of the star, and by (4.21) the flux 
aH, which, together with the aeceleration g duc to gravity and the 
chemical composition, determines the tempcrature distribution in the 
stellar atmosphere and the speetrum of the star. Other kinds of stellar 
teuperature are parameters which usually play only a restricted part. 


The most direct method of determining 7’, is to use the fundamental 
formula 
L=4ak*oT, (16.16) 


which connects L, # and 7’, and gives the definition of 7',. However) 
we here eneounter a difficulty (insuperable without special investigations)» 
in that the Earth’s atmosphere cuts off the part of stellar ultra-violet 
radiation with wavelengths 4 < 3000 A. For stars with fairly high 7',, 
the proportion of energy not transinitted by the Earth’s atmosphere 
may considerably excecd the proportion of energy which reaches the 
observer. Only for stars cooler than the Sun and the Sun itself do the 
speetral regions cut off by the Earth’s atinosphere play a very small 
part. Hence, for stars of different speetral classes, the methods of deter- 
mining 7’, must be modified in some way, and sometimes we must 
resort to indirect methods. 

For very hot stars (hotter than those of class B 2), the most reliable 
inethods of determining 7’, are so far those coneerned with the study 
of absorption (or emission) lines. A comparison of the theoretical energy 
distribution in the continuous spectrum of these stars with the distri- 
bution found from observation leads to considerably more uncertain 
results, sinee at high temperatures the relative distribution of energy 
in the observable part of the spectrum depends only slightly on the 
teinperature. 

The inost reliable incthod of determining 7’, from absorption lines 
for hot stars is the ‘“‘inaxiinum” method of the theory of ionisation, 
which we have considered in the present chapter. The values of 7, 
obtained by this method are shown in Table 9. The excitation potential 
refers to the lower level of the line whose maximum is given from ob- 
servation. The speetra in the two columns are given according to the 
results of different observers. 


Three methods can be used for stars of classes B2 to AO: 
(1) the method of maxima just discusscd; 


(2) a comparison of the theoretical and observed energy distribution 
in the continuous spectrum of the stars; 


(3) the use of boloinctric corrections. 
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Let us consider the second of these methods. The comparison of 
the theoretical curves with those obtained from observation should, 
in order to achieve the greatest accuracy, include as wide a range of 
wavelengths as possible, among them the discontinuity at the limit of 
the Balmer series and the interval from 2 = 3000 A to this limit 
(4 = 3646 A). Having selected the theoretical curve, construeted for 


Table 9 [based on 117) 


Element ! lonisation Excitation ; T Spectrum 
( potential potential logiog = 44 logig = 2-4 
Sill 16-3 9-3 12,900° 11.200° AO 
Cll 24:3 18-0 21,000 16,800 B3 
NII 29-5 18-4 21,000 18,700 B2 B1—2 
Si Il 33:3 18-9 22,000 19,400 B1—2 B1l—2 
He I 24-5 20-9 18,000 14,400 B2—3 
O11 34-8 23-3 24,000 21,000 Bl Bl 
SilV 44-9 23-9 31,500 27,000 09 O09 
NW 47-4 27:3 35,000 31,500 O7—8 O9 
C Ul 47-7 29-4 30,600 28,000 09? 0 9—BO 
0 III 54-9 33-7 37,400 33.600 09—B0 08 
NIV 17:3 39-7 39,000 33,600 
He II 542 50-8 44.000 39,000 
CIV 64-2 55-5 50,000 44,000 


some temperature 7,’, which best matches the observed energy distribu- 
tion in the spectrum of a star of the given elass, we can suppose that 
this temperature is characteristic of the spectral class concerned. This 
method is quite reliable, since the energy distribution beyond the limit 
of the Balmer series, that up to the limit, and the magnitude of the 
discontinuity D at the series limit [see formula (6.28)] can be considered 
as independent characteristics of the spectrum from the observational 
point of view. 

Let us now consider the third method. From the constructed theoreti- 
eal energy distribution in the continuous spectrum, we can calculate 
the theoretieal bolometric corrections for stars of various classes: 


A Myo => Myo —_ Myvi . (16.17) 


Then, knowing the absolute visual (or photovisual) magnitude Jf\;4, 
of the star, we can determine 7 from the obvious formula 


2-5 logig (L/ Lg) = (Mydo— Moa - (16.18) 





[We shall discuss the values of Lg and (Mjo1)g later.] Thus the problem 
reduces to a determination of the radius of the star, followed by finding 
the value of 7, from the known Z and #, in accordance with (16.16). 
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The value of # can be directly determined only in two cases. (1) If 
the star belongs to an eclipsing variable system and the spectra of the 
two components can be distinguished (otherwise it would not be possible 
to determine the spectral class to which the value of 7’, refers). Further, 
the parallax of the system must be known. In this case the value of # 
is found from calculations of the orbit. (2) If the distance of the star is 
known, interferometric measurements can be used; these give thie 
angular radius of the star. ‘There are as yet no such measurements for 
early-type stars, because of their relatively small dimensions. 

The third method which we have considered for determining effective 
temperatures is really a refinement of the temperatures obtained by 
the second method, since here it ts necessary to use an already known 
theoretical energy distribution in the continuous spectrum of the stars. 

The seale of effective temperatures for stars hotter than A 0 stars 
(97], constructed by G. P. Kuiper by the methods given above, is 
shown in Table 10. 











Table 10 
Spectrum | logig T, Am, : Spectrum | log,, T, Am, 
— a — — . - a l 
O8 4-60 38 | B38 4:27 2-03 
O09 4-50 —3-24 B4 4:23 —1-82 
BO 4-40 —2-70 B5 4-19 —1-60 
Bl 4:39 —2-48 \ B6 4-16 —~]-44 
B2 4-31 —2-24 B8 4-09 —1-07 
AO 4-03 —0-76 


The subject of the temperature scale for stars of the earlicst classes 
is very indefinite. An extrapolation made by Kuiper gave very high 
effective temperatures for these stars. For the class O35, the value of 
T, was 80,000°, for the class O 6 63,000°, and for the class O 7 50,000°. 
However, there are a number of more recent investigations which suggest 
that these temperatures are greatly exaggerated. It appears that stars 
of the class O 5 have effective temperatures not exceeding 45,000° or 
50.000°, while the general change of 7, with spectral class is slower 
for O-type and early B-type stars than that shown in Table 10. This 
subject requires very careful investigation. 

The scale of bolometric corrections for B 2 to A 0 stars was prepared 
by FE. R. Musrex’ from theoretical curves like Fig. 17. For hotter stars, 
the bolometric corrections have been calculated from a simplified theory 
of radiative equilibrium (A. PANNEKOEK’s calculations). 

For stars of the classes A to F, the application of the metliods men- 
tioned for AO to B2 stars is troublesome, because the absorption of 
radiation in their atmospheres is determined simultaneously by hydrogen 
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and by H_ ions. There are as yet no reliable theoretieal caleulations 
of the flux 2H, for stars of these classes. Henee we must here resort to 
interpolation methods, sinee, for stars hotter than those of the class A 0 
or eooler than those of the elasses G 0 to F 8, the relation between the 
effeetive temperature and the speetral elass beeomes fairly reliable. 
Henee we now pass immediately to stars eooler than those of the elasses 
GO to F8. 


Here matters are very considerably simplified by the faet that, in the 
speetra of F 8 to GO stars, the proportion of energy whieh belongs to 
the inaceessible region with 2 < 3000 A is small, and for stars of the 
elasses K and M. it is altogether negligible. The values of Z for this 
group of stars ean be found by means of radiometrie measurements, 
whieh give the values of Mm,. Knowing 4dm,, we ean determine L. 
A seheme of values of dm, was first construeted, using this method, 
by P. P. Parenaco [118], and later by Kuiper. The radius & of the 
star can be determined, say, by the methods given above. In particular, 
interferometric measurements exist for some red giants. 


For dwarfs, we must use eclipsmg binary stars which show two 
distinet spectra. The most reliable temperature value is, of course, that 
of the Sun, a dwarf of class dG 3. The effeetive temperature of the Sun, 
determined from the solar constant, is 5710°, (Mylo = + 4™7, and 
Loa =2 x 103% ergs/see. The seheine of effeetive temperatures of stars 
of elasses G, K, and M, determined in the manner deseribed, is given 
in Table 11. The temperatures of stars of classes A 5, FO and F 5 are 
found, as stated above, by interpolation, taking into aeeount the in- 
formation which ean be obtained from the intensities of absorption lines. 





Table 11 
Spectrum 7, Spectrum 7, Spectrum! T, Spectrum 7, 
oo —_ | 
AO 10,700° dGoO  ; 6000° gGo | 5200° gMO , 3400° 
AS 8530 ; dG2 | 5710 gM 2 3200 
FO 7500 | dG5 5360 gGib 4620 | gM 4 2930 
F5 6470 dK 0 4910 gk 0 4230 | gM 6 2750 
dK 2 4650 gM 8, 2590 
dK 5, . 3900 gk 5 3580 | 
dM2 ! 3200 | 


From Table 1] we ean estimate the differenee between 7', for a dwarf 
and 7, for a giant of the same elass. 


The seale of boloinetrie correetions, obtained by the method given 
above, for stars of various elasses is given in Table 12. In this table, 
M is the absolute visual magnitude of the star; a colon after the result 
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indicates that it is uncertain. Values in brackets were obtained by extra- 
polation. 

The tables given here are provisional. The temperatures of very hot 
stars and of those of classes A and F are the most uncertain. However, 
the accuracy of the results in these tables is quite sufficient for many 
practical problems. 


Table 12 
: . Mai M = Mai M= 
Spectrum sequence M = 0-0" 5 | Speetrum scanenee M = 0-0 aa 
F 2 —0-:0¢ —0-04 —0-04 K 4 —055 —1-1l —1-56 
F5 —0-04 | —0-:08 —0-12 K5 —0:85 —1:35 —1-86: 
F8 —0:05 —0-17. —0-28 K6 —Ill4 
GO —0-:06 —0-:25 —0-42 MO —143 —155 —2-2 
G2 | —007 —031 —0-52 M 1 —-1:70 | —1:72 —2-6 
G5 —0:10 —0:39 —-0-65: M2 —2:03 | —1:95 —3-0: 
Gs | —010 —0-47 —080:' M3 [235] —226 —3-6: 
K0 —Oll | 054 0938: M4 [-27]) —272 
K2 —015 | —0-72 —1-20 M5 (—3-1:] —3-4: 
K3 | —031 —089 —1-35 


The scale of effective temperatures and bolometric corrections can 
be used, in particular to draw lines of equal radius on the “spectrum- 
luminosity” diagram, and if the masses of the stars are known, then 
lines of equal mass and equal density can be drawn also. 


Fig. 46 shows such a diagram, constructed by P. P. PaREeNnaco. 
It is very useful, both for practical problems of stellar astronomy and 
for preliminary calculations in various astrophysical problems. On the 
axis of ordinates are placed the absolute bolometrie magnitudes of the 
stars, and on the axis of abscissae log,, 7’, and the spectral classes. 
The vertieal thick lines in the diagram mark the existing groups and 
sequences of stars. Their height gives the approximate dispersion of 
the magnitudes Jf. The sequences and groups shown in the diagram 
are as follows: AB, the main sequence; CD, the giants; HF, the super- 
giants; GH, the cephcids; JK, the subgiants; L, the white dwarfs; 
ALN, the subdwarf sequence discovered by P. P. Parenaco; OP, the 
white-blue sequence whose continuity was discovered by B. A. Voront- 
SOV-VEL’YAMINOV. 

The level lines on the diagram are shown as follows. The continuous 
lines are lines of equal radius, calculated from the formula 


logyg FR = 8-50 — 0-2 Myo, — 2 logig 7. - (16.19) 


This formula is obtained from formula (16.16), taking into account that 
the absolute bolometric magnitude of the Sun (Mya)g = + 4:7. The 
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dashed tines are lines of equal mass. They were obtained by P. P. Pare- 
NAGO from his own investigations and from those he eondueted together 
with A. G. Masevicir. 








05 80 85 A0 AS FO GO KO MOMS Giants 
GO KO MO M5 Dworfs 
Fic. 46 


We now give the various empirical formulae for the relation between 
Lo, and the mass M of the star. In the upper part of the main sequenee, 
for stars hotter than the Sun, 


M = 0-89 Lye? . (16.20) 
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For the remaining stars in the main sequence, 


For the subdwarfs, 


For the subgiants, 


M = 1-8 Lygi?/R . (16.23) 
For the giants, 
M = 1-l Lyo? * ROO? (16.24) 
For the supergiants, 
M = 155 Lyi?" . (16.25) 


The unit of measurement of Ly is (Lyo)o, and of M, Mo. 


The dot-and-dash lines in the diagram show the lines of equal density, 
which are obtained from the known masses and radii, according to the 
formula 


log), 2 = log,) M + 0-6 Jf,,; + 6 logy) T, — 25:50; = (16.26) 


this is derived from (16.19) and the formula M = $2 R39. We are 
speaking, of course, of mean densities. 


In the present chapter we have considered a two-parameter spectral 
elassification. The situation is really much more complicated. Besides 
the effective tempcrature and the acceleration due to gravity at the 
surface of the star, the nature of the star’s spectrum may be determined 
by other factors also, such as, for example, the rotation of the star, 
the turbulence of the gases which form its atmosphere, and so on. 
Moreover, the deviations of the chemical composition of the stellar 
atmosphere from the “normal” composition may play a considerable 
part. Finally, the spectra of the various sequences and groups of stars, 
such as the subdwarf sequence, the group of ‘‘metallic-line”’ stars, etc., 
demand especial study. 


PART III. 
THE PHYSICS OF THE SOLAR ENVELOPES 


Chapter 17. The structure of the solar photosphere. 
Granulation. Convection 


1. The structure of the solar photosphere. It would be possible to 
determine the structure of the solar photosphere theoretically, by the 
same methods as we used in Chapter 7 to study the structure of the 
photospheres of stars of the class A0. However, as we have said in 
Chapter 6, the theory of radiative equilibrium, as developed for the 
solar photosphere, requires correction: the mean absorption coefficient 
which was introduced to make the theory agree with the observations 
is I-4 times the theoretical value. Hence it is best not to apply the 
theory of radiative equilibrium to the Sun, but to find the temperature 
distribution in its photosphere direetly from observation. This can be 
done by using the method explained at the end of Chapter 7. We must 
study, as accurately as possible (in particular, close to the limb) the 
energy distribution over the solar disc in some wavelength A, and then 
this gives the law of variation of the function 2B, with the optical depth 
t, for the same wavelength, on applying formula (7.31). 

Let us now consider how, knowing the relation between B, and t, 
for some wavelength A, and therefore the relation between 7' and ty, 
we can find the depth distribution of the other physical quantities: 
the total gas pressure p, the clectron pressure p,, the density a, cte. 
We write the equation of hydrostatic equilibrium ; the results of Chapter 7 
show that we can neglect the part played by radiation pressure: 


dp =godh. (17.1) 


For the parts of the spectrum between 4 = 4000 A and 4 = 10,000 to 
15,000 A, in which the relation between B, and 1, is usually found, 
the absorption of radiation is determined mainly hy negative hydrogen 
ions. In this case the absorption coefficient, referred to 1 grain of photo- 
spheric matter, is given by formula (13.13), where the value of k,(H7-) 
ean be taken from Fig. 15. Furthermore, as we said in Chapter 13. we 
can take (n9)j, ® ny throughout the solar photosphere. Hence we can 
write 

dt, = x,(H-) o dh = ny k,y(H~) p, dh. (17.2) 
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Dividing (17.1) by ny &y(H-) p, dk and using (13.9), we obtain 


dp g iy b = 6 

ar, — bl.) a: (17.3) 
where 6 is the quantity in braces in (13.9) and is equal to about 1:8. 
If, however, the content a, of helium in the Sun’s atmosphere is the 
same as in the atmospheres of the early-type stars (see Chapter 15), 
where apparently a, = 0-05, then 6 will be 1-2. We notice here that 
k,(H-) is a funetion of temperature and wavelength (or frequeney) 
only. Multiplying (17.3) by 2 p. we have 


dp? 2g bmy 
= HRV a Ip? 17.4 
dr, ~ k,(H) pI (17-4) 
We shall now obtain an expression for the ratio 
Pelp =n kT[n kT =n,[n, (17.5) 


where n, is the number of free electrons in 1 em3, and n the total number 
of particles in 1 cm’. For x, we can write: 


Nn, = Ny ty + On, x, = ny (tq +La,2,) , (17.6) 


where a, is the content of the sth element relative to hydrogen [fonnula 
(5.1)]. The summation must, strictly speaking, be extended over all 
elements. However, in practice we ean restrict ourselves to the metals, 
and then only to those for which the value of a, 2, is comparatively 
large. These are chiefly the metals with large relative contents a, and 
relatively low ionisation potentials (My, Na, Ca, Al, Si, Fe). The ioni- 
sation of other elements (He, O, C, N, ete.) gives very few free eleetrons 
in the solar atmosphere. The second ionisation ean also be neglected here. 
The total number of all particles in 1 em? of the solar photosphere 
is made up of atoms and cleetrons. Only hydrogen and helium among 
the atoms need be taken into consideration, sinee according to Table 1 
there are eonsiderably fewer atoms of other clements. The number of 
electrons in 1 cm? is determined by formula (17.6). Here it is clear that 
Nn. < Ny + Nye, sinee zy < 1 in the solar photosphere, and the number 
of electrons in 1 em? produced by the ionisation of metals cannot be 
greater than the number of metal atoms themselves, which in turn 
are considerably fewer than the hydrogen atoms. Henee we can write 
approximately 
NA My + Nye = Ny [lL + a, (He)] . (17.7) 


The expression (17.5) can now be rewritten 


P =r + a,z, mn 
pon > L+a,(He) 7 P(p, T), (17.8) 


17 i 
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since the quantities 2; and 2, are functions of p, and J’ only and can 
be calculated from the ionisation formula (5.16)*. It is clear that to 
calculate @(p,,7') the values of a, must be given, for example from 
Table 1. 

The equation (17.4) with the relation (17.8) is solved by the iterational 
method. The integration starts at the boundary of the photosphere, 
where t, = 0. For this value of t, we have 


T= To, Pe = (Pe)o - (17.9) 


Without loss of accuracy in the values of p and p, obtained by inte- 
grating (17.4), we can assume that (p,), = 0, say, though the value of 
p, at the boundary of the photosphere proper is of course different 
from zero, and somewhat exceeds the value of p, at the base of the 
chromosphere (see Chapter 21). As a result of integrating (17.4), using 
(17.8), we obtain the relation between the quantities 7', p and p,, 
while the relation between 7 and t, is known from observation. 

Let us now consider how we can find the distribution of the 
other quantities in the solar photosphere. We turn first to the total 
density of matter 9. In accordance with (17.7) we have p=nkT7T wx 
{1 +a,(He)] ny &7', while ny is related to the density o by (13.9). 
Consequently, knowing p and 7', we can determine o. Finally, the 
transition to linear depths is made by means of (17.1): 


h—h,= ; [?. (17.10) 


S 


where Ay is a constant of integration. The integration in (17.10) is carried 
out numerically, the relation between p and o having already been 
established. 

Table 13 was prepared by V.S. Bervicieyskaya from the results 
of P. TEN BrucorencateE, H. Go_tunow, and F. W. Jager [165]. These 
results (the relation between 8, and t,) were obtained from a study 
of the darkening to the limb of the solar dise, made at the time of a 
partial eclipse. The wavelength 4 = 5010 A. 

A detailed and critical discussion of the various models of the solar 
photosphere that have been proposed by different authors has recently 
been given by M. Minnarert [77, Chapter 3]. From these models, he 
has constructed a composite model of the photosphere (Table II of 
his article), which takes account of the most reliable properties that 
have been established for the various models. It is possible that this 
model is closer to reality than the one given in Table 13, although 


* Some authors introduce a mean degree of ionisation of the metals Ly which 
is equal to the sum )}" a, z,. 
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there still remain a number of points to be settled. In particular, we 
do not know the exaet content of helium (see above). 

It should also be noted that the data at present existing on the law 
of variation of the intensity of radiation over the solar dise are affeeted 
by various crrors and differ somewhat among themselves. (Further 
very careful observations are necessary, particularly at the limb of 
the cise.) Nevertheless, even with only these still imperfect data. the 
method in question is very much superior to that which uses the theory 
of radiative equilibrium. 

We could have solved the same problem of the Sun’s photosphere 
by the method emploved in Chapter 7 for stars of the class A 0. Here 
it is necessary to use the theoretical law of temperature distribution 
in the solar photosphere. According to what we said about the solar 
photosphere in Chapter 6, we ean take this law from (4.26), introducing, 
of course, the mean continuous absorption coefficient [formula (6.30)]. 
The results of such caleulations* are given in the last four columns of 
Table 13. Naturally, without these results we cannot go on to study 
the greater optical depths, from which radiation does not reach us. 
and so the relation between B, and t, cannot be derived. 


2. Convective processes in the solar photosphere. Granulation. The 
model of the solar photosphere which we have considered is, of course, 
a somewhat schematic one. It is essentially a model of a purely statie 
photosphere. However, the presenee of granulation in the solar photo- 
sphere shows that there is a movement of gas, even though the solar 
photosphere is in equilibrium as a whole. We reeall that granulation 
signifies the “graininess” of the observed outer surface of the Sun. 
The separate luminous “grains” on the darker background are called 
granules. The average dimensions of a vramule, according to the inve- 
stigations of A. P. GANSKIT (at Pulkovo) are of the order of 1” to 2", 
which is equivalent to 700 to 1400 kin on the Sun’s surface. It has been 
established by observation that the granular strneture of the solar 
surface — the granulation pattern — undergoes relatively rapid changes. 
The mean lifetime of a photospheric granule is of the order of 3 
minutes. 

The general form of the granulations, and the manner of the ap- 





pearanee and disappearance of granules, leads us to suppose that we 
here observe rising and falling masses of gas. Recently conducted spee- 
troseopic investigations of granulation confirm this view [125]. A value 
of about 0-4 km ‘see is obtained for the mean velocity of radial motion 
vgof the granule, taken in the sense of formula (11.26). This is considerably 
less than the turbulent velocities obtained from the eurve of growth 


* The data in these columns were calculated by V. 8S. BERDICHEVSKAYA on 
the basis of G. Mt'xcu’s model of the solar photosphere [93]. 


2. Convective processes in the solar photosphere 261 


for the Sun, which amount to about 1-5 km/sec. It is quite possible 
that this difference is connected with the difference in the dimensions 
of the turbulence elements. However, the situation is not yet clear, 
since the nature of the “turbulent” velocities found from the curve of 
growth may prove to be different from that of the velocities of the 
granulation currents. Moreover, further very careful examination of the 
observations of the velocities themsclves is necessary (in measuring 
the velocities of granulation currents, the effect of scattered light 
must be taken into account, and so on). In particular, G. THIESSEN 
finds that, when scattered light is taken into account, the above value 
of 0-4 kin/see is increased to 1-8 km/sec. 

However, despite these uncertainties. we must suppose that rising 
and falling currents are present. in the photosphere, i. e. that the latter 
is internally unstable. Moreover, it must be borne in mind that the 
properties of the granulation (granule dimensions, brightness contrast, 
ete.) are independent of the heliographic latitude (on the Sun’s surface) 
and of the Il-year period of variation of the solar activity. 


We have already said that the model of the solar photosphere 
considered above (Table 13) is one of a purely static photosphere. 
However, the calculations that have been perforined, especially if they 
are extended to large values of 1;, show that the lower layers of the solar 
photosphere cannot possibly be in stable equilibrium. There must 
exist internal convective currents in them, which can with a fair amount 
of justification be identified with the phenomena of granulation. 
(These currents must be turbulent in nature, as is shown by caleu- 
lation.) 


Starting from the idea that the solar photosphere (or at least its 
outer layers) is in radiative equilibrium, let us consider in which cases 
the convective currents in such an atmosphere can be stable, and in 
which cases they eannot. Let an element of gas in the photosphere 
acquire, for some reason, a momentum directed outwards. It will then 
begin to rise and expand. Its temperature will thereby ehange in a 
continuous manner. We shall now make the following assumptions: 
(1) the expansion process takes place adiabatically, (2) the viscosity 
forees whieh might retard the clement in question ean be neglected. 
Then, in order that the motion of the clement should not be stopped, 
it is necessary that the adiabatic temperature gradient (the change with 
depth of the temperatnre of an adiabatically expanding and rising 
element) should be less than the gradient corresponding to radiative 
equilibrium. This is easily understood from Fig. 47. The upward motion 
of the clement corresponds to a movement on the graph along the line Oa. 
Along the whole path of the element, its temperature is higher than 
that of the solar photosphere surrounding it. and consequently the motion 
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of the element will be continually maintained. Thus the convective 
currents which arise in the photosphere will persist if the inequality 


dT aT 
dh ad < ' dh raa 


is satisfied. If the contrary inequality holds (see dashed curve in Fig. 47), 
then the motion of the element will be immediately stopped, since it 
is cooler and denser than the surrounding medium. 

Thus, if the inequality (17.11) is 
satisfied, any sinall variations of local 
temperature Iead to the appearance 
of ascending and descending eurrents 
which, as follows from Fig. 47, will 
tend to alter the temperature gradient 
of the medium. 

In order to study the convection 
which occurs when the inequality 
(17.11) holds, we shall consider cur- 
rents so weak that they do not destroy 
the general equilibrium of the atmos- 


v 
, ~ Radiative equilibrium 








~ h phere. In other words, we shall suppose 
Outwards from the centre of theSun that as the element moves upwards 
Fia, 47 or downwards the pressure exerted by 


the element on the surrounding photo- 

sphere is equal to the pressure exerted on the element by the surrounding 

photosphere. The state of the medium when these conditions are fulfilled 
is ealled convective equilibrium [28, p. S4]. 

Since equilibrium is maintained, we can apply the formula of hydro- 

static equilibrium (17.1), which, using the equation of state of the gas 


no, 
p= ,eT, (17.12) 
takes the form 
Ip 16 
uae: (17.13) 


Multiplying both sides of (17.13) by d7'/dp, we obtain 


dT gu d log, T 


dh ~ KR dlog,p * (17.14) 


Applymg this for radiative and for convective equilibrium, we find, 


instead of (17.11), 
dlog, T dleg, 7 
— . 7.15 
(i log, Pp Yi < (5 log, P Yio ( 15) 
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In order to find whether the inequality (17.15) is satisfied in the photo- 
sphere of the Sun, we must caleulate separately the two sides of (17.15). 

We take first the left-hand side of the inequality. For adiabatie 
processes, as is well known, p'—” 7” = constant, and eonsequently 


dlog, T y—l 
—_——* = 17.1 
(Sere y ? (17.16) 


where y = ¢,/c, is the ratio of specifie heats of the gas at eonstant 
pressure and at eonstant volume. For a monatomie gas, y = 5/3, and so 


({ log, T 


= 0-40. 
‘ioe Jaa 0-40 


A eomparison of this number with the values of (d log, T'/d log, P)raa 
obtained from Table 13 makes it possible to draw the following eonelusion. 
Down to the level at optical depth 1, ~ 0-5 (for 2 = 5010 A) the ine- 
quality (d log, 7/d log. p)raq < 0-4 holds, but for 1, > 0:5 the eon- 
verse, i.e. the inequality (17.15), is true. Thus, below the level in the 
solar photosphere where t, ~ 0-5, there must lie an unstable. convective 
region. 

In order to form an idea of the lower limit of the eonvective zone, 
it Is neeessary to take into aeeount another important eireumstanec, 
namely that the ionisation of the atoms varies as the gaseous mass 
rises or falls. The eleetrons detaehed by ionisation must reecive a kinetie 
energy of } AZ. On the other hand, a gas whose degree of ionisation 
varies behaves approximately like a polyatomic gas. For this reason, 
the effeetive y for sueh a gas, defined as before by the relation (17.16), 
must be less than 5/3. 

The most important gas in this eonneetion is hydrogen. A. UNSOLD 
has shown that, in the zone of a stellar atmosphere where hydrogen is 
partly ionised, the effeetive y is so small that eurrents must inevitably 
oeeur. When this eireumstanec is taken into aeeount, the part played 
by the eonvective zone in the solar photosphere beeomes mueh greater, 
and so does its thickness. 

To perform the corresponding caleulations, it is neeessary to find 
the value of (d log, 7'/d log, p)ag, taking the ionisation of hydrogen 
into aceount [168, p. 227]. However, in order to use this expression, 
whieh of eourse depends on the pressure and the temperature, we must 
make some assumptions regarding the strueture of the eonveetive 
zone itself. There is reason to suppose that the oeeurrence of convective 
motions does not appreeiably destroy the radiative equilibrium, so 
that the Jatter exists in the econveetive zone also. In faet, even when 
convective eurrents are present, the transfer of energy in the photo- 
sphere is effeeted mainly by radiation, owing to the great rapidity of 
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radiative exchange. In this case we can use, to find (d log, Td log, P)aa, 
the values of p and 7 obtained for radiative equilibrium, as for instance 
in Table 13. The linear thickness of the convective zone is then found 


to be of the order of 700 kin. 


Unfortunately, the problem of the physical state of the matter 
in the convective zone is extremely complicated. Thus. the question 
of the applicability of the formulac of thermodynamic equilibrium 
(particularly the ionisation formula) to the matter in the convective 
zone is very obscure. The reason for this is as follows. If some mass 
of gas inoving in the convective zone gocs downwards, the degree of 
ionisation of this mass must always have a tendency to vary, in accor- 
dance with the temperature at the level in the atmosphere where the 
mass is at any given moment. However, it is quite evident that the 
ability of the mass of gas to take up the degree of ionisation corresponding 
to its “momentary” JTevel in the atmosphere depends on its rate of 
notion. Tf, for example, this rate of motion is very great, then the mass 
will not be able to change its degree of ionisation sufficiently rapidly, 
even on moving down to a great depth where the temperature is fairly 
high. It is true that the actual velocities of the currents in the con- 
veetive zone are apparently small, about I km/sec. However, if photo- 
ionisation processes only are present (and not collisions), the equilibrium 
in ionisation (for hydrogen) between the medium and the moving mass 
of gas is not established even at this velocity. This result is somewhat 
modified if ionisation by collisions is taken into account. There must 
nevertheless. apparently, be a definite difference in the ionisation states 
of currents moving upwards and downwards; the upward-moving 
currents carry ionised hydrogen to the upper parts of the convective 
zonc, Where its recombination may be the cause of the appearance of 
an excess of high-frequency radiation in the outer layers. If this is so, 
it incans that the unstable zone will be extended, and its upper limit 
will be raised. 

It follows from the above considerations that the cause of granu- 
lation phenomena may be seen in the existence of an unstable photo- 
spheric zone with 1, > 0-5. The external appearance of the granulation 
network is also in agreement with these ideas. Im fact, if a flat layer 
of liquid or gas, in which heat transfer takes place by convection, is 
heated from below, and the layer is well protected from disturbances, 
a regular network of hexagonal vortices, resembling granulation, is 
formed in it, the material rising along the axis of cach cell and flowing 
down along its outer surface (the so-called Bénard cells). The distance 
between the axcs of neighbouring convection cells is always about 3-3 
times the thickness of the layer. Consequently, if we assume that the 
thickness of the convective layer is of the order of 700 km, the distance 


Chapter 18. The electrodynamics of the Sun’s atmosphere 265 


between the granules will be of the order of 2300 km, and this is not 
far from reality. Furthermore, since the gaseous masses rising in the 
convective zone are hottcr than the surrounding material, the experi- 
ments mentioned above also explain the fact that the granulation 
consists of bright regions (the centres of the vortex cells), separated 
by dark interstices. Finally, because the thickness of the convective 
zone is small in comparison with the radius of the Sun, it is clear why 
the granulation is independent of the heliographic latitude and of the 
phase in the Il-year cycle. 

It must be pomted out that the phenomenon of granulation is very 
complex, and needs further careful investigation. In particular, in a 
recent work by V. A. Krar [73], based on plates taken under exceptio- 
nally good seeing conditions, it is found that the smallest granules 
have dimensions of the order of 0”-4, and a contrast of the order of 13 %. 
Besides the smallest granules, we more frequently find granules of 
diameter 0"-7. V. A. KXrat thinks that these granules may be the result 
of the coalescence of several granules of smaller size. The origin of the 
larger granules, of diameter 1”, seems to be the same. By estimating 
the possible temperature differences between the granules and the 
intergranular spaces, V. A. Krat finds that the observed “excitation 
transfer” effect for atoms in the Sun’s “reversing layer’ (for lines 
corresponding to high excitation potentials) can be explained by gra- 
nulation phenomena. 

The general ideas discussed above show that the convective zone 
must exist not only in the photosphere of the Sun, but also in those 
of stars. It must certainly arise in all cases where the transition from 
the neutral hydrogen zone to the ionised hydrogen zone takes place 
in the photospheric layers. 

The depth at which the transitional zone lies must increase as we 
pass from hot stars to cool ones. In A-type stars of normal luminosity, 
for instance, the convective zone appears at the outermost lavers of 
the photosphere [20]. In some cases we have even a density reversal, 
when the density decreases inwards over some region. It is plain that 
the instability is even more clearly marked in such cases. 


Chapter 18. The electrodynamics of the Sun’s 
atmosphere 


1. Introductory remarks. The rapid growth of the theory of radiative 
equilibrinm, and the considerable success which it has achieved, have 
deservedly given it a leading place in theoretical astrophysics. Many 
observational data can be explained more or less accurately by using 
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the assumption that the atmosphere is in a state of local thermodynamic 
equilibrium; where deviations from thermodynamic equilibrium are 
found, the hypothesis of an anomalously high intensity of solar radiation 
in the ultra-violet region of the speetruin is employed. The theory of 
absorption-line formation (sec Part Il) has more recently achieved 
notable success also. 

However, as methods of observation were perfected (the introduction 
into practical use of spectroheliographs, spectrohelioscopes, obser- 
vations of the corona outside eclipse, and especially the slow-motion 
cinematography of prominences with narrow-band filters which select 
the H, linc), it became more and more evident that the motions of 
prominences, and a number of phenomena on the Sun which charac- 
terise the solar activity, cannot be reduced to a consideration of radiation 
alone. Nor were the expected results obtained by taking account of 
other known forees, of chemical or hydrodynamical origin. Only electro- 
magnetic forces can, even in part, explain the nature of trajectories 
which recall the lines of foree in an electric or magnetic field. Henee 
the electrodynamics of the solar atmosphere has attracted much atten- 
tion in recent years and is rapidly being developed. 

At present quite a number of theories have been constructed which 
explain many of the manifestations of solar activity by means of electro- 
magnetie forees. However, the electrodynamics of the solar atinosphere 
has not yet been completely worked out, and the majority of its con- 
clusions are provisional. 

We shall not pause to describe these theories here, but merely 
consider the physica] foundations of the clectrodynamics of the solar 
atmosphere, and some direct applications of it. It is well known that 
a force 


f=e (i 4% vel (18.1) 


acts on an ion of charge e, moving with velocity v in an electric ficld 
of intensity I and a magnetic field of intensity I. Here we limit our- 
selves to the non-relativistic case, i.e. we suppose that v<c and E < H 
(in absolute units). 

If EF = 0, then fis perpendicular to v, and the absolute magnitude 
of the velocity docs not change. In a constant uniform magnetic field, 
the motion of the ion is composed of a uniform revolution in a circle 
with velocity v, in the plane perpendicular to HI, and a uniform motion 
along H. with velocity vy. It is easily found that the radius of the circle 
R=cm,v,/elf, and the angular frequency of revolution w; = eH/m;¢, 
where m,; is the mass of the ion. 

If Kis paralle]) to H, v, does not change, but vy, increases as it 
would if the magnetic ficld were absent. 


1. Introductory remarks 267 


Since vq is independent of the presence of the magnetic ficld and 
can easily be calculated separately, we shall henceforth consider only 
Vv,, i.e. we shall assume that v and KE are perpendicular to H. The 
equation of motion of the ion in this case is 


m,dv/dt =e K+ ov ,H. (18.2) 


_ We introduce a system of co-ordinates moving relative to the old 
system with velocity 


U= pk ,H. (18.3) 


Then y = U + W, where W is the velocity of the ion in the new 
system of co-ordinates. Substituting in (18.2) and using the equation 
(e/c) U, H = — ek, we find that no electric ficld acts on the ion in the 
new system of co-ordinates (KE disappears), so that the ion moves in a 
circle with velocity W. This means that in the old system of co-ordinates 
the ion moves in a cycloid with a mean velocity U which is perpendicular 
to KE, and so the ion does no net work in its motion. 


This kind of motion is called drift. We notice that the values of 
the charge and mass of the particle do not appear in the expression 
(18.3) for the drift velocity. Hence, electrons and various ions move 
with the same mean velocity (U is the same for electrons and ions, 
while W is different). If, instead of one ion, we place in the same 
fields a number of ions and electrons forming a macroscopically neutral 
plasma, which is so rarefied that an ion completes a large number of 
revolutions in the course of its free path, the whole plasma will move 
with velocity U and no current will appear in it. If some other force, 
for example the force of gravity or a pressure gradient, acts on the 
plasma in place of the electric field intensity, the drift velocities of the 
electrons and ions are unequal and are in different directions, as is 
easily shown by replacing eK in (18.2) and (18.3) by the force f. 


Hitherto we have assumed that the magnetic and clectric fields are 
uniform. In non-uniform ficlds the motions are more complicated; 
they have been studied in detail by 8. A. Bocustavskii. However, 
in the atmosphere of the Sun, the field may be considered to be practically 
uniform. The radius of the circle described by a proton moving with 
a mean thermal velocity v = 10° cm/sec in a field H > 10-? gauss is 


3 X 10°. 1-7 x 107°. 108 


R< 48 x 10-18. 10-2 = 10¢cm. 


The radius of the circle described by an electron is still smaller. 
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The magnetic field on the Sun cannot change at all noticeably over 
distances of this order of magnitude, and hence the field within this 
circle can be supposed uniform. The non-uniformity of the field need 
be taken into account only for the motions of particles with high energies 
in a very weak ficld, as for instance in the theory of cosmic rays. 


2. The conductivity of the solar atmosphere in a magnetic tield. Let 
us now consider the motion of charges in an actual plasma, where the 
particles interact with one another. Here we shall suppose that in the 
intervals between collisions an ion moves freely in accordance with 
(18.2), while at the moment of a collision it changes its velocity, all 
directions of the velocity after collision being cqually probable. so 
that the velocity at that moment is zero on the average. For simplicity 
we shall at first assume that the mean time of free flight 7,, for the 
given kind of ion, is independent of the velocity. We shal} also suppose 
that the motions of the ions and electrons take place independently 
of one another. All these conditions are fulfilled, for example, in a very 
weakly ioniscd gas, where the collisions of the electrons and ions take 
place mainly with neutral atoms, which have an effective elastic collision 
cross-section ¢, ~ 10° em*. The collisions between ions and clectrons 
are infrequent and do not determine their motions. Let us consider 
the motion of one kind of ion, of mass m, and charge e,. In the absence 
of a magnetic field, the acceleration of the ion in the ficld E is dv/dt = 
¢, E/m, =F, and the mean velocity in the dircetion of the ficld is 


¥, ~ (e, E/m,) 7, = Fy. (18.4) 


This gives a current of density 

}, = 1 eV, = (my, ey? t1/mn,) FE. (18.5) 
The current density is proportional to the field intensity; the propor- 
tionality coefficient 2 is called the conductivity. Sinee m, < m,, the 
tonic conductivity is considcrably less than the clectron conductivity, 


and that of a plasma in the absence of a magnetic field (Ag) is practically 
equal to the clectron conductivity: 


Ag = 4h, = 1, C24, /m, . (18.6) 


t, is determined by the effective cross-section og, the concentration of 
neutral atoms n, and the mean thermal velocity @, of the electrons, thus: 


w=i-, (18.7) 


Ng Tq u, . 


T; 1s sunilarly determined. 
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Now let H + 0. We take a rectangular system of co-ordinates, with 
the z axis directed along H, and the y axis parallel to EK. The solution 
of equation (18.2) gives for « and v (the components of the ion velocity 
v, along the x and y axes at time ¢) the following functions of time 
and of the velocity at time ¢ = 0: 


F 


F fy 
= ro 1 : ay sj 1 
uw (« w,} C8 M1 f+v' sina, é + wo. * 
1 


1 


(18.8) 


, 


h . 
v =v’ cos w,t— (w — ')sna,t. 
oO 


Here uv’ and v’ are the components of the veetor y,’, the velocity at 
time ¢ = 0. The last term on the right-hand side of the first equation 
gives the drift velocity. The integration of equations (18.8) gives the 
co-ordinates of the ion as funetions of time and of the initial co-ordinates 
x’ and y’: 


gaat a { (w — mt sinw, t+ v’ (1 — cos a, ¢) +P eh, 


(18.9) 





y=yt 1 {orsin oy ¢— (w — m) (1 cos oy}, 

Our task is to determine the mean velocity of diffusion of the kind of 
ion considered. We shall suppose that the ion density @, and the tem- 
perature 7' depend on y only. 

Let us consider ions which crossed an area dS in the plane y = 0 
at a time between ¢’ and ¢’ + dl’ and have velocities between v, and 
¥, + dy, (Fig. 48). At time ¢’ these ions were in a eylinder with base 
area dS and height v dé’. (If they 
had no collisions between ¢ and 0’, 
their velocities at time ¢ were 
between y,’ and v,’ + dv,’.) 





The composition of the inole- 
ecules which cross dS after a time 
t’ —t will vary owing to collisions. 
The number of collisions which 
ions of the kind eonsidered un- 
dergo in 1 ein3in 1 second is n,/t,. Wet time 
Let 7, (¥,', y) dv,’ be the fraction Via. 48 
of collisions by which molecules 
with velocities between vy,‘ and y,’ -++ dv,’ are forined, where the velocity 
is prescribed not only in magnitude, but in direction also. If the gas is 
in stable equilibrium, 7, is determined by Maxwell’s function; in the 
general case, 7, differs very little from this if the drift velocity is small 


y, at time Ue 
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compared with the velocity of thermal motion (which is true for the 
clectric ficlds usually encountered). The number of collisions which give 
ions with velocities between y,’ and y,’ + dy,’ in a cylinder of volume 
v dt’ dS in the time from ¢t to ¢ + de is 


XH 57) dy,’ vd dt’ n, dt/t, . 


A fraction e~¢—9"" of these particles reach dS without collisions. Thus 
the number of particles crossing dS during dé’ with velocities between 
Vy, and vy, + dy, is 


Y 
n, v dy,’ dS dé’ fay) e FO" t/t, . 


In order to obtain the number of ions crossing dS with all velocities v,, 
we must integrate the expression obtained over all y,’. It is possible to 
change the variable of integration, since there is a one-to-one corre- 
spondence, defined by (18.8), between y, and y,’. Here the eylinder 
in which collisions take place has a different position and volume for 
each valuc of v,’. Changing the order of integration over the two inde- 
pendent variables, and replacing t’—¢ by ¢, the time which elapses 
between the moment of collision and that of crossing dS, we find for 
the number of ions of the given kind which cross dS in one direction 
in time dé’ the expression 


aN = dSdt'n, f { f a(vy'sy')v avy } ew dt/z,. (18.10) 
0) 


This can be expressed in the form dN = n,(0) 0, dS dt’, where 0, is 
the mean velocity of diffusion along the y axis. 

Equating the right-hand sides and expanding 7,(¥,',y’) in powers 
of y’, we find 


oO 


c ’ tir, 
n,(0)8, = | { [ [ms ay(¥y',0) by" 4416129) vav,'| e  ‘dé/t, , (18.11) 


3 


where the higher powers of y’ have been neglected, as is usual in diffusion 
theory. By means of equations (18.8) and (18.9) we can express v and 
y’ in terms of w’, v’, z, y and ¢t. For case of writing we put the co-ordi- 
nates z and y of the area dS equal to zero, and we neglect terms in F,?, 
since, if the drift velocity is less than the thermal velocity, m, F, is 
less than the foree defined by equation (18.1). We also drop the odd 
powers of w’ and v’, sinee the velocity distribution immediately after a 
collision does not differ greatly from the equilibrium distribution, 1. ¢c. 
it is almost isotropic, and these terms vanish on integrating over all 
velocities. 
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ad . 
- , a) a -f 9 
n, (0) v, =/ [F, | my 41 (¥1',9) dv,’ — ay / n, 71 (¥,',0) [v2 cos w, t + 
0 
(18.12) 


bry 


+ u’?(1—cos@,t)] dv,’ | sin wt: e dt/o, 1 - 


Since the integration extends over all v,’, we can write 


f my 4, (V¥,',0) dv,’ = n, . 


Moreover, the mean value of u’? over all the particles is equal to that 
of v’?, because of the isotropy of the velocity distribution after a col- 
lision. Hence 


™ f zalv,9) mu? dy,’ = ny / %1(¥4',0) mv’? dy,’ = p,, 


where 7p, is the partial pressure of the ions of the kind considered on 
the plane y = 0. 

Substituting the equations so obtained in (18.12), we find, using the 
equality of the mean values of v’? and w’?, and (0) m, = @,, 


oc 


- , 12 ; a 

= (¥, a? ss) J sin w,t-e dt/w, 
° (18.13) 

Ty 


=( a B) ere 





Thus the presence of the magnetic field diminishes the velocity of 
diffusion by a factor 1 + w,?7,?. 

Besides the direct diffusion in the direction of #’,, a transverse diffusion 
takes place in a magnetic field, perpendicular to both ficlds and along 
the x axis. We find, by a method similar to the foregoing 


foe] 
° ’ —t/r, 
n,(0) %, = li [ |». a (¥y/,0) + y" mts | u ay,'| e dt/t, . (18.14) 
fae 


272 Chapter 18. The electrodynamics of the Sun's atmosphere 


Replacing y’ and « by means of (18.8) and (18.9) and making the same 
assumptions, we find 


foe} 


_ ; , 1] ap . —tyy 
a, = ("1 — in zr) | (1— cosa, é) € dt w,T 


(18.15) 


_ (po 1 ép, ot? 
TI a ay 1 twtr?’ 


We see that the mean velocity of transverse diffusion is @, 7, times 
the mean velocity of direct diffusion. 


Similar expressions are obtained for the other kinds of ions and for 
electrons. The current density is the sum of the current densities formed 
by the motion of electrons and tons. We obtain for the ionic component 
of the current density, replacing F, by the expression for it. the formula 





. _ n.er T. ] P; 
Ji = nye Vv; = ' , 252 D - + 
m, Irw?t; n,e de 


ne wt? 1 fy 1 dp, 
+7. H (n—,, H. 


“yo a7? 
m; 1+ w? tT; 


We can introduce the direct and transverse conductivities for tons, 
4;, and 2;);, and also for electrons. If w;t; > 1, the total transverse 
current is easily found to be zero, and the direct ionic conductivity 
is J} (mm, m,) times the direct electron conductivity. The opposite 1s 
true in the absence of a magnetic field. It should be noticed that we 
have carried out the calculation in a co-ordinate systein fixed to the 
centre of mass of the gas, since we have supposed the. velocity distri- 
bution after a collision to be isotropic. 


3. The interaction of cleetrons and ions. In some layers of the Sun’s 
atmosphere the ionisation is considerable, so that we cannot neglect 
the collisions between ions and electrons. In order to discuss this case in 
greater detail, we must first study the mechanism of the mutual inter- 
action of ions and clectrons. 


Let an ion of mass m, and charge Ze be stationary, while another 
ion of mass m, and charge e moves past it with velocity v and closest 
approach distance p (the distance froin the stationary ion to the straight 
line in which the second ton would move if the ions did not interact). 


In the co-ordinate system in which the centre of mass of the two 
particles is at rest, the first (‘stationary’) ion inoves with velocity 


€ 
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— mz, V/(m,-+m,), and the second (“colliding”) ion with velocity 
m, ¥/(m,4+-m,). We know from mechanics that in this co-ordinate 
system the two ions move in hyperbolaec, the ccntre of mass of the 
particles being at the external focus (if the particles repel cach other) 
or the internal focus (if they attract cach other). The magnitude of 
the velocity of cither ion is the same long before and long after the 
collision (the asymptotic velocity), but the direction of the velocity 
is changed, as a result of the interaction, by a certain angle (Fig. 49). 





Fic. 49 


After the collision, the component velocity of the first ion in the 
direction of its original velocity is 


v= "2 voos2y, (18.17) 


~~ mM, + mM, 


and the component perpendicular to this is 


Uo m™ ysin Qy. (18.18) 


2 m,-+ my 


18 Astrophysics 
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In the co-ordinate system which was originally stationary with 
respect to the first ion 2,, these velocity components are respectively 


, Me My > Ma > 
tyo= ee ~ 2 cos 2 yp = - ¢v(l—cos2yp 
1 my + mM, my, + omy y my, bm, ( y)» 
(18.19) 
ve = "2 xsin2p 
oe “~~: 


The solution of the equations of motion of the ion gives for » (half 
1 y 
the angle between the asymptotes) the expression 


_ M, Me vp p 9 
coty = m, +m, Ze + a’ (18.20) 
where 
a= Ze mM, + Me (18.21) 


vw My My 


a is the distance of closest approach for which the direction of motion 


of the particle is turned through an angle } a. 


Substituting for py in (18.19), we find 


yr a2 ™? cost y = 2 mv 1 
1 * yn, 4- am Y= my tm 1-4 p?/a? 
1 2 1 2 Pp 
; (18.22) 
_ 2264 m+ m, 1 


3 on 2; 2 2° 
v my? mM, pi +a 


If the number of m, ions in 1 cm? is n, and they all move with velocity 
v, then dn = nv-2 a pdp is the number of m, ions which pass the m, 
ion in l sccond at distances between p and p +dp. Each of these 
gives the m, ion a velocity with components v,' and v,'. The contributions 
v,’ from different ions eancel one another, and the total change in velocity 
1S 

2Z7e1 m,-+m, pdp 


dv =n-2:; a: 
~ Tp mem, pP+a 


(18.23) 
In order to find the acecleration of the ion, i.e. the total change in 
velocity in 1 second, we must integrate dv over all possible values of 7p. 
However, as p— oc the integral diverges. Hence we must restrict the 
value of p. We denote the upper limit of the values of p by D. Then 
the force acting on am, is 


dv 2aZet my+m, Dp 5 
ma = my mtg log. {1 + G2); (18.24) 


where, as we have said, 


a =Z e?(m,+m,)/m, m, v? 
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The problem which we have considered is equivalent to that of the 
retardation of an ion m, moving in a plasma with a velocity v which 
is considerably greater than the thermal velocity of the ions in the 
plasma (we regard the latter as stationary). [f an ion (or electron) of 
mass m, is moving with a velocity greater than that of the electrons 
forming the plasma [2,. in formulae (18.17) to (18.24) is the mass of an 
electron], then the retardation will be produced chiefly by the electrons, 
whose retarding force is greater, and the retarding force of the ions 
can be neglected. Various values are taken for D in the work of different 
authors. Sometimes it is put equal to what is called the Debye radius 
D =] (AT/Sa ne?), the distance at which the field of the faster ion is 
sereened by the electrostatic polarisation of the plasma*. More often, 
however, D is put equal to half the mean distance between the ions 
($ »-3), so that not more than one particle is in the sphere of interaction 
at one time, because we have assumed in deriving (18.24) that the 
collisions are between pairs of particles. 

The many-particle theory takes account of further interactions 
which are not between pairs. These differences, however, have very 
little effect on the value of the retarding foree, since the quantity D 
appears only in a logarithm. We shall take D = } n-3. In ordinary 
conditions D > a, and the retarding force is 


m = 
Lag v M, My 


dv _ 4 4 Ze mt Mm, , o 
oe ’ 1 
mM+mMm, BZ ern} 


my mz ve ). (18.25) 


If the ion is moving with the thermal velocity, the force which 
retards tts motion, in the direction of motion, is of the same order 
of magnitude, but the ntean retardation is almost zero, since it not only 
loses energy, but also gains it from other ions. The retarding force on 
an electron in the plasma, due to other electrons, ts 


dy  S$etn, 3kT 8aetn 


ede ~ gre 18 


m = " 
°° te2n,d 3K7 


‘L, (18.26) 
where L = log, (Bk T/402n,3). In the various layers of the Sun’s atino- 
sphere, L varies from 10 to 20. From this we find the mean free path 


vot RTP 
dejar ~ dv/dt ™ 3etn, L? 


and the effeetive cross-section 
ow l|/ln, =3 e! Lik T)? . (18.28) 


We see that 1 aud o are independent of the mass of the ion. 


* For the slower ion, D = }'(k 7/4 27 2), 
18* 
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We notice that, if we considered only strong interactions which 
deflect the particle through an angle greater than 90°, the closest 
approach would be defined by the condition of equality of the potential 
and kinetic energies of the particle e?/p = 3k 7/2, whence the cross- 
section for close collisions o = ap? =4a2eY/9(kT)?. Thus taking 
account of distant interactions increases the cffective cross-section 
by a factor of approximately 2 L. 


The interaction of electrons with electrons and of ions with ions, 
which we have considered, determines the velocity distribution function 
of the ions and electrons separately. This interaction, however, docs 
not alter the mean velocity of the electron gas or ion gas as a whole, 
i.e. it has no effect on the valuc of the total conductivity of the plasma. 


This conductivity is determined by the interaction of electrons with 
ions, i. c. by the time of free flight of an electron, which is limited by the 
retardation duc to the ions, and conversely. Using formula (18.25), we 
find that |, determined by ions is equal to2l. Then the mean time 
of free flight 


l (kT)? m3 (kT)3!? mt (k TY? m2 


2 = 1 = ga/ and tT; = » (18.29) 
% «= 3ein, LIK)! 3) 3e'n, L 3) 3etn, L 


t= 
while the time of free flight of an individual particle is now proportional 
to the cube of its velocity. Furthermore, another complication appears: 
we cannot neglect the exchange of momenta between clectrons and 
ions. To determine the current density we can no longer, in general, 
use the elementary theory, but must start from the kinetic equation. 
The corresponding calculations are very complicated, and we shall 
not go through them, but give only the final result (due to T. G. CowLine 
[34]). 

The velocities of diffusion of the individual components are not 
determined by the cquation: to find them, it is necessary to find inde- 
pendently the motion of the gas as a whole. Only the relative velocity 
of diffusion under the action of forces perpendicular to the magnetic 
ficld is determined in the first approximation; it is 


dp; d 
’ 1 oOPy 1 1 oPe 
= _ (B= de Fe + 


¥ y= % @e or 
it” te 7 1 + wr 
18.30 
epafp— 1 SF _p yt We\ yy ue) 
wr a ey dr ~~ é Cg dr A 
+ l+ 77? , 
where 
t T, 0, TT, 0; Me TO, _ ell 
0, + 2; cre OO; me * 
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At first sight the expressions (18.13) and (18.15) appear similar to 
the expression (18.30), but there is an important difference between 
them. In the former, the velocity of diffusion of each gas depends only 
on the forces acting on that gas, and on w and 1 for that gas, while 
in the latter case the velocity of diffusion of each gas depends on the 
forces acting on all the gases, and on the weightcd mcan valucs of w 
and t. 


For the current density in the second ease we obtain, on neglecting 
small terms, 


. ne T 2 l dp, ar 1 1 13 cp, | 

I= om | 1+ a*r (E+ an) ta ate’ H (B+ un, ar) | 
~ fp. 1 We «pe (yy 1 Ie 

_ ia (B + on, in) 4 dy HO (x + on ar) (18.31) 


where Ay = Ajp/(1+q@*t?) and Ay =A, @r/(1+qw?t*) are the direct 
and transverse conductivities. If @ + > 1, which holds for the chromo- 
sphere when H > 10-?, and in the corona when Hf > 10-°, we have 
Ar <A <A. 

It remains to decide which of the formulae for the current density 
should be used for the solar atmosphere. For 7 = 5000°, o = 10-}%, 
whereas a neutral atom has a cross-section oy & 10-. This means 
that, if the number of ions is more than one thousandth of the number 
of neutral atoms, formula (18.31) must be used. Formula (18.16) may 
be used only in sunspots and possibly in a thin layer of the photosphere 
where the ionisation is least. Formula (18.31) is widely used in theories 
of the electromagnetic phenomena in the Sun’s atmosphere. 


4. Electric fields on the Sun. If there is a pressure gradient in the 
plasma, it produecs a current independently of the presence of an electric 
field (18.31). This current results in the formation of a volume charge 
whose field opposes the further separation of charges. The value of the 
ficld at which the current ecases is, by (18.31), 


: 1 ‘ 
Kk =— on, grad 7, . (18.32) 


This ficld, as we see from the expression for it, is a conservative ficld 
if there is a one-to-one relation between p, and n,. The amount of charge 
which produces it is very small; it is casily found that the number of 
unbalaneed clementary charges is many orders of magnitude less than 
the number of ions in the same volume. The density decrease with 
height in the atmosphere produces in the photosphere a ficld Ey = 5 x 10-1 
abs. esu & 1:5 x 10-8 volt/em. 
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If an isothermal atmosphere of ionised hydrogen is in hydrostatic 
equilibrium, the equilibrium conditions for electrons and for protons 
can be written separately in the form 


dp,'dr = 2, mg +n, ek, 
(18.33) 


dp,/dr = nz mm; g—n, ek, 
where n, =»; and p, = pj, and the intensity vector points upwards. 
We find from the equations (18.33) 
dp, 1 dp, 


l 
— 1 2 1 _— ‘ 
dr = 2 Mt Me & k= 2 2 US =— oy ar (18.34) 
° é 


We see that the field exerts on the proton a foree eK equal to half its 
weight, and the effective weight of the proton, i. c. the force of attraction 
on it towards the Sun, is now equal to the “effective weight” of the 
electron — eb; this brings about the same height distribution of both 
protons and electrons, as is necessary for the atmosphere to be macro- 
seopieally neutral. 


Other than the above, we know of hardly any mechanisms which 
lead to the formation of a voluinc charge in an ionised gas. Its large 
conductivity causes a dissipation of the charge in a time of the order 
of 2-1. i.e. in 10-'? seeond, and hence considerable potential fields are 
impossible. Electric eddy fields are much more important, since they 
do not lead to the formation of volume charges. The variation of sunspots 
is the chief source of eddy fields. Any change in the magnetie flux 
causes the appearance of an induction ficld determined by the condition 

D Eds = — 12? | (18.35) 
L 
where £, is the projection of E on the contour Z, and @ is the magnetic 
induction flux through the surface bounded by L. 


If a spot with field intensity M = 103 abs. emu and_ radius 
r —5 x 10" em appears in a time ¢ = 3 days, the maximum intensity 
of the electric eddy ficld above the spot is given by the expression 


we) lar or i 5 x 108. 10? 


“2are t ~2et ~FXSK WR x 108 
aw 3 xX 10 abs. esu = 107? volt;em. 
However, this field is referred to a stationary co-ordinate system. 


If we wish to consider the action of the ficld in some inedium, we must 
regard the contour J as fixed to that medium (Z is not a geometrical 
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contour, but a material one), and we must take account of the motion 
of the medium in calculating the field in a co-ordinate system fixed 
to the plasma. If, for example, the matter above the growing spot is 
compressed at such a rate that the flux through the compressed contour 
is unchanged, there will be no induction currents, and the field in the 
moving medium will be zero. 

Let some body be moving in the field H[ with velocity v. If a charge 
e is attached to this body, it is acted on during the motion by a force 


fae) yy, =el’, (18.36) 


where 
yal yn. 

An observer who is stationary relative to the body might suppose that 
in his system of reference there is an electric field Ek’. This phenomenon 
is a particular case of electromagnetic induction, which is very important 
in the electrodynamics of the Sun. Let us consider an example which 
illustrates this. Let an extremely rarefied plasma be in fields H and EK. 
As we said above, the plasma will drift with a velocity v = cE , H/Z/?. 
This motion produces a field BE’ = (t/c) v , H = — E. Thus the resultant 
field in the moving plasma is I) + EB’ = 0, and no currents arise in it. 

The interaction of the particles diminishes the drift velocity; in 
this case also, however, we must substitute in the formula for the current 
density not the value of FE in the system stationary relative to the 
observer, but the value of in the system of reference fixed to the plasma 
as a whole. In other words, in order to determine j, which is independent 
of the choice of co-ordinate system, we have to use the value of E in 
a definite system of reference. 

If the conducting medium moves in a magnetic field under the 
action of some forces, then EK’, like any other field, causes the appearance 
of a current given by (18.31). 

Besides the cases we have considered, induction fields appear when 
the magnetic moment of a bipolar spot group is changed in various 
ways: when the distance between the spots changes, when the group 
rotates about its centre of gravity, and so on. The latter case is of 
especial interest, since here the electrie field is parallel to the magnetic 
field, and the conductivity is high. 

The appearance of currents produces a new clectric field, the self- 
induction field 5”, which is of great importance under the conditions 
of high conductivity and large dimensions found in the solar atmosphere. 
This field arises as a result of the changing magnetic field of the cur- 
rents. The current density is deterinined by the combined effect of 


wv 


all the electric fields, E +- BE’ + 1”. 
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5. Thermal and mechanical effects of currents. Currents which arise 
as different manifestations of clectromagnetic induction can produce 
thermal and mechanical effects. The heat evolved by a current in 1 em? 
in 1 second is determined by the expression 


q=j-E=AB2 =jfa. (18.37) 


The amount of heat evolved is determined by the component of the 
current parallel to E, and so, in the case of an anisotropic medium, 
we must use A, instead of A. 


It is possible that the cause of the high temperature of the corona 
and upper chromosphere, and of the appearance of faeulae and floceuli, 
is the heating of these regions by cleetric currents. It is significant 
that spots are always surrounded by faculae and the temperature 
of the corona above them is higher. 


The electric ficld communicates kinetie energy to the electrons. 
In ordinary conditions, when the fields are not very strong, the electrons 
pass on this energy to the ions, and the kinetie temperatures of ions 
and eleetrons are the same. However, an electron cannot pass on to the 
ion, at cach clastic collision, more than the fraction (4 m,/m,) of its 
energy. We can find a value of the field KE = E, such that the additional 
energy acquired by an electron over the distance of its free path is 
equal to the maximum fraction of thermal energy which it can pass 
on to an jon. The length of the free path is proportional to the square 
of the energy, and hence, if E > LE, the electron will gain more energy 
than it can give up; the energy increases, the free path increases, the 
energy increases further, and so on. The energy of the electron can be 
limited only by inelastic collisions or by the finite dimensions of the 
field. Thus the field may bring about a diseharge. This critical valuc 
of the field at which a discharge can take place is, according to R. G. 
GIOVANELLI, 

2)/'3tP m 3? n, Z 


Ey (18.38) 
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where £ = 1-57 x 10° cm3/sec?, and wy is the mean velocity of an 
electron in thermodynamic equilibrium with the ions. At a temperature 
T = 5750°, Fy =7 xX 10-5 p;. In the chromosphere p; ~ 1 dyne/em?’, 
so that if FE > 10-4 a discharge can take place. 

It must be borne in mind that a steady conservative field, arising, 
for example, from a concentration gradient, cannot be the cause of 
an evolution of heat, sinee it brings about only some redistribution of 
the electron density, and not a motion of the electrons. Formula (18.31) 
shows that the current density in this case is zero. Besides the eddy 
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fields, a current may be produced by a variable conservative ficld, 
but this is practically impossible in an ionised atmosphere. 

The mechanical effect of a current is found from (18.2). The total 
force exerted on the gas is cqual to the sum of the forces acting on the 
ions and on the electrons: 


n,e@ ne 


f=f+fh=—xn, ek + ~ YaH—n, eE— t Veal 
(18.39) 
] 1. 
=, me(Vi-—VvaH= (i,t, 


since n; = n,, and j in (18.39) denotes the total current, both direct 
and transverse. The force f sets the plasma in motion, and this motion 
in turn alters the current. Hence the current cannot be calculated 
simply from the conductivity; it is necessary to solve sinultancously 
the conduction equations and the equations of motion of the plasma 
under the action of the forces f, grad p, etc., and to take account of 
drift and of the sclf-induction determined by Maxwell’s equations. 
If grad p = 0, the plasma moves and the current will be much less than 
in a stationary medium. It is necessary for equilibrium that the cquation 
grad p =j, U/e should be satisfied. The pressurc gradient, in turn, 
produces the current. 

Thus the solution of the problem of finding the currents and the 
motion of matter in electromagnetic fields is very complex. The mnechani- 
cal effect of the current on the gas is as yet the only known cause which 
could explain the motions of prominences. The clectrostatic force 
acting on charged clouds is much less important, because of the smal} 
amount of volume charge possible. However, no theory has yet becn 
constructed which satisfactorily cxplains the motions of prominences. 

If a conducting medium moves in a magnetic field with a velocity v 
which is perpendicular to II, a current density j = Ay , H/c appears in it. 
In practice, the current duc to self-induction will increase gradually, and 
may be several orders of magnitude less, depending on the actual 
conditions. This current exerts on 1 cm’ of the medium a force 


l. AIP 
f=--j,Af=— "pv. (18.40) 


The force f, as is easily sccn, stops the motion of the medium in a time 
of the order 
tw ovff=oc/, H?, (18.41) 


or several orders of magnitude more because of sclf-induction, the 
effect of which we shall estimate later. The motion will not, in fact, 
be uniformly retarded; the appearance of induction ficlds, as we shall 
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show below, leads to a wave motion, or to an even more complicated 
motion. The example given shows only that steady uniform motion 
of the conducting medium across I is impossible in the absence of 
subsidiary forces. 

Hence, if a change m the magnetic ficid, such as an intensification 
or concentration of the lines of force, takes place in the easily mobile 
atmosphere of the Sun, then the matter, which moves with the lines 
of force, will also be concentrated, forming a condensation, a denser 
region. The appearance of prominences above spots may be related to 
this circumstance. The direction of motion of prominences and currents 
may be determined by the direction of the field which retards the 
transverse motions. 

Since the plasma follows the field, the magnetic flux through any 
material contour is invariable, and no inductive electromotive force 
arises. ‘or the appearance of an induction current it is necessary that 
some force, such as a pressure gradient, should hinder the motion of 
the matter and prevent it from following the field. This may happen, 
for example, in the formation of a condensation above a growing spot. 
The same can occur if the motion perpendicular to the direction of the 
field is maintained by some force. 

Let us consider this case in more detail. Let there be a force of 
density f’ supporting the motion. In steady motion, f’ will be balanced 
by a foree f =j , H/c. Thus the magnitude of the force f” determines 
the current density (for a given H). Self-induction is unimportant here, 
since the current density is constant in the steady state. The velocity 
of motion of the matter relative to the field depends on the conductivity : 
the greater the conductivity, the less the velocity which produces the 
necessary current density. In ordinary conditions this velocity is small. 

Let us calculate, for example, the rate of fall of an ionised prominence 
in a magnetic field whose intensity is directed horizontally and is H = 1 
gauss, while n, = 10!°. We obtain from (18.40) the condition for a 
steady state: n, my g = 4, H? v/c?, where g = 2-7 x 104 is the accele- 
ration due to gravity. According to (18.29), putting 7 = 5000°, we 


find r — 1, =10°5.@ =a, -—2x10%and | wr | = 20 > 1. In this case 
2 2 
1 do NT 1. m,? c* __ MMC 
TT wt om, ot OH He? 


and the rate of fall 
von, my g C/A, HT? = my 9 t/m, ~& 20 cim/sec. 


The order of magnitude is not changed when drift is taken into account. 
In practicc, this means that the prominence will simply hang above 
the Sun’s surface. The existence of stationary prominences may be 
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related to the presence of strictly horizontal fields or fields whosc lines 
of force contain a cavity. If, however, the field intensity vector is 
inclined to the Sun’s surface, the prominence will move in the direction 
of the field intensity, i.e. in an inclined plane, with the appropriate 
acceleration. 

Besides the case we have considered, another in which the matter 
moves relative to the ficld 1s in principle possible. This occurs when a 
large mass of gas noves from a region where the intensity is low to one 
where it is high. As we shall show below, a field cannot at once penetrate 
into a cloud of gas which conducts a current; screening currents are 
induced on the surface of the cloud, and their magnetic field neutralises 
the field inside the cloud. Thus the interior of the cloud is not subjected 
to a retarding force, and the retardation time is increased. 

The interaction of the screening currents with the magnetic field 
produces what is called a magnetic pressure, equal to H?/8 a. We shall 
estimate its retarding effect. Let there be a cloud of length J = 1000 km 
and density o = 10-17 g/cm’, moving with velocity v = 30 km/sec 
in a field 7 = 30 gauss. Then the motion is stopped in a time 
txlov.8 a2/H? =8 seconds. We sce that “electromagnetic screening” 
ean be of importance only in the case of very Jarge masses and weak 
fields. On the whole, we can draw the conclusion that the motion of an 
ionised gas across the magnetic field is stopped comparatively rapidly 
if there is no considerable force supporting the motion. 


6. Allowance for self-induction. We have assumed in our calculations 
that the current density has a steady value j = AK. However, it is 
known that, when a field E is applied, the current does not immediately 
reach its maximum valuc; it rises gradually, and the time for it to 
rise to maximum is proportional to the self-induction of the conductor. 
The self-induction of a large volume of conducting material is large; 
the current density increases slowly, and the retarding force also in- 
creases slowly, so that the retardation time is increased. To obtain a 
quantitative result, we must simultaneously solve Maxwell’s equations 
and the hydrodynainieal cquation. This solution has becn effected 
by H. Atrvén for some particular cases. He starts from the cquations 


curl We = 4775, (18.42) 
1 1 ott 

curl EF = — ct? (18.43) 

j=2 (x toy aM) (18.44) 

lv o., - 

0 tt =, j, ll — grad p , (18.45) 


where E is the electric self-induction field. 
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In formulae (18.42) to (18.45) we have used the results that the dis- 
placement eurrent in the solar atmosphere is considerably less than 
the conduction current, and the magnetie permeability is unity. 

As a first approximation, let us consider a medium of constant 
density with an infinite conductivity, the velocity of the medium at the 
initial instant bemg perpendicular to the uniform magnetie field Hp, 
and its magnitude depending only on z (the z axis is parallel to H). 
Then the magnitudes of all the vectors appearing in the cquations 
depend on z and ¢ only. We rotate the eo-ordinate system so that 7, = 0. 
Further, 7, = 0, sinee tlre induction fields in this case are perpendicular 
to H. Then we find from (18.42) 
jp = —4 ay H, = constant = 0, H, = H (18.46) 
z 42 62” rz ~~! 2 O° . 

A field H, duc to the induced eurrent systein is added to the original 
magnetic field Ho. 

We substitute these values in (18.45). Since, by hypothesis, grad p 
has no component in the zy plane, we obtain 


ae 


! 0, v, = constant = 0, 


w 
Y s 


», a, oo | (18.47) 
0. YY, vy, =0 
at 420 dz’ % 
and also 
ap 1 oH,”) 
oe = Satake (18.48) 
Since 4 = oo, while j is finite, equation (18.44) gives 
; 1 1 
E=—,Y,H, £,=—,%M, E,=H,=0. (1849) 
We find from equation (18.43) 
0H, /et = —c cE ,/éz . (18.50) 
Using (18.49), (18.50) and (18.47), we obtain 
oH He @H 
y y = 
et 420 a * (18.51) 


The equation we have obtained is identical with the wave equation, 
and consequently it describes a wave motion propagated along the z 
axis with a velocity 


V =H,!\ (420). (18.52) 
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The state of motion of the fluid moves along Hg with a velocity pro- 
portional to the field intensity and inversely proportional to | 0. 

These magneto-hydrodynamic waves play a very great part in 
the physics of the Sun: they are capable of transmitting motion and 
variable magnetic fields from one layer to another. If the wave is sinus- 
oidal, the amplitude of oscillation of H, being A and the frequency 2, 
then equations (18.46) to (18.50) give the following expressions for all 
the other quantities: 


H, = Asin Q (t—z/v) , 


¥ 
A . 2 
YY 4 0) sino (4), 
- 4 ¢24/ [6 z 
a= Ay |/ (,) cos £2 (3), ; (18.53) 
B, =A - Mo sin Q(t— 5), 
c\' (479) v 


_ A® . 4 z 
Pp = Py — g., sin 2(t—§). 


The magnetic lines of force, which were previously straight lines, 
are now transformed into sinusoids by the superposition of the field 7,. 
Their form is determined by the equation 


dy/dz = H,/H, , (18.54) 
whose solution is 
z= =) A cos Q(t—? (18.55) 
=F Y= Yo ov 4 a9) ule : 


The velocity of the motion of the lines of force is dy/dt, which is easily 
seen to be equal to v,. 

The concepts of mechanical motion are, generally speaking, inappli- 
cable to the field and to the lines of force. We introduce these concepts 
as an easily grasped analogy, which often allows the nature of the 
phenomenon as a whole to be qualitatively imagined. The results 
obtained by the use of such a method cannot be considered to be 
rigorously justified. 

Thus the matter and the lines of force move in unison. This is to be 
expected from the general propertics of a conducting medium “frozen” 
to the lines of force; see below. From this standpoint, we can regard 
the magneto-hydrodynamic waves as waves running on a stretched 
elastic string which corresponds to a line of force, its mass being m = e/H 
per centimetre, since the nuinber of lines of foree per square centiinetre 
is Hy. The tension of one line of force is S = H)/Sz. It is well known 


286 Chapter 18. The electrodynamics of the Sun’s atinosphere 


that the velocity of a wave running on a string is V = | (S'm). If we 
substitute the values of S and m. we find V = 1)/y (8:0). The dif- 
ference from (18.52) is explained by the fact that we have uot taken 
into account the sideways pressure of the lines of force, which is also 
HI/8 x (on one line). However, we shall not give the corresponding 
calculation here. 

We can now estimate the retardation time of a mass of gas of dia- 
meter /, with density 0, moving in a field H/, with velocity v. We can 
consider this cloud approximately as half a wave moving in one direction, 
like a rising crest. The wavelength is then 2 1, the velocity 7 = H9/] (479). 
and consequently the period 7’ = 21/v. The retardation {ime of the 
cloud is 


tal Ta=I2v=ly(4no)2,. 


If 1 = 1000 km. 0 = 10-!* g/em3, Hy = 10 gauss, then ¢ & 20 seconds. 
Thus, if we take self-induction into account, the retardation time is 
considerably increased. 

If the conductivity is not infinitely large, the current j will lose 
energy by heating the matter, and the wave will be damped. If the 


damping is not too strong, the mean energy loss in 1 second is, by 
formula (18.37), 


T T 
” 2 2 3 - 
“u =-—7/ ; Pa =— tates p | cost o(¢— 5) a 
° ° (18.56) 
_— APN 
Bale h 


The wave energy W is composed of the magnetic energy #/,?/8z and 
the kinetic energy } 0 v?. By means of (18.53) we easily find that these 
two components are equal, so that the total mean energy is 


T 


T 
1 fH, A? | 9 z At - 
w= > | g2 = 4,7 | sn? Qlt— |] dt= o_. (18.57) 
0 0 


We introduce the quantity « defined by the relation 


ay 11da¥ 


1 ai 
we) =o 
8 WF dc Wo ae 


Then Wo= Wye~**. Since W’ is proportional to H,?, 


Hy, = Ae sin Q(t—z/v) . 
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The logarithmic damping decrement is casily calculated from its de- 
finition and from (18.56) and (18.57) to be 


2 2 a? 
eo FU, He 

If the conductivity is anisotropic, then we must use A, instead of /, 
since only 3; evolves heat. The wave damping is important only for 
comparatively rapid oscillations whose periods are of the order of 
minutes. 


7. The propagation of a magnetic field. Magneto-hydrodynamie waves 
form one of the mechanisms whereby a field is propagated in a con- 
ducting medium. If the medium cannot move, the field is propagated 
in the form of clectromagnetic oscillations which are damped, but periodic, 
if the conductivity is small, or aperiodic if the conductivity is large. 

In the latter ease the field penetrates into the conducting medium to 
approximately § of its wavelength in this medium. Consequently, a 
more slowly changing ficld penetrates deeper into the conductor. This 
produces what is called electromagnetic screening of the internal parts of 
the conductor from the external magnetic field; we have mentioned 
this above. The energy of the field is thereby transformed into the 
energy of the system of screening currents. 

The problem of the propagation of a variable magnetic ficld is 
very important in the physics of the Sun, since the poles of this field 
(the spots) are localised at separate points on the Sun’s surface, and 
the whole nature of the various phenomena depends on whether the 
field passes to the corona or to the prominences, and by how inuch its 
intensity diminishes. It is difficult to measure the field in a prominence 
or in the corona directly, because its intensity is small. 

P. E. Kotepakov and Ya. P. TERLETSKIT [65] have indicated the 
important part played by the mobility of the solar atmosphere. We 
have seen previously that in this case the matter is “frozen” to the lines 
of force, there are no mduction currents, and the energy of the field 
is not converted into heat; the ficld must consequently be propagated. 
This phenomenon may be more intelligibly mterpreted as the motion 
of matter under the action of the magnetic pressure gradient together 
with the ficld, or as the propagation of the field in the form of magneto- 
hydrodynamic waves. 

A second method of field propagation which is important for the 
Sun is the transmission of the field inside a large cloud. If there is a 
magnetic field inside the cloud, and the field outside disappears, then 
the surface layers of the cloud will cause clectromagnetie sercening of 
the outer layers, preventing the rapid propagation of the field and 
diminishing its intensity in the cloud. 


288 Chapter 18. The electrodynamics of the Sun's almosphere 


Let us consider this phenomenon in greater detail, following T. G. 
Cow1tnc. Since the field If has no sources, we can introduce a vector 
potential of the inagnetic field, A, defined by the condition H = curl A. 
Substituting the value of If in (18.43) and changing the order of dif- 
ferentiation with respect to co-ordinates and time, we find 


1 aA - 
coat grad ¢, (18.58) 


E=— 
where E is the electric field which appears as the magnetic ficld decays, 
and ¢ is a scalar potential. The latter term can be omitted, since no 
considerable volume charge can be formed in a conducting medium. 
Thus we find for the induction current density 


j=sE=— 4%. (18.59) 
This current produces a magnetic field determined by equation (18.42). 
Replacing II on the left-hand side of (18.42) by eurl A, and j on the 
right-hand side by (18.59), we obtain 


424 0A 


curl curl A = grad div A— V7A= "7," 5. 


(18.60) 
Only curl A has hitherto been defined, and we can take any desired 
value for div A. We put div A = 0. 


V2A = d?A/dx? + a? A/dy* + 22A/8z* 


is not larger, in order of inagnitude, than A/R?, where F& is the radius 
of the cloud (if 1 = 0 and A #0 outside the cloud). Then (18.60) 
allows us to find the rate of decrease of A: 


dA/et << —c*® A/4 ad R, (18.61) 
and hence the decay time of A (and consequently of H) is 


A 4x4? 
t> —3aAlat = 2 . (18.62) 


The time of growth of the field is of the same order of magnitude. 
If R = Ro = 7X10" cm, A = 10" per second (the conditions in the 
interior regions of the Sun), then ¢ = 10° years. This time is really 
determined by the self-induction of the voluine concerned, and is the 
time to establish a stcady state. 

A. YA. Kipper has pointed out that the presence of chaotic motions 
which distort the lines of force leads to a more rapid damping of the 
field. Such motions may arise under the action of magnetic pressure 
gradients formed when the original ficld decays inhomogencously. 


7. The propagation of a magnetic field 289 


It should be emphasised that ¢ characterises the variation of the 
flux through a material contour. The field intensity at a given point 
Inay vary rapidly, as we sce from the exainple of magneto-hydrodynamic 
waves. 

Thus, if the Sun acquired its magnetic ficld 109 years ago, it would 
have retained it up to the present time even in the absence of any 
“inaintaining”’ effects. For a cloud with R = 10° cm and 4 = 101%/second 
(the conditions in the surface layers), ¢ ~ 300 years. Thus the magnetic 
flux of a spot should exist without further energy loss for hundreds of 
years, while a spot in fact appears and disappears in the course of a few 
days. We shall consider a possible explanation of this in the next chapter. 


Let us now consider in more detail the ‘‘freezing” of the field to the 
inatter. Suppose that some material contour is drawn in a conducting 
mediuin. The variation in the magnetic flux embraced by the contour 
causes sclf-induction currents in it, which, according to Lenz’s Law, 
oppose the change in the flux. If the conductivity is infinite, the mag- 
netic flux through the contour does not change. In an actual conductor, 
the sclf-induction currents gradually decay; their energy is transforined 
into heat, and the flux gradually changes. The order of magnitude 
of the time during which the change takes place is given by (18.62), 
i.e. it is very large in cosmical conditions (in nebulae it is of the order 
of 10° years). During this time the contour can move with the matter 
and be deformed in any manner: it will carry the magnetic flux with 
it. Since the flux can be represented by the lines of forec, the great 
time necded for the flux to vary means that the lines of force always 
reinain within the limits of the material contour in question, i. c. they 
pass through the same body of material and move with the saine velocity 
as they follow its motion, as for instance in the case of magneto-hydro- 
dynamic waves. 


If there are random motions in a conducting medium, the lines of 
force will have to take a very complicated form as they follow the inatter, 
and will become ‘‘entangled’’. It is casy to sce that the lincs must 
thereby become more dense, i.e. the ficld intensity must increase. 
The total number of lines of foree is unchanged, but any one line will 
intersect many times a plane through the gas in any direction. This 
increase in the field intensity cannot continue indefinitely. The field 
exerts a reciprocal action on the conducting medium (the magnctic 
pressure H?/8 <1), and, when the mean density of magnetic energy ts 
comparable with the mean kinetic energy density $0 v?, the field ceases 
to increase and equilibrium is reached between the magnetic and 
kinetic energies. This mechanism of growth of the ficld is apparently 
of great importance in the interstellar medium, where we may expect 
a field of the order of 10-5 gauss to be present. 
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Chapter 19. Sunspots and faculae 


1. Introductory remarks. Radiative equilibrium in’ sunspots. The 
following must be reckoned among the fundamental problems of the 
physics of sunspots: 


(1) The study of the physical state of the matter inside spots, and 
the establishment of the nature of the thermal equilibrium and the 
depth distribution of the basic physical parameters (ionisation and 
excitation of atoms, ctc.) in the spot. 


(2) The elucidation of the factors which maintain a lower temperature 
in sunspots than in the surrounding layers of the photosphere. 


(3) The origin of the strong magnetie fields in the spot and the study 
of the law of their variation with time. 


(4) The general problem of the origin of spots and questions relating 
to the eleven-year cycle of solar activity. (The cause of the eyele itself, 
the elucidation of the heliographic regularities of the sunspot distri- 
bution at various phases of solar activity, the magnetie regularities 
connected with the phase of solar activity, such as the periodic inter- 
change of polarity in the two hemispheres of the Sun, and so on.) 


At present, fairly definite conclusions have been reached only as 
regards the first of these problems. 

Let us consider the question of the physical state of the matter 
inside sunspots, and firstly the question of the temperature distribution 
within the spots. Spectroscopic observations have disclosed regular 
motions of the gases in spot regions. In the lower layers of the spot, 
the matter flows out of it, while in the upper layers the matter flows 
into it (the Evershed effeet). The presenee of such currents leads im- 
mediately to the idea that processes of heat transfer by moving matter, 
i.e. processes of convective heat transfer, might play an important 
part inside the spots. However, a number of faets indicate that, despite 
the presence of these currents, the heat transfer in a spot, as in the 
photosphere, takes place mainly by radiation. We shall bricfly discuss 
these facts. 

As in the case of the solar photosphere, the absorption processes 
in a spot whose spectral class is K 0 should be determined principally 
by negative hydrogen ions (see Chapter 6). But in this case, as was 
stated in Chapter 6, we can use the dependence of 7' on t for grey 
material to determine the temperature distribution. The fact that the 
energy distribution curve in the continuous speetrum of the spot is 
approximately Planckian indicates that the continuous absorption 
coefficient in the spot varies little with frequency. 
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Consequently, if the photosphere and the spot are in a state of 
radiative equilibrium (we have already proved this for the photosphere), 
the total intensity distribution J(0) of the emergent radiation as a 
function of the angle 0 to the normal can be found with quite sufficient 
accuracy by the use of formula (4.32), both for the photosphere and 
for the spot. It then follows from this formula that the ratio [Z(0,0)]},/ 
[1(9,0)]o, where the suffix s refers to the spot, should be independent 
of the angle 0. In other words, the ratio of the total (bolometric) inten- 
sity of radiation for the spot to the total intensity for the neighbouring 
photosphere should be the same, for the case in question, at all points 
of the Sun’s disc. Observations which have been made, including the 
investigations of G. F. Sirnix [150], entirely confirm the supposition 
that the ratio [7(0,0)],/[Z(0,0)]o is constant. 


The fact that this ratio is independent of the angle 0 makes it possible 
to determine the effective temperature (7), of a spot at any point of 
the solar disc. If (7,)z> is the temperature of the photosphere, then 
by (4.21) 


(7H)/(2A)g = UT )MTedol.- (19.1) 


Starting from observations of the ratio [J(6,0)],/[7(8,0)]og, which is 
independent of 0, and is therefore equal to (7H),/(7H)o, and knowing 
(Te)e, we obtain (7,),. Such observations (taking scattered light into 
consideration) give a value of about 0-+ for the left-hand side of 
(19.1). With (7.)q = 5710°, this leads to (7), about 4500°. The latter 
figure is a kind of average, since observation shows that the larger 
spots apparently have a smaller (7',),. Thus, for example, measurements 
of an exceptionally large spot which was observed in November 1938 
gave a temperature of about 3700°. 


The values of (7), found from formula (19.1) should not be iden- 
tified, as is often done, with the excitation temperature (7',,)*, since, 
as we have seen in Chapter 12, there is some difference, whose nature 
is not yet clear, between the two quantities. 


A second method of solving the problem of heat transfer is the 
following. Assuming that the spot and the photosphere are in radiative 
equilibrium, and taking into account the fact that in both cases the 
absorption coefficient depends only slightly on the frequency, we can 
apply formula (4.40) to the spot and to the photosphere. In this case 
we have 


[ eter? sec 0 dt/[exp {h clk Z (T )s €: + a t)t} _ 1} 
(7,(0,0)], o “ (19.2 
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If we apply it to the centre of the solar disc, where 0 = Q, the result is 


—t - 2 7 y 3 L _ 
(7,(0. 00], e~* dt/fexp {helk 2(7,), (2 + $08} —V 


/ 
[W015 ~ & 
/ 


0 


(19.3) 
e~' dt/{exp {he/k MP Jeo ($+ 393}—1] 


Thus formula (19.3) gives the theoretical ratio of intensities “‘spot to 
adjoining photosphere” for various wavelengths, for a spot at the 
centre of the Sun’s disc. If the spot is in radiative cquilibrium, formula 
(19.3) can be brought into agreement with the observed ratio [Z,(0,0)],/ 
[7,(0,0)]g by choosing the one parameter (7,),, if, of course, the value 
of (T,)o is given. This can in fact be done for (7), ~ 4500°, the 
observed intensity ratio then being in satisfactory agreement with the 
theoretical ratio in the wavelength range from 3000 A to 10,000 A; the 
agreement is not quite so good from 10,000 A to 22,000 A, possibly 
because of the effect of watcr-vapour absorption bands in the Earth’s 
atmosphere. Further observations are needed here. 

Finally, we can apply formula (19.2), for any wavelength 4, to 
investigate the ratio [7,(0,0)],/[7,(0,0)]g at various points on the solar 
dise (as in the case of integrated radiation). Here too the theory is in 
satisfactory agreement with observation; the values of (7,), obtained 
in this way vary with different observers, from 4300° (R. S. Ricirarpsoy) 
to 4750° (G. F. Srrvr). It is possible that this difference is related to 
an actual difference in (7,),; as we have already said, larger spots 
apparently have smaller (7,),. 

From these facts we may suppose that sunspots are, in fact, in 
radiative equilibrium. In particular, the assumption that the spots 
are in convective equilibrium leads to a marked discrepancy between 
theory and observation. 

The fact that the matter in a spot must be in radiative equilibrium 
follows also from an estimate of the energy fluxes carricd by radiation 
and by convective currents. At the velocitics observed in a spot (up to 
2 or 3 km/sec), convective currents are too small to be an effective 
agent for thermal energy transfer*. 


2. The spectrum of a spot. The temperature. The electron pressure. 
We shall now give an analysis of the absorption lines in the spectrum 
of a sunspot. This spectrum, in accordance with the lower temperature 
of the spot, belongs to a later class than the spectrum of the photosphere; 
spots are generally placed in the class K 0, while the Sun’s spectrum is 
in the class dG 3. If we suppose that the physical conditions in a spot 


* A detailed survey of all the topies discussed above is given by G. F. Sirxik 
(t51]. 
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are similar to those existing in the atmosphere of a star of the class 
K 0, and take into account the fact that the acccleration due to gravity 
in the spot must be the same as for the Sun (a dwarf star) then we 
should expect, from Table 11, that (7',), would be 4910°. This is somewhat 
higher than the figure given above (4500°). However, no reliable con- 
clusions can yet be drawn, since the class K 0 for a spot is approximate 
only. Moreover, we should, strictly speaking, use for comparison the 
mean spectrum of the spot, i.e. the spectrum which a distant observer 
would record if the entire dise of the Sun were covered with spots. 
If, for example, the class K.0 mentioned corresponds to a spot at the 
centre of the Sun’s disc, the mean spot spectrum will be of a later* 
elass, and the agreement with (7), ~ 4500° will be improved. 


In studying the excitation and ionisation conditions in spots, we 
can use all the methods explained in Part II. That is, we can use either 
the elementary methods of the curve of growth (Chapter 12) or those 
of Chaptcr 13, which depend on a more accurate construction of con- 
tours. The construction of a curve of growth for sunspots is carried 
out in accordance with the general methods explained in Chapter 12. 
The existing investigations show that the curve of growth thus obtained 
differs hardly at all in shape (within the limits of observational error) 
from the curve of growth for the undisturbed photosphere. However, 
the data required for more definite conclusions are as yet scanty. Any 
displacement and distortion of the curve of growth for spots, in com- 
parison with that for the photosphere, should be mainly due to three 
factors: (1) the general difference in the number of absorbing atoms 
in the spot and in the photosphere; (2) the difference in temperature 
between spot and photosphere; (3) the splitting of the lines in the spot 
spectrum owing to the presence of a strong magnetic field (arp to 4000 
gauss) in the spot. 

If the resolving power of the spectrograph is not very high, the 
separate Zeeman components merge together, and this is equivalent 
to a broadening of the lines. The effect of such a broadening on the 
equivalent widths of the lines should be unimportant for faint lines and 
most considerable for medium lines, corresponding to the flat transitional 
part of the curve of growth. 


Let us eonsidcr these cases in turn. For faint lines, the equivalent 
width is proportional to the number of absorbing atoms, and since 
this number remains the same in the presence of a field, the effect of 
the splitting amounts mercly to some broadening of the lines, without 
any change in W’,. For very strong lines, the magnetic splitting, even 
for a field of the order of 4000 gauss, is considerably less than the extent 


* Since the radiation of the eentral parts of the dise of the Sun (or of a star) 
corresponds to hotter layers than that from the dise as a whole. 
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of the wings, and usually less than the width of the line (say for r, = 0-5), 
even taking into account the outermost components. 

We now consider medium lines. Let the equivalent width of some 
line lying ou the intermediate part of the curve of growth be JV,° in 
the absence of a magnetic field, and let the number of atoms producing 
it be NV. In the presence of a magnetie field the line is split into 1 com- 
ponents, each component being determined, roughly speaking, by the 
absorbing action of VV, = N/n atoms. However, for the lines considered 
(on the transitional part of the eurve of growth), even a large change 
in the number of absorbing atoms causes a very small change in the 
equivalent width. Hence, for sinall , each of these components should 
have practically the same W, as the original line had in the absenee 
of the magnetie field, i.e. W,°. The merging of all the components results 
in an increase of IW, for the observed line. 


The polarisation of the atoms leads to a certain decrease* in this 
resultant width, but the line will nevertheless be strengthened if the 
number 7 of components and the field strength are sufficiently great. 
Thus the Zeeman effect leads to a raising of the middle part of the curve 
of growth. Here it must be borne in mind that different atoms (and even 
different lines belonging to the same atom) give different splitting 
schemes, both as regards the magnitude of the splitting and in the 
relative intensities of the components. Hence the problem in question 
is extremely complicated. 

Curves of growth constructed both for the spot and for the photo- 
sphere allow a number of conelusions to be drawn concerning the physical 
conditions in the spot. Firstly, we ean determine the excitation tein- 
perature in the spot. We first determine a provisional value of (Z'¢x), (in 
constructing the curve of growth), and then, using formula (12.37) 
and a graph like Tig. 34, we find an wmproved value of (T4x),- 

Another method is based on formula (12.40), in which we insert 
the suffix s instead of st: 


(logig Xo), — (logy, Xo 


1 


1 
(T'ex)s —_ (Teo . (19.4) 


By determining the difference {(log,) Xo), — (logioXo)@} for various 


oS 
multiplets whose lower levels have different ¢;, we can construct the 


* The effect of the polarisation of the atoms is that the energy absorbed in 
each of the separated components is less than it would be if there were no pola- 
risation. 
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relation between these differences and the values of ¢,, which is usually 
linear, in agreement with (19.4). The quantity 


1 1 


AJ 0 = 5040 (T'ax)s — (Tede 


is then found from the angle between the straight line obtained and 
the axis of e;, Having found AO and taken a definite value for (7.x)o, 
we obtain (7'.,),. For large spots, P. TEx BrucGENcaTE and H. von 
KiitBer have found A@ = 0-33. Taking this value with (Tesla = 5040° 
we obtain (7.x), = 8800°, while with (7'..)gq = 5700° we obtain (7 
4200°. 

Apparently (7',x),, like (7',),, varies from one spot to another, 
being less for larger spots. Hence the value mentioned, 40 = 0-38, is 
probably too high. 

The methods based on the theory of curves of growth also allow 
us to determine the electron pressure in a spot. Having found the number 
of atoms of some elemnent in two successive ionisation states, we must 
use the ionisation formula (5.11), taking, of eourse, a definite value 
for T which is close to the effective temperature of the spot. If we do 
this for two or more elements, then we can determine not only 7, 
but also T itself. 

The clectron pressure p, in a spot can also be obtained without using 
curves of growth. Writing the ionisation formula (5.19) twiee (for the 
photosphere and for the spot), we find, putting the result in logarithmic 
forin, 


ex ). = 


M1 5 5040 
logio (x ‘) = 3 logis’; — T, 40 
3/2 1.5/2 
91,1 2(2am_ jl kh 
— logo (Pee. + lobo g.', i? , (19.6) 
N 5040 
lo “1) = $ logy To — nm tH — 
S10 (3 9 2 10819 © To xo 
9), 2(2am pi Aol? _ 
— logio(Peo + 0810 9" he , (19.7) 


wherc, of eourse, we assume that equation (5.19) can be applied to the 
atmosphere as a whole (passing from n to V). Subtracting one equation 
from the other, we obtain 


(P.), (NV 1 (NV 0, Ds 


logio (Peo = login (w, Ds + logio oro + 


T, l 1 
+. > logig To — 5040 4, (1, — 1.) ; (19.8) 
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where the temperatures which appear here are, strictly speaking, some 
ionisation temperatures averaged with respect to depth, which can be 
approximately identified with the effective tempcratures. 


The first two terms on the right-hand side of (19.8) can be determined 
if two successive ionisation statcs of some clement are represented in 
the spectra of the spot and of the photosphere by fairly strong resonance 
lines, for which, according to formula (12.28), I, is proportional to |X, 
and for which the use of the curve of growth is consequently not ob- 
ligatory*. 

The determination of (y,), from formula (19.8), using the resonance 
line 4227 A of Cal and the H and K lines of Ca II, has been carried 
out by T. V. Krat [68]. The value 3800°, mentioned above, was taken 
for 7’,, and 5040° for To. The application of the law W,~ WN as 
above gave (Pp,)s/(Pelo * 1/40 from measured equivalent widths. 
This estimate of (p,), is certainly too low, since the difference A6@ 
taken by T. V. Krat is above the average. However, on using other 
existing values for this difference, we invariably arrive at the conclusion 
that (p,), is about an order of magnitude less than (p,)o- 


Let us compare this difference in p, between the photosphere and 
the spot with that which we should cxpect in passing from the Sun 
to a star of the classdK 0. It follows from Table 8 that, in the atmosphere 
of the star 70 Ophiuchi A, of class dK. 0, the clectron pressure is about 
20 times less than in the atmosphere of the Sun. This differenee agrees 
in order of magnitude with T. V. Ikrat’s estimates. 


Furthermore, a direct comparison of this star 70 Ophiuchi A with a 
sunspot, carricd out by 8S. B.A. van Duke [170], has shown that, 
within the limits of observational error, the values of p, are practically 
the same for the two objects. These facts indicate that a spot is similar 
in many respects to the atmosphere of a dwarf star of the same spectral 
class. 


It would be interesting to confirm this last conclusion on the basis of 
other considerations. It would in principle be possible to conduct a 
quantitative comparison of equivalent widths in the spectra of the 
spot and of the photosphere, using the curve of growth in order to 
convert to numbers of atoms. However, a number of complications 
immediately occur here. Thus, for instance, the number of excited 
magnesium atoms which produce the well-known green triplet 5183-7 A, 
5172-7 A and 5167-4 A in the spot is twice the number in the photo- 
sphere. Calculations show that this result is very difficult to explain 


* It must be remarked that the use of this law presupposes that the damping 
constant J’, is the same. This constant J’, is determined chiefly by collision 


damping, and consequently may be different in the spot and in the photosphere. 
The method in question is therefore only approximate. 
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by using only the ordinary formulae of thermal equilibrium. Moreover, 
the increase in the equivalent widths of these lines as we pass from the 
photosphere to the spot is practically the same as in passing from 
dG 3-type stars to dK 0-type stars. 

T. V. Krat thinks that the cause of these discrepancies is to be 
sought in the fact that the continuous absorption coefficient in the 
spot should be less than in the photosphere. This increases the value 
of », =o,/x, in the spot, and thereby has the same effect as an in- 
crease in the number of atoms. The fact that x, decreases from photo- 
sphere to spot has been established by T. V. Krat, by a study of the 
deviations in the intensity of radiation in the continuous spectruin of 
spot and photosphere from the intensity of radiation corresponding to 
the case of grey material [66]. The inequality (%,),/(%,)gq <1 also follows 
from Fig. 15, if we take 7’, = 4200°, Tg = 5600° and calculate the 
ratio (%,)./(%,)q for the value of (p,)o/(Pe)s = 10 given above. For 
24 = 5000 A, the ratio (,),/(4,)@ 1s found to be about one-third. 

It follows from these considerations that, to give a theoretical 
interpretation of the differences in line intensities between spot and 
photosphere, we must henccforward use the methods of Chapter 13. 
Having found the distribution of the various physical parameters 
inside the spot, we must construct the contours of the lines in which 
we are interested, in accordance with the general ideas of Chapter 13. 
The same, of course, must be done for the photosphere. Only then will 
the comparison of theory and observation be sufficiently justified. 


Tor the calculations just mentioned concerning the structure of 
the spot, we can use the theory of the solar photosphere discussed at 
the beginning of Chapter 17. Here we need only take 7', ~ 4500°, 
retaining the same value of g = 2-74 x 104 cm/sec?. It is possible, however, 
to proceed in a different manner, using the observationally determined 
law of variation of the intensity with the angle 0 for the spot. This 
gives (see Chapter 17) the relation between B, and t,. Using this method, 
R. Micnarp [87] finds that, in the range from 4800 to 6000 A, the ab- 
sorption of radiation in the spot is duc to negative hydrogen ions. The 
model which he has constructed makes it possible to calculate the 
energy distribution in the infra-red continuous spectrum of a typical 
spot, and the calculations (based on the H- ions) are in very good 
agreement with the results of I. Perrir and 8. B. Nicnoison. The 
model accounts equally well for the line spectrum of the spot. 


If we know how the temperature varies, and also the electron and 
gas pressures as functions of optical depth, we can calculate the gcome- 
trical depth of the spot and of the photosphere. A comparison shows 
that at equal depths the pressure in the spot is mucli less than in the 
photosphcre (sce above). 
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In such a comparison, the choice of the zero of linear depths in the 
spot aud in the photosphere is very uncertain. This problein has recently 
been discussed by V.8. BErpIcuEvskAyaA [21]. She finds that, for a 
particular adjustment of this common zero-point, the calculated values 
of the gas pressure in the spot may even coine out greater than at the 
corresponding levels in the photosphere. 


A second extremely important method of investigating the physical 
conditions in sunspots is a careful comparison of the spectrum of a spot 
with those of stars of neighbouring classes. We must find whether it is 
possible to choose, among the spectra of stars (of course, near the class 
dK 0), one which exactly corresponds to the spot spectrum. The only 
comparison of this kind is that of a spot spectrum with the spectrum 
of the dk 0-type dwarf 70 Ophiuchi A (see above), and this shows 
that the ratio of the number of atoms in the spot to the number in 
this star is greater than unity for all neutral atoms and less than unity 
for all ionised atoms. 


3. Possible causes of the lower temperature in a spot. The magnetic 
fields in sunspots. The next question in the physies of sunspots is: what 
is the nature of the mechanism which decreases the temperature of 
the matter in a spot? Numerous attempts to explain this fact have 
been based on the assumption that an outflow and adiabatie expansion 
of gases takes place in a spot, and this leads to cooling. However, it 
has subsequently been discovered that this ‘‘adiabatic theory”? meets 
with a number of very serious difficulties [179, p. 194]. More recent 
theories relate the cooling of the matter in spots to the presence of 
strong magnetic ficlds in them. We shall now proceed to consider the 
subject of the magnetic fields in spots. 


We first give some general characteristics of the magnetie fields in 
sunspots. The presence of a strong magnetic field is an invariable pro- 
perty of sunspots. No spot has been observed without a field. On the 
other hand, we even find what are called invisible spots, which are 
regions of the photosphere above which weak magnetic fields are obser- 
ved. These regions are often found where a spot has recently been or 
where one soon appears. 


The magnetic lines of foree are perpendicular to the Sun’s surface 
at the centre of the spot aud make an angle of about 20° with it at the 
edge of the penumbra. A single spot resembles a unipolar magnet in the 
nature of its field, while a typical group of two spots resembles a bipolar 
magnet. Sometimes multipolar groups are found, with a complex 
disposition of the poles. 


A bipolar group can be characterised by its magnetic moment 
M =H.SI1, where H is the mean field intensity in the spot, S its 
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areca and | the distance between the spots. The ficld intensity of a bipolar 
group at a distance R from it such that R > 1 is 


M.R 3 (MLR) R M 
Wt = — grad“ p, = ( pa — p> (19.9) 


i.e. the field decreases approximately as R-%. The field intensity H 
at the centre of a spot varies with the area S of the spot, reaching 
3500 gauss for large spots. 

The dependence of H 
and S on time is shown in 
Fig. 50 for typical spots . 
which change rapidly (be- 
low) andslowly(above) [35]. 
S is given in millionths of 
a hemisphere of the Sun, 
and H in gauss. At first H 
is proportional to S, and 
then reaches a maximum 
where it scarcely changes. 
Only later, as the area of 
the spot appreciably dec- 
reases, does ZH begin to 
deerease also. 

The time of increase of 
the field intensity is usually 
2 or 3 days; the time of 
constant field intensity lasts 
from some days to some wecks, and the time of decrease is one or two 
weeks. On the other hand, we have seen at the end of Chapter 18 that 
the field of a spot ean exist for hundreds of years without loss of energy. 
Beeause of this, T. G. CowLine supposes that the spot field is carried 
out to the surface and down again by the motion of ionised matter. 
The spots are like windows, through which the field which always 
exists in the sub-photospheric layers emerges to the surface. 


3000 







2000) 


The magnetic field exerts a pressure 7/8 on the conducting 
atmosphere. In the deep layers, the gas pressure is considcrably greater 
than the magnetie pressure, and hence the magnetic pressure does 
not lead to an expansion of the gas. In the photospheric layers, the 
magnetic pressure is of the same order of magnitude as the gas pressure, 
and the field may reach the surface by causing the gas to move. The 
expansion of the gas results in its cooling. In the equilibrium state the 
total pressure in the spot (gas pressure plus magnetic pressure) inust 
be equal to the gas pressure outside the spot at the same level. Thus, 
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knowing JJ, we can estimate the difference between the gas pressure 
in the spot and that in the photosphere. Since p = n kT’, the knowledge 
of the temperature ratio obtained from observation enables us to find 
the density ratio. 

The radiation from the surrounding layers continually heats the 
outermost layers of the spot, increasing the gas pressure. The equi- 
librium is thereby destroyed and the heated layers expand somewhat, 
until their temperature falls to its former value. It is possible that 
this expansion is in fact the observed motion of matter from the spot. 


Thus the lower temperature in a spot is apparently a necessary 
consequence of the strong magnetic field. There is as yet no conclusive 
answer to the problem of the origin of the field. L. Ik. Gurrvicn and 
A.T. Lepepinskil [53] suppose, in opposition to Cow ine, that the 
field can be directly produced in the sub-photospheric layers by the 
circulation of conducting matter in a magnetic field under the action 
of hydrodynamical forees. Such a circulation could cause currents 
which would determine the maguictic field of the spot. The whole process 
is reminiscent of the way in which dynamos are excited. However, 
the authors give no specific mechanism for this self-excitation. 


Recent investigations with the solar magnetograph (see H. W. 
Bascock [13]) seem to show with certainty that the Sun has a weak 
general magnetic field. At latitudes below -+| 65°, regions have also 
been discovered which show the presence of weak magnetic fields. 
However, these regions are very impermanent and are transitory in 
character. 

An important question is whether or not the origin of the magnetic 
field Hf in spots is related to the existence of the general magnetic 
field of the Sun. This question has been considered by V. Kh. StTEPANov 
[163]. If the appearance of spots is connected in some way with the 
general field of the Sun, the place where the spots appear should depend 
mainly on the magnetic, and not the heliographic, latitude. Thus, if 
the Sun’s magnetic pole in the northern hemisphere is, at a given 
moment, closer to us than the heliographic pole (the two do not coincide), 
the mean latitude at which spots appear in the northern hemisphere 
should be less than in the southern hemisphere. For the opposite position 
of the pole, the effect will be opposite. 

The difference in the mean latitude at which spots originate in the 
two hemispheres should thus have a period equal to the period of revo- 
lution of the Su’s magnetic axis, as seen from the Earth. A statistical 
reduction of forty-five years’ observations of spots has enabled this 
period to be fairly reliably determined: it is found to be 27-5993 days, 
which is somewhat different from that determined spectroscopically. 
However, the value obtained by V.E. STEranov is more reliable, 
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since it is based on a lengthy series of observations. Thus it can be 
assumed that the appearance of spots is connected with the general 
field of the Sun. 


4. Solar faeulae. The depth distribution of temperature in a faeula. 
Let us now consider the faculae. These, as is well known, are observed 
only on the outer parts of the solar disc, and chiefly in the region 
where 0-6 fg <A < Ro. They appear to the observer as brighter 
parts of the photosphere. Faculae have a complex fibrous structure, 
which sometimes changes in the course of a few hours. The fibres (fila- 
ments) are in turn composed of granules. However, the granulation in 
faculae differs from that in the undisturbed parts of the photosphere. 
The granule-interstice contrast in the faculae is considerably greater 
than in the photosphere. 

In particular, the contrast at the extreme limb is, according to 
V. A. Krat [73], about 30%. Unlike ordinary photospheric granules, 
facular granules have a tendency to be formed at almost exactly the 
same places. This, apparently, explains the surprising stability of 
faculae, regarded as scries of facular granules. According to recent 
investigations by V. A. Krat and by C. Macris, it seems that the 
mean lifetime of a single granule in a facula is approximately the same 
as in the photosphere. 

It seems that the mean level at which faculae lie is higher than 
that of spots and of the photosphere as a whole. This is suggested, 
for example, by the fact that the angular velocity of rotation of the 
Sun, as determined from faculae, is greater than that determined from 
spots. It is known that the angular velocity of rotation of the various 
lavers of the Sun increases with height. (This apparently docs not 
extend to the solar corona; see Chapter 22.) 

The measurement of the contrast between the facula and the ad- 
joining photosphere is a very important subject in the physics of faculac. 
The ratio 


where the suffix f refers to a facula, has been measured for various 0 
by many observers. Thus, V. A. AMBarRTSUMYAN and N. A. Kozyrev 
found for a selected facula with R = 0-94 Ro a value of #(8) equal 
to 1-14 for 4 ~ 3900 A and 1-10 for 2 ~ 5000 A. The values of F'(6) 
have been determined by T. V. Krat [67] from several faculae for 
various 0 and for 2 =3900 A and 4 =5000A. For 4 = 3900 A, the 
value of F(0) for R =0-52 Re and k = 0-90 Rey was 1:15 and 1-28 
respectively. For 4 = 5000 A the value of F'(0) for the same /? was 
1:08 and 1-16. A. 1. Lenrpinskri and 8.8. Zuuravvev [79] have 
studied the value of #'(0) by photoelectric methods. 
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It must be pointed out that al] these vestigations relate essentially, 
not to the facular filaments mentioned, but to some mean ‘‘smeared’’ 
representation of the facula. This smearing occurs because of the 
oscillation of the images and the presence of scattered light. On account 
of the oscillation of the images, the brightness of the filaments will 
be partly ‘“‘clistributed”’ on to the parts near the filaments. Calculations 
which take account of this effect, and also direet (provisional) estimates, 
suggest that the valuc of #(@) in these filaments may in reality reach 
1-5 to 2-5. 

It is very interesting that the ratio of total intensities [J (8,0)},/U (8, 0)]o 
varies (unlike the ratio for sunspots) with the distance from the centre 
of the dise. This apparently means that solar faculae are not in a state 
of radiative equilibrium. 

The temperature distribution inside a facula ean be studied by 
means of the method explained at the end of Chapter 7. To do so, 
we must know the law of variation of [J,(0,0)], with the angle @. In 
particular, we can find this law from the observed ratio (19.10), since 
the dependence of [J,(8,0)]- on 8 is known. Knowing the law of variation 
with 0 of the intensity coneerned, we can regard the equation 


[1,(0,0)], = [ B,(T,) e~*4*"° see 0 de, (19.11) 
0 


as an integral equation which enables us to determine the dependence 
of B,(T,) on t, for a given A. If we suppose that the matter in the 
facula and in the photosphere has the properties of “grey material’’*, 
we can apply the same method to the total radiation also: 


oo 


[1(0,0)], ~ f B(L;) e7*8° see 0 dr. (19.12) 
0 


The solution of equations (19.11) and (19.12) ean be obtained by the 
method of numerical integration. If it is possible to represent the 
observed intensity in the form of a polynomial, expanded in powers 
of eos 8, we can use the method of Chapter 7. 

Sueh calculations show that for small t the temperature 7’, of the 
facula is higher than that of the photosphere, while for large depths 
it is lower than that of the photosphere. [It is therefore ineorrect to 
equate (as is frequently done) the difference in the temperature of the 
radiation Ty; between facula and photosphere to the difference in their 
effeetive temperatures. ] 


* In view of the small difference between the mean temperatures of facula 
and photosphere. 
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In order to understand the result just stated, it is necessary to 
recall that at the limb of the solar dise we observe, in general, radiation 
emerging from the uppermost layers of the solar atmosphere. Hence 
the greater brightness of the faculae at the limb, compared with the 
brightness of the photosphere, is a direct indication that in their outer 
layers they are hotter than the photosphere. On the other hand, we 
do not see the faculae at the centre of the disc. This means that the 
excess of thermal radiation, just mentioned, in the outer layers of the 
faculae (in comparison with the photosphere) must be in some degree 
compensated by a lower temperature of the faculae in regions where t 
is large. 

Unfortunately, the results of the above-mentioned calculations are 
as yet purely qualitative. We have said in Chapter 7 that the finding 
of the function 7'(t) from the darkening law is affected by uncertainties 
arising from the necessary extrapolation of the intensity to the extreme 
limb of the solar disc. This problem, moreover, is especially complicated 
for the faculae. It was supposed until quite recently that the facula- 
photosphere contrast increases right up to the limb. The investigations 
of M. WaLpDMEIER [178], however, indicate that this contrast is greatest 
for R,, ~ 0-95 Re and that it decreases on each side of R,,. In the two 
cases a different distribution 7'(r) is found. In the former ease (maximum 
eontrast at the limb of the disc) the excess heating in the faecula should 
take plaee mainly in its outermost layers, with t < 0-02. On the other 
hand, in the latter case the excess heating (i.e. the ratio 7')/Tq) is a 
maximum at about t ~ 0-6. 


To solve this problem, we need further careful measurements of 
the facula-photosphere eontrast elose to the extreme limb of the Sun. 
There is still reason to think that the second ease seems closer to 
reality, sinee, as is shown by a study of absorption lines in the spectra 
of faculac, the atoms whieh form these lines are at a higher temperature 
than the corresponding atoms in the photosphere (see below), while the 
absorption lines are formed on the average close to the level tr = 0-3 
to 0-6. The study of floceult also indieates that the second case is closer 
to reality. We shalt diseuss this subject in Chapter 21. 


In connection with the interpretation of the observed facula-photo- 
sphere contrast, we shall pause to consider an important problem 
which is quite general in character. We assume for simplieity that the 
radiation of frequency » emerging from the Sun (or a star) arises in 
a relatively thin opaque surfaee layer where all the temperatures which 
characterise the radiation and the state of the matter in the layer arc 
the same, do not vary with depth, and are equal to 7'g. In this case 
it is quite evident that the intensity of the emergent radiation J, (0) 
in the given frequency will be equal to B,(Z')). [See, for example, 
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formula (3.38) for 7’ = 7’) = constant.}] We now assume that, for some 
reason, the kinetic temperature of the layers concerned is raised to 
some value 7’, > 7'9. The question is whether the intensity J,(0) 
will now be equal to B,(7',). We shall show that this will not be the 
case*. 

In accordance with formulae (3.30), (3.13) and (2.27), the most 
general expression for the intensity of the emergent radiation at the 


surfaee has the form 
oO 


° j —tysecd 
I, (9.0) -| "e see 0 dt, , (19.13) 


y 
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where we have not used the assumption of local thermodynamic equi- 
librium. Restricting ourselves to a qualitative treatment of the problem, 
we shall assume that within the outer layers of the atmosphere, from 
which the intensity J, (0,0) mainly originates, the ratio j,/x, is constant. 
On the hypothesis of local thermodynamic equilibrium, this assumption 
would imply, by (3.10), the constancy of the temperature inside these 
layers. Putting j,/z, = constant, we have for all 0, by (19.13), 


I,(0,0) = j,/x, . (19.14) 


Next, taking into account the fact that the emission coefficient 7, in 
stellar atmospheres is principally determined by recombinations (except 
in the far infra-red region of the spectrum), we can use formula (8.38) 
for it, neglecting stimulated emission processes for the ease of the Sun. 
Finally, let the absorption processes (the coefficient %,) and the emission 
processes (the coefficient j,) be determined, in the frequency considered, 
by the same atoms. Then, according to (5.20) and (5.22), we ean write 


ax, = Nz, k,' , (19.15) 


where n,, is the number of atoms per cm? in the rth ionisation state and 
the kth excitation state. Here it must be emphasised that only one of 
the bands in Fig. 11 is taken into aecount, both in (8.38) and in (19.15). 
Nothing essentially new would be added to our results by taking account 
of all bands with 7,, < hy. 
From the above, we find for J,(0,0) the expression 
— (he xp RAT 
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1, (0,0) = ( 1, } U4, (am, k T 3/2 e - (19.16) 
If in this formula we introduee the formulae of thermal] equilibrium 
given in Chapter 5, putting 7’ = 7, and taking aecount of stimulated 
emission, then we find /,(0,0) = B,(7), a result which is easily intel- 
ligible. 


* This question is discussed by E.R. Musrev’ [100]. 
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In order to make our principal result clearer, let us consider a fre- 
quency »¥ close to or equal to the frequency 1, of the edge of the absorption 
band which we are discussing. In this case hy = 7,,, and consequently 


1,(0,0) ~ (*2+1) Iu (19.17) 


. 249 Asan 2 
1, E U4, OC (2am, k T,)3! 


The first factor on the right-hand side of (19.17) depends on the ioni- 
sation and excitation processes, whilc the second depends only on the 
kinetic temperature, and only very slightly on that. If the ionisation 
and excitation processes are determined by the temperature T = T,, 
then, as we have just said, J,(0,0) = B,(T). 


Let us now consider what will happen when 7’, is raised. We have 
seen in Chapter 8 that, under the conditions existing in stellar atmos- 
phcres (low densities of matter), the ionisation is determined mainly 
by radiation, and not by collisions. Moreover, we have said in Chapter 15 
that the saine is true of excitation processes. It follows from this that 
the first factor on the right-hand side of (19.17) will not, in general, 
change at first when 7’, increases. The effect of the increase in T, on 
this factor becomes noticeable only when the factor « in formula (8.24) 
becomes comparable with or greater than unity. The effect of the 
increase in 7’, on the second factor in formula (19.17), on the other 
hand, is generally small. Thus, when 7’, increases, the value of J, (0,0) 
will at first remain practically constant. Later (when « > 1) it begins 
to increase, but the inequality J, (0,0) << B,(T,), or even I, (0,0) < B,(T,), 
is still maintained. Thus, under the conditions existing in stellar atmos- 
pheres, an increase in the intensity of the emergent radiation cannot 
be immediately related to any corresponding increase in the kinetic 
temperature. Hence, if for example the temperature of the radiation 
of a facula (7), is greater than the temperature of the radiation (Ty)o 
of the neighbouring parts of the photosphcre, the difference JT; = 
= (T,),;—(Tx)g cannot be ascribed to a corresponding difference 
in the kinetic teinperatures. In reality, the difference 47’, = (7'.); —(T ao 
may be much higher. It is clear, also, that this conclusion is entirely 
qualitative and is not connected with the restrictions made in our 
discussion of the problem. 


5. The spectra of faculac. We now turn to the spectra of faculae. A 
general qualitative comparison of the spectruin of a facula with that 
of the adjoining photosphere shows that the lines of ionised inctals 
are stronger in the former than in the latter. The reverse is observed 
for the lines of neutral metals. The H and K lines of Ca IT are an exccp- 
tion to this rule; they are fainter in the spectruin of a facula than in 
that of the adjoining photosphere. 
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There are as yet few spectrophotometric investigations of faculae, 
They are chiefly the work of T. V. Krat [67] at Pulkovo and of O.N, 
MiITROPOL’sKAYa [89] at the Crimean Astrophysical Observatory. We 
shall give briefly the results of these two investigations. The construc- 
tion of the curve of growth for a facula, which was performed by O.N. 
MITROPOL’SKAYA using lines of Fe], has shown that this curve is in 
shape the same, within the limits of observational error, as the curve 
constructed for the adjoining regions of the photosphere; a certain 
relative displacement of the two curves along the axis of abscissae 
shows that there are fewer absorbing atoms of Fe I in the facula than 
in the adjoining photosphere. 


It follows from these two investigations (in agreement with the 
qualitative comparison mentioned above) that the great majority of 
the lines of neutral elements are in fact fainter in the facula than in 
the photosphere, while the reverse is observed for the lines of ionised 
elements (with the exception of the H and Kv lines). These facts would 
correspond to a higher mean temperature in the facula than in the 
adjoining photosphere. 


We have said above that the determination of the effective temper- 
atures of faculae (from the facula-photosphere contrast) is hindered by 
the peculiarities of the law of temperature distribution within the 
faculae. Hence we may attempt to determine (7,), as follows. We 
assume that we have determined the difference of equivalent widths 
AW, =(W,),; — (V,)o for a number of absorption lines. We further 
assume that the dependence of W, on the spectral class of the star, 
and therefore (see Table 11) on the effective temperature, is known for 
these lines. Then, supposing that the physical conditions in a facula 
are similar to those in the atmosphere of a stat whose effeetive temperature 
is higher than that of the Sun while g has the same value, we can deter- 
mine the difference AT, = (7.)j—(7e)q from the values found for 
AW,. By this means AT, is found to be about a hundred degrecs. 
If we take the “filamentary” structure of faculae into account, AT, 
in the ‘filaments’ is still greater. 


Tt is extremely important that further work should be done on the 
application of this method, since, for example, a difference in 47, for 
neutral and ionised atoms might indicate a deviation from the con- 
ditions of thermodynamic equilibrium in the faculae. 


The obtaining of a reliable estimate of the electron pressure in 
faculae is made less easy by various anomalies in the behaviour of 
ionised clements (especially Ca Il). Present data would appear to 
indicate that p, in the faculae should not differ markedly from p, in 
the adjoining photosphere. 
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‘The subject of the anomalous behaviour of Ca IT lines in the spectra 
of faculae is not yet altogether clear. It is quite possible that we have 
here the same ageney which we have suggested for the “‘metallic-line”’ 
stars (see Chapter 15). There are a number of indications that there 
is a large energy excess in the far ultra-violet region of the spectra of 
faculae. This must lead (see Chapter 15) to anomalously strong ionisation 
of the Ca IT atoms and a diminution in their number. 


We shall briefly consider the behaviour of hydrogen lines in the 
spectra of faculae. The contours of the H, line in these spectra and in 
those of other features observed on the Sun are shown in Fig. 51. The 
continuous contour is the ob- 
served contour of the H, line O® 






in the spectruin of a facula. 
However, in the seginent ab 
the H, line belonging to the 6 
facula proper should lic below 
the line ab, since chromospheric 
flocculi are situated above 0-4 
faculae, and these flocculi 
make a contribution of radi- 
ation in the central parts of 9 
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the adjoining parts of the 
photosphere, is caused (it is now thought) by the increased excitation 
of the hydrogen atoms in the faculac. In consequence of this, the 
number NV, of hydrogen atoms in the second quantum state is incre- 
ased, and the line is thereby broadened. We should expect a decrease 
in the central residual intensity in the facula, compared with the photo- 
sphere, again because of the inerease of N, in the facula. Moreover, 
this decrease of 7, is often observed in the Hg linef, where the 

* That is, the H, line contour in the spectrum of a facula in the case where 
there arc no chromospheric flocculi. 


¢ This is often seen in spectrohctiograms taken in the Hj, line. In such cases 
the facular area is darker in Hf, than the neighbouring parts of the phdétosphere. 
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radiation belonging to the floeeuli is mueh weaker than in H,, and 
consequently docs not noticeably distort the Hg, line eontour belonging 
to the faeula proper. The same is true to an even greater extent of 
the higher terms of the Balmer series. 

If the H, line were broadened beeause of the pressure effeet (possible 
inerease in 7,) and not beeause of an increase in the number of atoms 
in the seeond state, we should expeet a eonsiderable broadening of the 
Hg, H,, ..., lines, where the pressure effeet is much greater than for H,. 
However, in the faeulac the broadening of these lines is eonsiderably 
less than that of the H, line. 

The fact that hydrogen atoms are more strongly excited in faculae 
than in the adjoining photosphere docs not contradict the approximate 
equality of (7',,), and (7',,)s for lines of metals, found from observation. 
The hydrogen atoms whieh produce the Balmer series, unlike the metal 
atoms, have an exeitation energy of 10-16 eV. Here even a small inerease 
in T,, ean lead to a considerable inerease in the ratio V./N,. Furthermore, 
it is quite possible (as we have already said) that there arc, in the faeulae, 
deviations from thermodynamie equilibrium whieh, as usual, inerease 
with inereasing exeitation potential. 

Finally, observation shows that the temperature distribution in 
different faeulae is very different. Thus, for example, in the speetrum 
of a very bright faeula observed on 13 September 1950, the eontours 
of the lines H,, Hg, H,, and H,, ineluding the wings, were less deep 
than the eorresponding eontours in the speetruin of the adjoining photo- 
sphere [90]. This fact eannot be explained by an inereased ionisation 
of hydrogen, sinee this would lead to an absurdly high electron pressure 
in the faeula, of the order of 10,000 bars. We inust therefore, apparently, 
suppose that the smaller nuinber VV, of hydrogen atoms was due to 
a lower excitation temperature for hydrogen in the faeula coneerned. 
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1. The classification of prominenees. In studying prominences we 
meet with a eolleetion of phenomena whieh are extremely complex, 
and rieh in physieal signifieanee. The application of cinematography to 
the study of solar phenomena has made possible a provisional elassi- 
fieation of prominenees. This elassification must be regarded only as 
a division into various forms of prominence differing from one another, 
with an indieation of the possible conneetion between these forms. 


The features on which this elassifieation of prominenecs is based are: 
(1) The external form and strueture of the prominenecs. 
(2) The nature of the motion of matter in the prominenees. 
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(3) The relation between prominences and sunspots. 


(4) The place where the promincnces are formed (chromosphere or 
corona). 


We shall not explain in detail the present-day classification of prominen- 
ces, but shall confine ourselves to some very brief remarks*. 


Quicseent prominenees (often resembling haystacks in appearance) 
may remain almost unchanged during many hours. One of the best 
criteria distinguishing quiescent prominences is the absence in them 
of external currents or jets, which are one of the main distinguishing 
features of active prominences. 


Ordinary active prominences are the kind most frequently found on 
the Sun. They are observed in all latitudes, and this distinguishes them 
from active sunspot prominences (see below). The most characteristic 
property of ordinary active prominences is the presence of currents 
of moving matter, which emerge from the outer parts of the “trunks” 
of these prominences and proceed downwards to the chromosphere, into 
which they are drawn, as it were. The place where these currents flow 
into the chromosphere, which lies at some distanee from the “‘trunk’’, 
is called the centre of attraction. Judging by the observations at present 
existing of the process of inflow of matter, the centres of attraction 
are relatively small areas in the chromosphere, which are not distinguished 
by any external features. There may be several centres of attraction 
for one prominence. The currents of matter which move to the centre 
of attraction usually consist of separate jets (streamers) and knots. The 
length of a jet varies from a few thousand kilometres to several hundred 
thousand kilometres in very active prominences. Large wide jets may 
rapidly dissipate the prominence. 

Furthermore, if the centre of attraction is extremely strong, the whole 
of an active prominence inay be torn off from the trunk which joins it 
to the chromosphere, raised to a height in a strongly curved trajectory 
and then, moving down, be drawn into the centre of attraction (such 
a prominence is said to be quasi-cruptive). 

What are called interacting prominences also belong to the class of 
active prominences. Here the matter flows across, in the formin of jets 
and knots, from one prominence to another. Cases are also observed 
where these jets and knots move in both directions; there is here, 
consequently, an exchange of matter, between the two prominences. 

Fruptive prominences are those which rise relatively quickly to great 
heights above the Sun’s surface, and then disappear. The maximum 
heights reached by these promincnees lie chiefly between 100,000 and 
500,000 kin. At greater heights, the material in eruptive prominences 


* We shall use the terminology employed in E. Pettrt’s classification, which 
is one of the most complete. 
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is dispersed and ceases to be visible. These prominences are formed 
from quiescent or active prominences. No eruptive prominence scems 
to be known which rose directly from the chromosphere. 


The process of the formation of an eruptive prominence from an 
active one* can be regarded as an explosion, although, of course, thus 
word refers to the external appearance of the phenomenon, and not 
to its nature. As a result of the explosion, the prominence, which was 
until then an active prominence, expands, and after rising disappears 
against the background of the corona. During the whole process of 
expansion, the prominence sends out currents of luminous matter down- 
wards. These currents, which are fairly nuinerous at first, are directed 
towards the earlier centres of attraction and towards newly-formed 
ecntres. 

Eruptive prominences may apparently be divided into two sub- 
classes. The first class contains those in which a relatively isolated mass 
of gas rises, while downward currents leave it. The second class consists 
of eruptive prominences having the form of an are whose vertex rises 
while the whole are expands. Here the downward currents are directed 
along the two sides of the arc. 

In conclusion, it must be noted that the following circumstance ts 
extremely important. The appearance of an eruptive prominence (i. e. 
the explosion of an active prominence) usually takes place in regions 
where neither photospheri¢ nor chromospheric disturbances are observed. 


Sunspot prominences are divided into a series of greatly differing 
sub-classes. The common feature of all these is that they are related to 
sunspots. Prominences of this class are never observed without aceoi- 
panying spots, though spots may frequently be observed without 
prominences. We shall here refer to the most typical of the sunspot 
prominenees. 

The kind of sunspot prominences most often observed are what 
might be called coronal sunspot prominences. Here the luminous matter 
forming the prominence appears in the corona above the spot. What 
happens is that, above a group of sunspots, convergent currents of 
matter (jets) or detached parts of currents appear and all move towards 
the spots in straight or curved trajectories. In its external appearance. 
such a prominence resembles an opened fan. Knots of eoncentrated 
luminous matter are often observed in the upper parts of these currents; 
these knots are generally formed in the coronal region also, and, remain- 
ing at rest, serve as “reservoirs” for the downward flowing jets. It is 
of interest to note that the brightness of the jets inercases as they 
approach the chromosphere. 


* More exactly, from a quiescent one, since the active prominenee is formed 
only a relatively short time betore the “eruption”. 
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In the case of the most active groups of sunspots, the matter 
in the knots flows downward, not in one direction, but in several, and 
elosed loops are thus formed. Sueh prominenees resemble fountains in 
external appearance. In rare cases the loops may arise from the chromo- 
sphere also. 

Coronal sunspot prominences are sometimes aeeompanied on one 
or both sides by aetive prominenees similar to those discussed above, 
with whieh they have many features in eommon. In this case the eurrents 
of luminous matter flow into the region of the spots. 

A very interesting class of sunspot prominences is formed by those 
which are ealled surges. Here the matter is ejected from the chromo- 
sphere at speeds whieh sometimes exceed 500 km/sce, and then returns 
along almost the same path back to the chromosphere. Surge prominenecs 
may either be small condensations, rising to severa] thousands of kilo- 
metres and subsequently returning to the ehromosphere, or take the 
form of huge branches of luminous inatter with a height of over 100,000 km. 
In the latter case, praetieally all the luminous matter in the prominenee 
returns to the ehromosphere. Oeeasionally the upper parts only are 
detaehed from it. 

The lifetime of a surge prominence is very short: from 10 to 20 
minutes for small ones, and a little over an hour for large ones. It is 
very interesting that the ejection of surge prominences can take plaec 
at any angle to the Sun’s surfaee. 

The ejeetion of small aggregates of ehromospherie matter (often at 
large angles to the vertical) is observed in fairly aetive spot groups; 
like the eruptive prominenees, they do not return to the chromosphere. 

Besides the forms of sunspot prominenee mentioned, there are 
others whieh we shall not diseuss here. 


Tornado-type prominenees are like vertieal spirals or eoiled-up ropes. 
In this ease we are evidently coneerned with the rotation of the pro- 
minenee and in general with phenomena of a vortex nature. There are 
indieations that rotation oeeurs in prominenees of other types also. 

Finally, we must briefly mention the prominenees whose formation 
is conneeted with the eoronal region. We have already spoken of eoronal 
prominenees of the sunspot type. A similar case is found with ordinary 
aetive prominenees. As the number of streams of luminous matter 
emerging from such a prominenec inereases (this indicates that the 
centre of attraction is playing an increasing part), long luminous jets 
begin to pass now and again froin the region of the eorona to the eentre 
of attraetion; they have a small curvature and a veloeity of the order 
of 100 to 200 km/see. They may appear at heights of about 150,000 km 
and usually move with eonstant veloeity aloug their whole path to the 
eentre of attraction. Observations show that these prominences may 
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appear and enter the chromosphere even when no other prominence is 
observed; this shows that centres of attraction can exist on the surface 
of the Sun independently of prominences. 

The coronal clouds are a very interesting form of coronal sunspot 
prominenee. Their development takes place as follows. Above a group 
of sunspots, bright points are suddenly formed. New points subsequently 
appear, whereupon al] the points coalesee into a cloud, which, as it 
were, hangs in the coronal region, while streams of inatter in the form 
of jets begin to move down from it to the sunspots. 

In concluding our description of the various classes of prominences, 
we must again emphasise that the present classifications have as yet 
no physical basis. However, some classification of prominences, if only 
a very provisional one, is indispensable, since, as we have seen, there 
is a very great difference in the forms of various types of prominences, 
and to interpret the physical properties of each type a separate approach 
must be made, though some regularities nay, of course, be more general 
in character. 

It must be noted that the aetual development of prominences is 
much more complicated than ean be realised from a single simple 
classification. Sometimes it is very difficult even to assign prominences 
to one or another class. Finally, it is necessary to take account also 
of the interconnection between prominences of various classes. For 
example, eruptive prominenees may appear as an outcome of the 
development of active prominences, and so on. 

The elassification which we have considered is based on observations 
of proininenees at the limb of the solar dise. Here the prominences are 
observed in emission. If a prominence lies between the observer and 
the photosphere and is projected on the Sun’s dise, it absorbs the 
latter’s radiation (in lines where the optical thickness of the prominence 
is large) as a comparatively dark formation called a filament. In the 
majority of cases, the filaments are of small width and have a very 
elongated form. Their length (estimated in projection) is sometimes 
a considerable fraction of the Sun’s diameter. 

As they approach the limb of the dise in econsequenee of the Sun’s 
rotation, the observer usually sees the filaments transformed into pro- 
minenees; however, there is not a complete correspondence between 
the geometrical characteristics of filaments and of the prominences 
which arise from them. The filainents are apparently seen as a result 
of the absorption of photospherie radiation, in various frequencies, by 
the densest and most extended parts of the prominences. 


From the phenomena of ‘‘transformation’”’ of filaments into pro- 
minences and vice versa, it has been established that, in the majority 
of cases, filaments are formed by quicseent prominences. It is of interest 
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to remark that these filaments (and therefore quiescent prominences 
also) avoid regions occupied by sunspots. If a spot appears close to a 
filament, the latter rapidly vanishes. In general, however, filaments 
exist for a comparatively long time, measured in days or weeks. 

Sometimes sunspot prominences too cause a marked attenuation of 
the radiation of the solar disc in the line frequencies. However, in this 
case the dark formations on the disc are smaller than ordinary filaments. 
They have relatively short lifetimes and are different in form; they 
resemble smal] dark elongated areas of irregular shape, very dark small 
spots, etc. These formations are very often observed above chromospheric 
flares. 


2. The motions of matter in prominences. Let us now consider the 
subject of the motions of the matter which forms prominences. A very 
great amount of information on this subject has been obtained by means 
of the cinematography of prominences, using narrow-band mterference- 
polarisation filters. In the Sovict Union, such cinematography was first 
achieved by A. B. Srverny! and A. B. Gin’vare [133] at the Crimean 
astrophysical observatory of the USSR Academy of Sciences. By study- 
ing the material obtained, A. B. SeverRNyI [130] was able to define 
three basic types of motion in prominences. 

The first type includes the motions observed when eruptive pro- 
minences break out. The second and most numcrous type of motion 
contains, according to A. B. SEvERNyYI, quite regular accelerated or 
retarded motions of individual knots, jets and clouds in prominences 
along curved trajectorics. These motions are characteristic of sunspot 
prominences, active prominences, coronal clouds and surge prominences. 

Finally, the third type of motion includes irregular motions of indi- 
vidual knots, clouds and jets (like waves), and also changes of shape 
and structure, which are very similar to the metamorphoses of terrestrial 
clouds, or smoke drifting on an uneven surface. Such metamorphoses, 
sometimes extremely slow and lasting for hours or days, are character- 
istic of quiescent proiminences. In this case we are doubtless concerned 
with the appearance of the same turbulence which is found throughout 
the solar atmosphere. 

It is clear that such a division of notions into types must form the 
starting-point for the construction of a future well-founded classification 
of prominences. 

Let us now consider other regularities discovered in the motions of 
prominences. The use of cinematograph films has made it possible to as- 
ecrtain that the motions of matter down into the chromosphere nust be 
regarded as of much greater importance than was carlier supposed. As an 
example, we may point to coronal sunspot prominences, active promi- 
nences, etc. Ainong the nuincrous sub-divisions of sunspot prominences, 
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only a few appear in the chromosphere (for stance, surge prominences). 
The remainder are formed in the corona, whence the streams of luminous 
matter flow downwards. In general, contrary to the views previously 
held, it must be supposed that many classes of prominence are formed 
in the corona. 

These circumstances are taken into account, m particular, in a new 
classification of prominences made by D.H. MENzEL and J. W. Evans 
[S85]. In this classification, prominences are divided into two main classes: 
(A) those formed in the corona, the matter in which moves predominantly 
downwards, and (B) those formed in the chromosphere, in which the 
matter moves upwards. 

A careful examination of cinematograph films of the motion of promi- 
nences shows that, in a very large number of cases (especially for coronal 
sunspot prominences, active prominences and interacting prominences), 
the motion of the knots and jets of luminous matter takes place for long 
periods along certain quite definite curved trajectorics. This suggests 
a field of some kind of foree in the region occupied by the proiminences. 

A study of eruptive prominences has shown that, as a prominence 
moves outward from the Sun, its velocity increases, and the change in 
velocity takes place very quickly. almost in jumps, if we follow the 
leading edge of the jet or knot. Between the moments when the velocity 
suddenly increases, it remains constant, or varies very slowly. (In reality, 
of course, the velocity does not change instantaneously, but during a very 
short interval of time.) The time intervals between these velocity Juinps 
are measured sometimes in minutes, sometimes in hours. 


A. B. Srverny!I [128] has discovered that, near the moment when the 
velocity suddenly changes, the brightness of the knots in the promi- 
neneces increases, and, at the moment when the velocity changes sharply, 
reaches a inaximum, though these outbursts of brightness take place, of 
course, shnultancously with a general decrease in the mean brightness of 
the prominence as it rises. 

In Fig. 52 we give graphs taken from A. B. SeverNy?’s work. These 
illustrate the regularities mentioned above concerning the changes of 
velocity and brightness of the knots in eruptive prominences. 

The result just discussed must also be related to the circumstance 
that an cruptive prominence becomes brighter just before its upward 
flight. 

The following remark should be made in concluding the subject of 
the changes in velocity in the motion of matter in eruptive prominenccs. 
We have shown above that the changes in velocity in the motions of an 
cruptive prominence inay oceur very rapidly, aluost in jumps (Pettit’s 
first law). However, in studying such a jump, very great care must be 
taken, since in measuring the velocity we must rely on a determination 
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of the position of the individual luminous knots. There may, however, 
be some ambiguity in the identification of knots at different instants. In 
particular, L. LarmMonre [78], in his work on four prominences (including 
a large cruptive prominence), finds no casc of a sudden change in velocity. 
This question is extremely important in the physics of prominenecs, and 
requires further study. 
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Observations have shown that the atoins of various elements in promi- 
nenecs move with practically the same velocity. In other words, there is 
no separation of the elements in prominenecs, This is certainly a result 
of the presence in prominences of sufficient forces of internal resistance 
to notion. If, for cxample, calcium atoms are given an acccleration 
greater than that of other elements, the Ca atoms will have to “push 
through” a crowd of other atoins, i.c. the latter will exert a resistance 
to the moving Ca atoms. It is obvious that this resistance will be greater, 
the greater the density of the medium. Since the various atoms in promi- 
nences move with the same velocity, we must suppose that the density 
of prominences is sufficiently great to prevent a separation of the cle- 
ments. The saine follows from theorctical calculations also (sce, c.g., 
W.H. McCrea’s calculations [168, p. 677)). 
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3. The spectra of prominences. Having acquainted ourselves with the 
gencral properties of prominences, let us now consider and interpret their 
spectra. First of all, it must be remarked that the spectruin of a promi- 
nence projected on the sky is an emission spectrum. It consists of bright 
lines, a faint recombination continuum beyond the limit of the Balmer 
series, and an even fainter continuum due to the scattering of solar 
radiation by the free electrons contained in prominences. These charac- 
teristics of the spectra of prominences arc related to the fact that the 
optical thickness of a prominence in the frequencies of the continuous 
spectrum is considerably less than unity (as follows from observation). 


We shall explain what we have said about the bright-line spectra of 
prominences by considering the case where the optical thickness of 
a prominence in the line frequencies is also less than unity. In this case 
(since t, < 1 in all frequencies), the intensity of radiation emerging from 
the prominence is proportional to the emission coefficient j, in all fre- 
quencies. 

On the other hand, the emission cocfficicnt.is large in the frequencies 
where the absorption coefficient is large [sec, e.g., formulae (3.10) and 
(9.5)]. And since, in the line frequencies, the absorption coefficient is 
greater than in the neighbouring parts of the continuous spectrum, the 
emission cocfficient also will be greater in the line frequencies. Heuce, 
in projection on the background of the sky, the prominences must in 
fact give a bright-line spectrum. Herc it is clear that the result in ques- 
tion does not depend at all on the simplifying assumption which we have 
made, that the prominence is transparent in the frequencies of the ab- 
sorption lines. 

If, however, the prominence is projected on the solar disc, the ab- 
sorption lines of the solar spectruin at the corresponding part of the disc 
must be deepened by the additional absorption of light in the promi- 
nence. This is indecd observed for some lines in the spectra of filaments, 
namely those lines where the optical thickness of the prominence is com- 
parable with or greater than unity. 


The bright-line spectra of quiescent prominences, observed outside 
eclipse, consist chicfly of the first few lines of the Balmer scrics of 
hydrogen, the H and K lines of Ca II, the Dg line of neutral heliuin 
(A = 5876 A) and some fainter lines. The spectra of prominences ob- 
tained at the time of a total solar eclipse, when the effect of the daylight 
sky is reduced to a minimum, are inuch richer in lines and include sev- 
eral dozen emission lines. he majority of these are lines of hydrogen and 
of ionised metals. There are considerably fewer lines of neutral metals 
than of ionised metals, and they mainly correspond to fairly strong lines 
in the ordinary absorption spectrum of the Sun. Besides the lines inen- 
tioned, several lines of neutral helium (including D,), and the ionised 
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helium line 4686 A, are found in the spectra of quiescent prominences. 
Judging by the existing material, the spectra of eruptive prominences 
differ hardly at all from those of quiescent ones (in the relative intensities 
of the different lines). 

Prominences related to spots are often called metallic. This name arose 
beeause their spectra, taken outside eclipse, contain, besides the lincs of 
H, Ca and He, many bright lines of metals, such as Sr, Mg, Na, Ti, Fe, 
etc. These lines are sometimes so bright that the inage of the prominence 
ean be seen in their light even when the slit of the spectrohelioscope or 
prominence spectroseope is open. In some cases, a fairly intense con- 
tinuous spectrum has also been observed in prominences of this class. 

However, there is apparently no essential difference between the 
spectra of quiescent prominences and those of sunspot prominences. 
A eomparison of spectra (obtained at the time of an eelipse) shows that 
the foriner exhibit mainly lines which have intensities, in the scale com- 
monly used for estimating the intensities of chromospheric lines, of more 
than 30, whilst in the metallie prominences fainter lines also appear, with 
intensities > 15. Thus the spectral lines of quiescent and metallic sun- 
spot prominences differ from each other chiefly by their intensities alone. 

This difference may be due cither to a difference in the degree of 
ionisation and excitation, or to a difference in the number of eiitting 
atoms (but not to a difference in chemical composition). We should ex- 
pect that the number of emitting atoms in sunspot prominences is greater 
than the corresponding number in quiescent prominences. 

Many of the characteristic properties of prominence spectra, such as 
the presence in these spectra of He J and He II lines, the predominance 
of the lines of ionised metals eompared with those of neutral metals, and 
so on, correspond to a higher state of excitation and ionisation of atoms 
than under the conditions of the photosphere and the “reversing layer” 
of the Sun. For example, A. UNSOLD points out that the spectrum of an 
eruptive prominence in emission has 
exactly the same properties as an 
ordinary spectrum of a star of class 
cA. However, more definite conclu- 
sions must be based on a quantita- 
tive analysis of prominenee spectra. 
This we shall now give. 


4. Self-absorption in prominences. 
We draw a cylinder in the promin- 
enec, directed along the line of sight 
and having unit base area (Fig.53). 
The length s of this cylinder, whieh 
is at a height # above the photo- 
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sphere, is equal to the thiekness of the prominence in the given 
direetion. 

Here we shall be interested in the total energy emitted by the eylinder 
inside the line with transitions & ~ 7. Let 7, be this total energy. emitted 
in 1 seeond by the cylinder towards the observer and referred to unit 
solid angle. It is evident that the quantity /,, is also the total intensity 
of radiation in the given line and in the given direction. 


Let the number of emitting atoins in the eylinder be V,. We assume 
that the optical thickness of the prominenee in the direction eonsicdered, 
inside the whole line, is considerably less than unity. In other words, we 
assuine that we can neglect self-absorption inside the prominenee (in the 
given direction). Then we have for 1, 


Ni Ang 
Tin =" gq Mee (20.1) 
since we can neglect processes of stimulated emission, for not very small 
hvy., under the conditions existing in the Sun. If we have determined the 
value of J; in some way from observation*, the value of VV, ean be de- 
termined from (20.1). However. in inany very important cases, it is 
necessary to take account of self-absorption. Let us briefly consider this 
subject. 

Replacing the quantity x, in equation (2.26) by o,, and denoting the 
element of optical thickness along the dircetion cc’ by dt, = a, 9 ds, we 
obtain 


d/,/dt, = —I, + j,/9,. (20.2) 


The solution of this equation, which is found in the saine way as (3.36) 
and (3.37), gives 


L= J ye ar, (20.3) 


where 1,(s) is the optical length of the whole cylinder cc’. The optical 
length can be measured either from the point c or from c’. Integrating 
(20.3) over all frequencies in the emission line, we clearly obtain /,,: 


ry (3) 


la=[tav=/[{ | ’s 0 ar, dy, (20.4) 


0 


* Observers usually express the energy emitted by prominences in terms of 
that emitted by the centre or limb of the solar disc. 
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If self-absorption is absent [t,(s) < 1], the expression (20.4) takes the 
form 


Ly =[{fiods\ dy. (20.5) 
0 


The computation of the integral on the right-hand side of (20.4) pre- 
sents great difficulties in the general ease. We shall therefore simplify 
the problem somewhat. Assuming that the physieal conditions inside 
a prominenee depend only on the height h above the photosphere, we 
ean regard the quantities 7, and o, as constant along the path of in- 
tegration (the eylinder cc’). We can take j,/o, outside the inner integral 
sign in (20.4). Further, instead of 1,(s) we ean write, using (5.20), (5.22) 
and the eonstaney of a, , 


Tt, (8) = { a,o ds = m / a,n, ds = 8, N;, (20.6) 
0 6 


where s, is the absorption coefficient referred to one atom, and N;; is 
the number of absorbing atoms in the eylinder cc’. Thus we have, instead 
of (20.4), 


oy 


j —syN; 
Lin -/ "(le )dv. (20.7) 


We now introduce the notation 
P, =3j,/o,. (20.8) 


To aseertain the processes by which the value of P, is determined is the 
greatest difficulty in the problem of self-absorption. If loeal thermo- 
dynamie equilibrium existed in the prominenec (in faet it does not), then, 
by (3.10), we should have P, = B,. Jf the prominences simply scatter 
the solar radiation which is incident on them from below, then, aceording 
to (9.5), P, = J,. Finally, if the emission in the prominences is a result 
of fluoreseenee or the exeitation of atoms by electron collisions, /’, is 
altogether different. However, in all these eases the quantity P, must 
vary relatively little with frequeney inside the line (eonsiderably less 
than the expression in parentheses in the integrand). Henee (20.7) can 
be rewritten 


In = P, f U—e- i) dy, (20.9) 
where P, is the mean value of P,. 


The appropriate investigations show that, even in the eentres of 
strong lines, the optical thickness of prominenecs docs not exceed 10 (or 
at most a few times this). This means (see Fig. 25) that in the damping 
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region (where s, is several orders of magnitude less than s,,) the optical 
thickness s, V7; < 1. Consequently, we can take for s, simply the Doppler 
coefficient given by formula (11.34), where Av, is determined by both 
thermal and turbulent motions. 

If the value of P, in any direction (c.g. aa’, bb’, cc’, ete.) is the same, 
the quantity Z,, will be determined only by the value of the integral on 
the right-hand side of (20.9), and consequently will depend only on 1; 
and on the parameter vy in (11.29), so that we shall have some curve of 
growth (that is, a relation between J, and 1), but for emission lines. If, 
also, the function /, is constant for all prominenccs of the class con- 
eerncd, then such a curve of growth can in principle be constructed from 
many prominences. A family of such curves of growth constructed for 
various values of the parameter vy may form the starting-point both for 
a comparison of theory and observation and for a determination of the 
quantities V; and vy. The values of the above integral have been calcu- 
lated, for example, by E. F. M. van DER HEvp [169]. 

Assuming for the moment that this hypothesis about the constancy 
of P, is correct, we can decide about the presence of sclf-absorption as 
follows. We select two lines: one for which self-absorption is certainly 
absent, say the D, line of He I, and the other for which we should ex- 
pect considerable self-absorption, say the H, linc. Having measured the 
values of I,, for both these lincs at various points in the prominence (or 
even in different promincnces), we construct graphs, placing (logy, Ji) ite 
on the axis of abscissae and (logy, Ji), on the axis of ordinates. If now 


the conditions of excitation and ionisation are the same throughout the 
prominence (or all the prominences), and sclf-absorption is absent, then 
there should be a proportionality between (Liz), and (Ziz)ite, as follows 


from (20.1). However, if self-absorption is present, it is quite clear that 

(Tix), 1s diminished where it is 

S107 ha large. For, the larger Jy, the 

greater V,, and conscquently (for 

P,, constant) the greater Nj, i.e. 

the greater the self-absorption. 

As a result, we obtain a graph 

like Vig. 54. The quantity 4 is 

a measure of the self-absorption. 

From such investigations it has 

lSto“He been discovered that the H and K 

Ma. 54 lines of Ca II usually have strong 

self-absorption, the H, line moderate self-absorption, and the D, helium 
line, like all the fainter lines, practically no self-absorption. 

(3 The method just described has the defect (which is revealed by the 

scatter of the points about curves like Fig. 54) that in using it we postu- 
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late the existence of a universally valid curve of growth, i.e. the con- 
stancy of P,. However, it is quite clear that, besides any other factor, 
the transition from an optically thin to an optically thick layer will it- 
self cause a change in P,. This is particularly apparent in the case where 
the value of /;, is determined by processes of scattering of solar radiation. 
It is evident that, for t,, > 1, the value of J, will be different in the 
outer and inner parts of prominences. The situation is similar for other 
mechanisms of the excitation of atoms. 


For the H and K lines, according to V. P. Vyazanitsyn [175], this 
difficulty can be partly removed as follows. Since the H and K lines begin 
from the same level and lie in the same part of the spectrum, the excita- 
tion conditions for these lines must be practically the same, so that we 
can put (P,), ~ (P,)x. Thus the effect of self-absorption on the ratio 
(liz)n/Ui)x must be determined by the value of NV; only. Since the 
oscillator strength for the I< line is twice that for the H line, the 
self-absorption in the K line will be stronger than in the H line, and this 
effect will increase with N;, i.c. with the total brightness of the promi- 
nenee in the H and K lines. By means of (20.9), assuming, as shown 
above, that (P,) = (P,)x, we can obtain the theoretical relation be- 
tween N; and the ratio (1j)y/(J)x- The quantity v) which appears in 
the expression for the absorption coefficient can be determined from the 
half-width of the H and K lines. Using this method (with some modifi- 
cations), V. P. VyazAniTsyn has obtained, from a large amount of ma- 
terial, a mean value of NV; = NV, = 2-4 x 1018 Ca I] atoms for all the 
prominences which he studied. If we take the mean thickness of quies- 
cent prominences as approximately 10,000 km, then 1 cm? of a promi- 
nence must contain about 2-4 x 104 atoms of Ca II. From this material 
it was also found that self-absorption diminishes the brightness of the 
H line of Ca II by an average factor of three. 


In another paper, V. P. VyAzanitsyNn [176] has studied the rare phe- 
nomenon of the partial screening of one prominence by another. Here 
the prominence closer to the observer was represented by both emission 
lines and absorption lines. 


5. The excitation of atoms in prominences. The principal problem in 
the theory of self-absorption is to establish the form of the funetion P,, 
i.e, to ascertain the excitation and ionisation conditions in prominences. 
However, it is quite clear that this ts one of the main problems in the 
whole theory of prominences. In some cases it can be solved by means 
of formula (20.9). Let us assume, for instance, that the value of J, is 
determined by ordinary scattering of solar radiation in the prominence. 
We can then write P, = J,, where J, = f I,dw/t2 =F, W; W is the 
radiation dilution factor and J, is the mean intensity of radiation inside 
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the prominence. If now we have determined (e.g. as shown above) the 
values of NV; and vy, the integral on the right-hand side of (20.9) can be 
easily computed. Knowing the absolute value of 7, from observation, 
we ean determine J, in aceordance with (20.9). The value of J, thus 
found should correspond closely to the mean intensity of solar radiation 
incident on the prominence. This is quite evident for small t,. For large 
t,, however, the radiation 7, emerges, aceording to (20.3), from the ex- 
terior layers of the prominences where 1, is smal] (because of the ex- 
ponential e-*»), i.c. here also the value of 7, should approximately cor- 
respond to the mean intensity of solar radiation. Calculations performed 
by V. P. VyazaniTs¥n in the two papers mentioned have shown that, 
for the H and K lines, the value of J, found in the manner described is 
in facet close to the value J, = { I,dqw/4x for solar radiation in the 
centres of the H and K lines. Consequently, the radiation of prominences 
in the H and K lines is largely due to the scattering of solar radiation (in 
this case, resonance scattering). This result is related to the facts that 
the transition coefficients A,; and 8,; for the H and K lines are large, 
and that the density of solar radiation in the region of the speetrum 
concerned is fairly high. 

The same conclusion appears to be true also for many other lines 
(chiefly of metals) observed in the speetra of prominenees. However, in 
a number of cases there is reason to suppose that the mechanism which 
makes prominenecs luminous mainly involves reeombinations, aceom- 
panied by subsequent downward cascade transitions of the electron. For 
example, the intensities of emission lines of hydrogen and, in particular, 
of helium are anomalously high in comparison with the intensities of 
most other lines (chiefly those of metals with small excitation potentials). 


By studying this problem we can obtain very valuable information 
on the nature of the ionising and exciting radiation from an examination 
of the distribution of the emitting atoms among the levels. Strictly speak- 
ing, we should solve this problem by starting from the corresponding 
equations of the steady state. Each of these equations asserts that the 
number of electrons arriving at the kth level of the r times ionised atom 
m 1 seeond by all possible paths is equal to the number of electrons 
leaving this level in ] second, again by all possible paths. The two num- 
bers are referred, of course, to the same volume, say 1 em?. (It is evident 
that these equations are valid in the case where the brightness of the 
prominence does not vary with time, or varies only slightly.) 

Let us write down these equations. Let 9, be the density of radiation 
corresponding to the transition i > k or ki. We denote by Cy the 
probability of photo-ionisation from the kth level. It ean be computed 
from (14.20). We denote by Cy the probability of photo-recombination 
to the Ath level. According to (8.25), it is 
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m, 3/2 = 3 —mgv/2kT 3 
Chatn (stn) | (B,)e(1 + nay 0.) e v3 dv. (20.10) 


0 


Then the equation of the steady state for the first level, with & = 1, has 
the form 


Mp1 Me Cy + Drs (Ast + Ors Ba) = Nyy 2 eu By, + 7,1 Cy. (20-11) 
8=2 $= 


The first term on the left-hand side gives the number of recombinations 
to the first level; the second gives the number of transitions to this 
level from higher disercte levels. The first term on the right-hand side 
gives the number of transitions from the first level to higher discrete 
levels. The second term gives the number of photo-ionisation processes 
from the first level. 

The equation of cquilibrium for the second level has the form 


Nye) Ne Cie + > Nye (Axo + O28 Bye) + ne C12 Bie 
gerd 


- (20.12) 
= Nye { 2 2s Bo, + Ay, + Oj2 Bo -+ Coj}. 
For the third level, we have 
: 2 
n, +1 Ne Cys + > Nas (A,g + O3s B,3) + >. Nes O33 By 
sed =I (20.13) 


= Nr 3 { > O35 Bs, + >» (Ag, + 043 Bs;) + C3;}. 
saad 


ame] 


‘The equations for the other levels are written down similarly. It is clear 
that there must be an infinite number of them. However, in practice, 
we restrict ourselves to a finite number of equations, since, when these 
are correctly chosen, the remaining cquations have an insignificant 
effect on the result. 

In constructing the equations of the steady state, we have neglected 
the excitation of atoms by collisions, because of the low density of 
matter in prominences. (The kinetic temperature of prominences, 
judging from various data, is about 6000° to 15,000°.) 

To find the distribution of atoms among states, we need to know 
the quantities 9, and C,,. 

Having taken a series of values for the temperature of the radiation 
(excitation temperature) 7, up to the limit of the Lyinan series, and 


of the ionisation temperature 7', beyond this limit, V. P. VyazanITSYN 
21* 
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[175] was able to obtain a fairly satisfactory explanation of the observed 
ratios In, : Ih, : In, DTiy. It was found that 7', = 5670° and 7', = 6650°. 
Thus the excitation temperature is here close to the effective temperature 
of the Sun. On the other hand, the value 7', = 6650° indicates the 
presence of a definite excess in the intensity of solar radiation beyond 
the limit of the Lyman serics*. This leads to an excess ionisation of 
hydrogen atoms. and thus to an increase in the number of recombinations, 
i. c. an increase in the brightness of the corresponding hydrogen emission 
lines. 

It must be mentioned, however, that recombination emission secs 
to be important only in the higher terms of the Balmer series. It follows 
from recent investigations (G. 8. IvaNov-KiioLopnyiI, P. TEN BRUGGEN- 
CATE) that the occupation of the third and part of the fourth level of 
the hydrogen atom corresponds to a relatively low excitation tempera- 
ture, of the order of 4000°. This may be taken to indicate that the 
excitation in the frequencics of Hg and (in particular) H, can be effected 
even by solar radiation that is attenuated by the presence of the Fraun- 
hofer absorption lines Hg and H, and by virtue of the inequality W < 1, 
where W is given by formula (8.3). 

In connection with this problem, we must make the following 
remark. Although the above way of solving equations of the type 
(20.11) to (20.13), ete., is fundamental and physically the most correct, 
it nevertheless involves a number of serious difficulties. The chief of 
these is that the density of the ionising and exciting radiation in the far 
ultra-violet region of the spectrum is unknown to us, while the presence 
of lines of He I and He II in the spectra of prominences indicates that 
we should expect many anomalies as regards the density of radiation. 

In particular, the nature of the ionising radiation in prominenees, 
both as regards temperature and as vegards its source, may be markedly 
different from that of the exciting radiation. Thus, the ionisation of 
hydrogen and helium in prominences is apparently determined by hard 
coronal radiation. On the other hand, the excitation of hydrogen atoms 
froin the first level is apparently determined by the emission of the 
prominence in the lines of the Lyman scries (resulting from recombination 
processes with subsequent caseade transitions). It is true that direct 
chromospheric radiation in the Lyman «a, f, ete., lines also falls on the 
prominences. However, the optical thickness of the prominence in 
these lines is very large (in the H, line it is often comparable with 
unity), so that monochromatic chromospheric radiation penctrates into 
the prominence only in a very much attenuated forin. 


* On account of the high opacity of the solar gases beyond the limit 4 = 912 A, 
we should expect that the intensity of radiation here would correspond to the 
boundary temperature of the solar photosphere, which is approximately equal 
to 4500° or 5000°. 
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These results show that our information about the values of oj 
and C,, for high frequencies is as yet very uncertain. In general, the 
theoretical conclusions regarding transitions with high exeitation energies 
are still very indefinite, the more so since the situation may differ for 
different classes of prominenee. On account of this indefiniteness, various 
indirect methods are employed [besides the use of equations (20.11) 
to (20.13)]. One of these methods, whieh is very widely used, is the 
following. 

‘Let us consider atoms with a large first excitation potential, such 
as hydrogen or helium atoms. The application of the formulae of thermal 
equilibrium to these atoms can, as we have shown, lead to large errors. 
On the other hand, there is reason to suppose that, for transitions with 
sinall energies, the use of these formulae is much more legitimate. We 
therefore consider transitions between the continuum and levels having 
a comparatively smal] binding energy 7,, (up to 5 eV). For these transi- 
tions we can use, on the above grounds, the formulae which are valid 
in the presenee of thermodynamie equilibrium. We obtain one such 
formula by dividing (5.54) by (5.11) and takmg account of (5.6): 


I,k 3 xp Rls 
Ny k = Nea) Pe Ura 2(22m,)>” (k Tel? € > (20.14) 


or, in logarithmic form, 


Ir k 
1ogio %,,4 = lOSi9 Mr41 + logy P. + logyy Ura + 
r+ 


AA 5040 
oO oRIQ 5. ’ 2 15 
+ logig 2 (2am,)>!? poe > logy T + T Xrk (20.15) 


where 7,, 1s now expressed in electron-volts. 


If now we determine N,, by means of (20.1) or (20.9), then, knowing 
p, and 7’, we ean find V,,,, and so on. 

Sinee formula (20.14) is used by many authors, and a large nuinber 
of quantitative investigations have been performed by means of it, 
we shall examine its validity. It can be shown that formula (20.14) 
would hold completely rigorously if the following three conditions were 
satisfied: (1) the density of radiation incident on the atoms, in the long- 
wave part of the spectrum (where the values of hy correspond to the 
sinall values of z,; under consideration), is determined by Planck’s 
formula; (2) the velocity distribution of eleetrons corresponds, for low 
encrgics, to Maxwell’s formula; (3) transitions between the ground level 
(and the low levels in general), of the atoin or ion coneerned, and the 
high levels in which we are interested, are forbidden or do uot play an 
iinportant part. 
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The first condition is fulfilled with sufficient accuracy in prominences. 
The second condition also is satisfied (see Chapter 8). It is more difficult 
to decide how far the third condition is fulfilled. It holds, for example, 
for the levels of orthohehum. But the fact that the application of formula 
(20.14) leads in a number of other cases also to plausible and sclf-con- 
sistent results indicates that in these cases the number of transitions 
from the ground state to any excited level does not exceed, in order of 
magnitude, the number of transitions between excited levels and the 
number of recombinations to this excited level. 


6. The ionisation of atoms. The electron pressure. Let us now briefly 
consider the question of the ionisation of atoms in prominences. Our 
first task here is to determine the mean value of p,. We can do this 
by the following methods. 


The first method is to determine p, by means of formula (15.1), 
where m is the principal quantum number of the last distinguishable 
line in the Baliner or Paschen series in the prominence spectrum. For 
T, in passing from n, to p,, we can take a value of the order of 6000° 
to 15,000°; see below. 


The second method of determining p, is as follows. We shall sce 
below that the hydrogen in prominences is ionised to a considcrable 
extent, so that the number of free electrons in prominences is determined 
mainly by the ionisation of hydrogen, and not by the ionisation of 
metals. In this case n, = »,, where 7, is the number of protons in Icin3, 
and consequently, using equation (20.14), we obtain 


AKT 
> 90% A XO. 


= 9 
Tok = Me Uy 2(20m,)>"* (k T)3 e , (20.16) 


where gg, = 2k?. Having determined the value of 9, (for any Balmer 
or Paschen line, or even for several lines) by ineans of (20.1) and the 
known thickness of the prominence, we find the value of x, by means 
of (20.16). 

Tn accordance with what we have said above, we can take for 7 the 
temperature of the Sun’s radiation in the red and infra-red parts of the 
spectrum, where it is close to 6000°. Since the exponential factor in 
(20.16) appears under a radical sign in the determination of »,, we may 
suppose that the value found for n, by this method will not differ much 
froin the truc value. 


The third method of determining n, was first used by V. P. Vya- 
ZANITSYN [175], and is based on the solution of equations (20.11) to 
(20.13). From these equations we find for hydrogen the ratio np, /n,n, 
FY No,,/n,*, and knowing 7, from observation we can find 7,. 
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Another method of determining 7, (and therefore the linear thickness 
of a prominence) has been developed by H. Zanstra and applied by 
various authors {1S2]. It is based on the following considerations. We 
have pointed out above that the faint continuous spectruin of prominen- 
ces that is observed in the visible part of the spectrum is due to the 
seattering of solar radiation by free electrons in the prominences. This 
conclusion is based not only on a comparison of the coefficients 7, for 
various emission processes, but also on the fact that, according to 
B. Lyot’s observations, the continuous spectrum of prominences, at 
least in the range from 5950 to 6400 A, is polarised to an extent of 
about 15 %. 

Thus the measured intensity of the continuous spectrum of a pro- 
minenee in the visible region should be equal to An,s, where s is 
the linear thickness of the prominence along the line of sight, and A 
is some constant determined by the electron seattering coefficient and 
the intensity of the solar radiation incident on the prominence. On the 
other hand, using formula (20.16), we can determine from observation 
the quantity smg,, and therefore sn,? if 7’ is given. Since the two 
quantities sn, and sn,? are determnined independently, we can then 
find s and n, independently. 

We can similarly use the ratio of the intensity of the continuous 
spectrum of a prominence in the visible region to its intensity just beyond 
the limit of the Balmer series. In the latter case, the radiation is due 
to recombination processes, and the intensity is again proportional to sn,?. 


Various authors have applied these methods to determine n,. The 
values of n, found by these investigations lie between », = 5 x 10° 
and n, ~ 10! cm-3. This variation is due partly to the difference in 
the methods employed, partly to our ignorance of the exact value of 
T,, and partly, perhaps, to actual differences in the physical conditions 
in different prominences. 

The majority of the methods used to determine , presuppose a 
knowledge of the linear thickness of the prominence along the line of 
sight, so that the quantity », appears as a factor in the product sm,?. 
However, recent investigations by G. 8. Ivanov-KnoLopnyt [62] show 
that the actual value of », in prominences (at least of some classes) 
nay be considerably greater than the values just given. The chief 
observational facts which lead to this conclusion are as follows: 


(1) We have mentioned above that the contours of emission lines 
in the spectra of prominences must be purely Doppler contours, if, 
of course, there is no self-absorption; this is true, in particular, for the 
high terms of the Baliner series. For these terms, therefore, the ratio 
found from observation between the half-width 42 of the line and the 
wavelength 2 must, by (11.30), be the same for all these lines. On the 
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other hand, according to a great amount of material obtained by 
G. 8S. Ivanov-KuoLtopyyI, this ratio 4/// inercases somewhat with 
the number of the line in the series. If we take this to be the result of 
Stark broadening, », is found to be of the order of 2 x 10?!° to 
2 x 10! em-3. 


(2) The highest line observed in the hydrogen emission from pro- 
minences is J7,,. Fewer lines than this are usually observed, and the 
value of », resulting from this comparison is greater than 101? cm-3. 


(3) The following effeets are shown by helium lines: 


(a) It is found that (4A/A)p, > (44/A)10,930, In accordance with 
the fact that the Stark effect should be greater for the higher levels 
than for the lower ones. 


(b) The quantity 4A/A for helium varies in correlation with 
its inereasc for hydrogen. 


If now we take for sn,? the value 108° em-> which is usually 
obtained, and for », the value 10! cm-3, we find that s = 10‘ cm, 
i. e. the effective emitting layer of a prominence along the line of sight 
must be very thin. In other words, we come to imagine a prominence 
as an object consisting of numerous widely scattered thin luminous 
“threads”’ or “‘filaments”’. 


It is clear that the above somewhat unexpected conclusions must 
be verified by further investigations. Nevertheless, the conception of 
prominences (at least of some classes) as consisting of numerous very 
thin threads is confirmed by various facts. Firstly, the striated, extremely 
thin, threadlike structure of many prominences was noticed even by 
the first investigators of these objects (A. Seccui, L. Respicut, C. A. 
Youne, J. FEnyr and others), who observed prominences visually at 
times when the images were very good*. 

Furthermore, the idea that there are fine threads of luninous matter 
in prominences is in accordance with the fact that in many prominences 
there is observed (M. WALDMEIER, M.N. GNEVYSUEV, R.S. GNEVYSHEVA 
and others) the coexistence of two entirely different phases of matter, 
the prominence matter proper and coronal matter, whose kinetie tem- 
perature is of the order of 1,000,000° (see Chapter 22). This fact can, 
apparently, be explained only by supposing that between the two 
phases there exist some kind of “barriers”, which seem to be of electro- 
Inagnetic origin. The hotter coronal matter could, in fact, remain for 
a eonsiderable time between the ‘threads’. All these eonsiderations 
require further development. of course. 


* It is well known that the cye can detcet considerably finer details and 
contrasts than can a photographic plate. 
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Let us now consider the problem of the origin of the anomalously 
high state of ionisation of the helium and hydrogen atoms in prominences. 
One of the most probable inechanisms of the ionisation of prominences, 
according to I. 8. SHKLovskK1i, is by the monochromatic ultra-violet 
radiation of the corona (sce Chapter 22), i. c. the radiation of the corona 
in various lines lying in the far ultra-violet region of the spectrum. The 
chief of these are the coronal lines 4 = 776 A (Ne VIII) and A = 625 A 
(Mg X). The ionisation equation for this case is constructed similarly 
to equation (8.27), the quantitics J, being different from zero only in 
the narrow regions of the coronal lines. In particular, according to (3.6) 
and (5.37), the number of photo-ionisations in 1 em? and 1 second caused 
by radiation of some given coronal linc is, for hydrogen, 


k,! to. iy | ear, (20.17) 


where f o, dy is the integral of the density of monochromatic coronal 
radiation over the whole line, and k,’ is the coefficient of photoelectric 
absorption from the first level, given by formula (5.24) with n = 1. 
The total number of photo-ionisations is determined by summing (20.17) 
over all the lines which cause ionisation. The number of photo-recom- 
binations is determined as before by formula (8.25). 


The use of such ionisation formulae does in fact explain the very 
high degree of ionisation of H and He in proiminences. It appears that 
the ionising action of the coronal radiation mentioned is equivalent, for 
hydrogen, to Planck radiation with a temperature 7’ = 7000°, which 
is close to the value of the “ionisation temperature” 7’, = 6650°, found 
by V. P. Vyazanitsyn. V. A. Krat [72] arrives at the same quantitative 
conclusion. 


Furthermore, such calculations show that the degree of ionisation 
2, of hydrogen in prominences is of the order of 0-1 to 1-0. In this case 
the ionisation of hydrogen is indeed the principal source of free electrons. 
This cireumstance (which we have already utilised) is in aceordance with 
other results based on methods differing from the one used here. In 
Chapter 21 we shall consider one such method as apphed to the chromo- 
sphere. 


The deviations from the ionisation state corresponding to therino- 
dynamic equilibrium can be estimated froin formula (20.14), if there are, 
in the prominence spectrum, lines of two consecutive ionisation states 
of the clement concerned. For prominences these are, of course, lines 
of neutral and singly ionised elements. No lines of doubly ionised elements 
are observed in the spectra of proiminences. 
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From (20.14) we can write 


(xo k— XL RWAT 
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where, of course, the suffix & may in general be different for the neutral 
and the ionised atoms. 


For example, having determined 79, and 2, from lines of neutral 
and singly ionised helium (the line 4686 A of He II), we can determine, 
by ineans of (20.18) for a given value of 7’, the ratio n/n, 1. e. the ratio 
of the number of singly ionised helium atoms to the number of doubly 
ionised helium atoms. The greatest uncertainty here is the fixing of 7. 
However, if the difference zo. — 71, is small, an error in tlie value 
taken for 7’ has a small effect. We can take T = 6000° here also (sce 
above). In this way, for instance, it is found that the ratio of 2, to ny, 
which is the ratio of n (He III) to » (He II), in the prominences is about 
10°85 times greater than the value given by the ionisation formula 
(5.11) for 7 = 5040°. From a formal standpoint, such deviations from 
thermodynamic equilibrium ean be described as follows. In formula 
(5.1la), instead of the principal temperature term 5040 7,/T, we write 
® (7,). In this case the ionisation formula takes the form 


logy 1 = logio an + $ logig T — ® (x) — 
r r 


2(22% m,P? 19/2 
— logy Pe + 108} A ; (20.19) 


Introducing into (20.19) the known value of :,, taking in the second 
term on the right-hand side of (20.19) some definite value of 7 (say, 
close to the effective temperature of the Sun; this term is generally 
unimportant), and finding the ratio n,,,/n, by means of a formula 
similar to (20.18), we find the function @ (7,) from (20.19). 


Using a nnmber of elements, we can construct the relation between 
P(y,) and ¥, in the form of a smooth curve. Such a curve gives, for 
every 7,, & quantitative measure of the deviations from the formula 
of thermal] ionisation (5.11)*. By means of this curve and formula (20.19), 
we can estimate the ionisation for clements where only ,, or 4); 
etc., is known. 

7. The kinetic temperature and chemical composition of proiminences, 
Let ns now consider the question of the kinetic temperatures of pro- 
minences. One of the most direct methods of determining these is to 


* See [168, p. 690] for a graph of the function %(z,), constructed by A. Uxséip 
for an eruptive prominence. 
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study the energy distribution in the recombination emission of prominen- 
ees beyond the limit of the Balmer series. 

Since a prominence is transparent in the frequencies of the continuous 
spectrum (at least up to the limit of the Lyman series) the amount 
I, dy of energy radiated by the prominence from 1 cm? in 1 seeond in 
a given direction ce’ (see Fig. 53), and referred to unit solid angle and 
the frequency interval from y to vy + dy, must be 


I,dvy = dy [ j,ods, (20.20) 
0 


where s is the geometrical length of the cylinder cc’. The quantity J, is 
evidently the intensity of radiation in the given direction. 

In the case considered, the emission coefficient j, is given by formula 
(8.38), where we can neglect stimulated emission. Again supposing that 
the physica] state of the matter in a prominence depends only on the 
height h, we ean take the produet 7, 9 in (20.20) outside the integral. 
We then obtain from (8.38) 

I 2h ky — (he x10, WAT e 

= 8 {n,m} )-— —-- ste 
, { ° uJ (2am, kT BP f 
For the proton u, = 1, and go, = 2k”. 

Next, taking into account the facet that n, ~ n,, and also using 
(5.24), we find 
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where k = 2 for the Baliner continuum. Since the correction factor g’ 
varies relatively little with frequency, it follows from (20.22) that the 
intensity of recombination emission beyond the series limit (for hydrogen) 
decreases proportionally to e~*"/*?e, Consequently, by comparing the 
observations with this theoretical law, we can determine T,. 

There is no reasonably accurate determination of T, by this method. 
The existing data on the kinetic temperatures of prominences (which 
are identified with the electron temperatures) are based mainly on the 
study of equivalent widths (using the theory of curves of growth; sce 
above), and of the contours of cmission lines in the spectra of prominences. 
Here we may recall that the observed width of any line is due not only 
to the thermal velocities, but also to the turbulent velocities of the matter 
in prominences. The two velocities can be distinguished if we use two 
elements with greatly differing atomic weights, for instance hydrogen 
and calcium. In this case the thermal component of the width of the 
line should be different, while the turbulent component is the same. 
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However, there is still a diserepancy between the values of 7, and 27, 
found by different investigators. The values found for 7, lic between 
6000° and 15,000°, while the turbulent velocities are from 0 to 10 km/sce. 
Further investigations are needed here also. It is possible that the 
differences concerned inay largely be the result of actual differences in 
the values of 7, and x, for different prominences. 

It is therefore of interest to note the following fact. It is found that 
the contours of prominence lines, and in particular of H,, vary markedly 
from one prominence to another, and even in different parts of the same 
prominence, as was noticed by M. Conway and M. A. Exxison [41]; 
this phenomenon has recently been studied by G.S. Ivanov-KHoLopyyt 
[62]. The observed broadening of the contour towards the centre of the 
prominence may be due to the fact that the core of the prominence has 
a higher kinetic temperature than its “shell”. 

Let us now briefly consider the problem of the chemical composition 
of the matter which forms prominences. There are not as yet any suf- 
ficiently detailed quantitative investigations. However, the existing 
general investigations of prominence spectra, and in particular those 
of V. A. Krar [72], show that the chemical composition of prominences 
is practically the same as that of the chromosphere and photosphere. 
Morcover, the existing data enable us to assert that, in gencral, all 
parts of the solar atmosphere (chromosphere. eorona, ete.) have the 
same relative content of various clements. For some of these parts 
(e. g. the solar corona; sce Chapter 22), this is confirmed directly by 
a quantitative analysis of spectra. 

Such a homogeneity in the chemical composition of the various 
parts of the solar atmosphere must be a result of the “mixing” 
effect of turbulent currents. Thus, for instance, a certain difference 
between the speetra of quieseent prominences and those of sunspot 
prominences is undoubtedly a result of the differing excitation conditions, 
and possibly of a general difference in the number of emitting atoms. 

The hypothesis of the identity of chemical composition of the photo- 
sphere and prominenees reveals the possibility of determining the 
relative helium content in the solar atmosphere from emission lines in 
the spectra of prominenees. As is well known, there are no helium lines 
in the ordinary spectrum of the Sun. 

Such calculations can be performed, for example, by means of 
formula (20.14), bearing in mind, of course, the critical remarks per- 
taining to it. We write the expression for ,,, in aceordanee with (20.14), 
twice: once for neutral hydrogen and once for neutral helium, denoting by 
asterisks al] quantities referring to helium. We then obtain for 1%9,*/19,. 

Toe” ny* Yoe ty —(20,k—%0,8° VAT 
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Having selected two lines with small 7), and 79 ,*, we determine, 
from observations of these lines, n9,*/no, ~ No,5*/Nox, and then, 
mtroducing this ratio in (20.23), and also the most likely temperature 7’, 
we find the ratio n,*/n,. Next, having estimated by some method the 
ionisation state of hydrogen and helium, we can estimate, from the ratio 
n,*/n, found, the ratio of the total number of atoms of hydrogen and 
helium, i. e. the ratio 


n*/n = (no* +n * + n4*) / (ny + 1). 


This method has been employed by various authors. A. B. SEVERNYI 
(129] used as the two lines the H, line and the orthohelium linc 
A = 10,830 A. The observations were carricd out with the interference- 
polarisation filter of the Crimean Astrophysical Observatory. 


As a result of such investigations it has been found (by A. B. SEVER- 
wyi, A. UNsOLD) that, in fact, the content of helium relative to hydrogen 
in the prominences, and consequently in the photosphere, is approxi- 
mately the same as in the photosphercs of stars of other classes. How- 
ever, these estimates cannot really be called accurate, because of the 
extremely complex physical conditions in prominences. 


8. A possible interpretation of the phenomena observed in prominences. 
Let us now briefly eonsider the problem of the interpretation of the chicf 
phenomena which characterise the formation and devclopment of 
prominenecs. 


We shall discuss first the question of the mechanism whereby relatively 
cool and dense matter is produced, in the form of prominences, inside 
the very hot and rarefied corona, and also that of the converse process, 
the decay of a prominence. We reeall that the appearance of luminous 
matter in the eoronal region (the jets and knots in a prominence), as 
it were “from nowhere’, is the most characteristic property of ordinary 
eoronal prominenees, coronal clouds, and a number of other kinds of 
sunspot prominence. 


This appearance of luminous matter on the darker background of 
the corona is undoubtedly the result of a condensation of the matter 
which forms the corona, under the action of some “focusing” agencics, 
which appear to be clectromagnetic in nature. 


lt is true that the kinetic temperature of the eoronal matter (about 
1,000,000°) is very much higher than that of the prominences (about 
6000° to 15,000°). However, it is easy to explain this cooling of the 
coronal matter when it is condensed into prominenecs. For the conden- 
sation process brings about, in accordance with (8.38), an inercasc in the 
number of recombinations (increase in the produet 7, n, 4), consequently 
an increased loss of radiant energy into the surrounding spacc, and 
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thereby a cooling of the coronal material. In particular, it would be 
possible to explain, by proeesses of condensation of matter (of an “im- 
pulsive” short-period kind), the increases in brightness of the knots 
in a prominence, established by A. B. SEVERNYI, which coincide with 
sudden changes in its rate of motion. 

Two possible factors must be eonsidered in connection with the 
attenuation of the radiation from matter in a prominence: 


(1) The expansion of the knots and of the parts of a prominenee 
during its motion. As a result of this expansion ~, decreases, the ioni- 
sation of atoms inereases and at the same time the number of recoin- 
binations (which determine, for instance, the emission in hydrogen and 
helium lines) is diminished. These effeets lead, of course, to a reduction 
of the hght of the prominence in emission lines. 

(2) As was first established by A. B. SEVERNYI [12S], a heating of 
prominences by the corona adjoining them (a conduction proeess) is 
possible. This heating also is accompanied by an increase in the ioni- 
sation of the atoms in the prominence. This factor is inost effective in 
conjunction with the first factor, the diminution in density of the matter 
in the prominence. For in that ease the penctration of high-velocity 
electrons from the corona into the prominence is considerably facilitated. 


The relatively long existence of prominenees of some classes is 
apparently brought about to some extent by the magnetic lines of 
force, which hinder the penetration of electrons from the corona into 
the prominence; these electrons have a very high kinetic temperature 
and can therefore ionise the prominences. 

Let us now turn to the most complex problem in the physics of 
prominences, that of the forees which support the matter in prominences 
and cause it to move. Here, unfortunately, the situation is still uncer- 
tain. However, we should examine some aspects of the question. 

We begin with the problem of the support of the matter which forms 
prominenees. We might attempt to explain the relatively stable existenec 
of some types of prominence (for example, quiescent prominences) by 
starting from the hypothesis that the matter in them is in a state of 
hydrostatie equilibrium described by cquation (7.1). Writing the 
equation of state of the gas in the form 


p=RoT/p (20.24) 


and taking 7' = eonstant inside the prominence, as appears fairly 
legitiinate in view of its small mean optical thickness, we obtain the 
equation of hydrostatic equilibrium in the form 


d 
° =hpdh. (20.25) 
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Here we have neglected, for the present, any possible contribution due 
to radiation pressure. 


Integrating (20.25), we obtain 
O= Dy CMRIRT | (20.26) 


where @, is the density of matter at the base of the prominence; it must 
be recalled that, in our notation, # increases towards the centre of the 
Sun. 


Taking a series of values for 7 which lie in a certain range, we can 
compare the law (20.26) with that given by observation for the density 
variation of any one clement in all stages of ionisation (since all the 
elements are distributed in the same manner in a prominence). Such a 
comparison invariably shows that the extent of prominences, as regards 
height, is considerably greater than we should expect from (20.26). 
This means that some other forces directed away from the centre of 
the Sun, besides the gradient of the gas pressure, act against the force 
of gravity. It was thought for a long time that the radiation pressure, 
both general and selective, was such a force. An attempt was made to 
explain by radiation pressure not only the considerable height of pro- 
minences, but also their motion (for example, the “explosion” of eruptive 
prominences and their subsequent motion away from the Sun). Sinec 
this question is very important for the problem we are considering, 
we shall discuss it in somewhat greater detail. We shall show that 
radiation pressure docs not seem to play an iinportant part in supporting 
and moving the prominences. 


Firstly, this follows directly from an estimate of the magnitude of 
the radiation pressure on the matter in prominences. Here we should 
be mainly interested in the radiation pressure on the atoms of the most 
common element, hydrogen. For, if the radiation pressure is important 
only for some other clement, such as calcium, the atoms of calcium 
would have to earry (or support) an enormous number of hydrogen 
atoms (which are over 5 X 10° times as numerous as calcium atoms); 
thus the net effect of the radiation pressure on the whole of the matter 
would be very sinall. 


The radiation pressure on the hydrogen atoms in prominences 
includes the selective radiation pressure in the frequencies of the lines 
of the Lyman series and the general pressure in frequencies in the 
Lyman continuum. 


The radiation pressure on one atom of any element is easily calculated 
by means of the general expression (7.5). Introducing here the values 
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of n and k, from (5.20) and (5.22), we obtain for the foree of radiation 
pressure #’, acting on one atom, the cxpression 


coo 


Pea Mam | yk, dye. (20.27) 
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In order that the atoms concerned should be in equilibrium under the 
action of radiation pressure and of the oppositely directed force of 
gravity, it is neeessary for the equation 


mgg =a [ H, k,dv/c, (20.28) 
0 


to hold, where m is the mass of one atom of the kind in question. 


Let us first consider the radiation pressure on hydrogen atoms which 
is determined by the Lyman continuum. Substituting m = my in (20.28), 
putting HW, = B,(T), where B, is given by formula (3.11), and using 
formula (5.24) for k,, we easily find that (20.28) is satisfied for 
T = 11,000°. (The lower limit of integration in (20.28) is here cqual 
to v,, the frequency of the Lyman series limit.) Thus, in order to explain, 
in this case, the equilibrium of prominenees, we should have to suppose 
that the Sun radiates anomalously strongly just beyond the limit of 
the Lyinan series. [If the Sun radiated, beyond the Lyman scries hmit, 
directly from the surface of the photosphere (the chromosphere being 
absent), then, aecording to Table 13, the radiation would correspond 
to T' x 4400°.] Such an anomaly does in fact exist (see Chapters 21 
and 22), but it is much less pronounced, and corresponds to a temperature 
of approximately 6500°, which value is confirmed by ionospheric ob- 
servations. Furthermorc, at 7 = 11,000° the hydrogen atoms in pro- 
minences would be mainly ionised, and this would greatly reduce the 
radiation pressure, since the latter aets only on neutral hydrogen atoms, 
and these would have to support the remaining, predominant, mass of 
protons. 


We now pass to selective radiation pressure. Here the photospherie 
radiation itself is quite inadequate. In the lines of the Balmer series, 
the flux of photospherie radiation is known, and the radiation pressure 
on the atoms in the second level is easily caleulated. However, the nuin- 
ber of atoms in the second excitation state is so small that the mean 
acceleration acquired by one neutral hydrogen atom froin the selective 
radiation pressure, in the frequencies of the lines of the Balmer serics, 
is negligible compared with the aeceleration duc to gravity. In the region 
of the Lyman serics, the photospherie radiation is greatly attenuated 
by the presence of the absorption lines in this series. A considerable 


8. Interpretation of the phenomena 337 


acceleration due to radiation pressure on the prominences might be 
given by radiation of the chromosphere in the Lyinan «a, f, ... lines. 
However, the optical thicknesses of prominences in the H, line are 
usually greater than or comparable with unity. This means that the 
optieal thiekness of the prominence in the Lyman a, f, ... lines is 
extremely great. Thus the flux of ehromospherie radiation inside the 
proininenee is very small, and so the height of the prominenee would 
itself be very sinall. 

Besides these difficulties whieh follow from ealculation, there are 
also a number of faets derived from observation which are in disagree- 
ment with the hypothesis that radiation pressure plays a large part in 
prominenees. We shall briefly enumerate some of these faets. 


(1) The ejection of an eruptive prominence usually takes plaee in 
regions where neither photospherie nor ehromospherie disturbanecs are 
observed. If, on the other hand, this ejection took place under the 
influence of radiation pressure, we should expect it to oeeur ehiefly in 
regions of increased intensity of ultra-violet radiation, i. e. above faculae 
(or floeeuli) and, in gencral, above the aetive parts of the Sun (we are 
not speaking here of prominenecs eonnected with ehromosphcrie flarcs). 
However, in prominenees above faeulae whieh contain sunspots, we 
inost frequently observe downward motions of matter (in the majority 
of sunspot prominenees). 


(2) The formation of denser luminous matter (against the baekground 
of the darker eoronal regions) in eoronal sunspot promincnees, in eorona] 
elouds, ete., and its motion downwards to the ehromosphere, bear no 
relation to the hypothesis that prominenees are formed from the ehromo- 
sphere under the action of radiation pressure. It is very difficult to sup- 
pose that, in the formation of a eoronal cloud, the forees of gravity and of 
radiation pressure are in exact equilibrium*. It is clear that the mecha- 
nism whereby a coronal eloud is formed has no connection with radiation 
pressure. 

Besides the difficulties mentioned, we might point to a number of 
others. Moreover, the hypothesis of radiation pressure eannot explain 
a large number of spccifie properties of the motion and behaviour of 
prominenees. Among these properties are: (1) the motion of eonden- 
sations and currents, in prominences of some classes, along, as it were, 
eompletely “fixed” trajeetories, both curved and straight; (2) the 
existence of centres of attraetion in the chromosphere (or beneath it); 


(3) the exehange of matter between two interaeting prominences; 


(4) the transformation of prominenees from one class to another; (5) the 
proeess of the eondensation of luminous matter in coronal space; (6) the 


* We recall that a coronal cloud, on its appcarance, remains continually at 
the same height. 


99 . 
wa Astrophysics 


338 Chapter 20. Prominences 


ejeetion and subsequent return of luminous matter and, what is parti- 
eularly important, its returning along the same trajectory in the case 
of surge prominecnees; and so on. 


Finally, we should note the following facts. ‘The investigation of 
surge prominenecs observed above chromospherie flares (M. A. ELLIsox) 
has shown that their motions often exhibit accelerations (towards the 
centre of the Sun) exceeding the aeceleration due to gravity. Thus, for 
example, in the ease of a surge prominenee observed above the flare of 
§ May 1951, some of the knots had an acceleration mueh greater than 
that due to gravity, an extremely important observation [17]. 


In general, the data at present existing show that the force of gravity 
lays hardly any part in the motions of many types of prominenee. 
Yd ) 
This seems to be true even for quiescent prominences [126]. 


How ean we aceount for all the properties of prominences whieh 
we have enumerated, as well as for others? There are a number of 
reasons for supposing that these propertics are determined in some 
way by the eleetromagnetic fields whieh exist in the solar atmosphere 
(sce Chapter 18). These fields must determine the equilibrium, the motion 
of matter in prominenees along eurved trajeetories, the existence of 
eentres of attraetion, the eondensation processes in eoronal matter, and 
so on. 


It is true that these general eonsiderations have as yet been little 
developed. However, the presenee of eleetromagnetic fields in the Sun’s 
atmosphere, and the large part which they play in the motions of 
ionised matter, are bhe- 
vond theslightest doubt. 
The taking into aecount 
of eleetromaguetie fields 
is a quite new, and at 
the same time extremely 
important, part of the 
physies of the Sun. 

We have as yet no 
well-developed theory of 





promimenees, and henec 
Fic. 55 we shall give only one 
of the possible models. 


H. ALFVEN starts from what is called unipolar induction. This 
phenomenon can be explained by means of a simple model (Fig. 55). 
The conducting dise BB’ rotates in a magnetie field about the axis 
aad which is parallel to the ficld. The motion of matter, in aecordance 
with (18.36), produces in it a field E’ = (v , H)/c, directed along the 
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radius of the disc. The potential difference between the points 4 and B 
B 


is V = (1/c) fw ail.ds. If we join these points by a conducting 
A 
contour 4 DCB, a current will flow in it. Such a mechanism may exist 


on the Sun. As is well known, a motion of masses of gas is gencrally 
observed above spots (the Evershed effect), and the Coriolis force 
produces a tangential velocity component. This motion, which takes 
place under the action of hydrodynamic forces, causes a potential 
difference. The contour joining the points A and Bis forined by a magnetic 
line of force A DC (since across the magnetic field the conductivity of 
the chromosphere is almost zcro because of the low density) and the 
segment of photosphere CB, where the conductivity across H is fairly 
large because of the high density of matter. If we take « = 10+ cm/sec, 
H = 200 oersted and AB=5 x 10° cm, V = 108 volts. Part of this 
field may cause a discharge in the photospheric layers, and the remain- 
ing part may cause a current in the ehromosphere. ALFVEN thinks 
that such a mechanism can explain the appearance of rapidly changing 
prominences whose motion ends in a spot (for example, coronal sunspot 
prominences). A similar process may occur every time a line of force 
crosses layers with different velocities in a magnetic field. For example, 
a potential differenee may arise on account of the differential rotation 
of the Sun in its general magnetic field. If, as a result of the super- 
position of the spot field, a line of force joins two points having 
different veloeitics, a discharge may result. 


The formation of prominenees is pictured by ALFVEN as follows. The 
current flowing along a line of force forms its own maguctic field in the 
form of concentric rings. It is well known that magnetic lines of force 
always, as it were, strive to contract. In other words, the interaction 
of parallel currents leads to a compression of the material forming the 
corona towards the axis of the current. The eompression of ionised 
matter increases the radiation and leads to cooling. The condensations 
formed move along the lines of force to the photosphere under tlic 
action of gravity. The motion may also be caused by the pressure gradient 
formed by non-uniform eompression in different parts of the line of 
force. 


In quantitative calculations, it must be borne in mind that the 
density of the current flowing along the axis of the discharge is determined 
nol by the ohmic but by the inductive resistance, since the self-induction 
of such large contours is very large. 


Thus the motion of prominences seems to be a peeuliar magncto- 
hydrodynamical phenomenon. The obstacle to auy complete and accurate 
treatment of this phenomenon lies in the lack of information concerning 
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the actual boundary conditions, which are necessary for a simultancous 
solution of the equations of the clectromagnetic ficld and those of the 
motion of the solar plasma. All attempts to discuss the motion for 
a given field or the ficld for a given motion of the highly-ionised plasma 
are scarcely adequate. The attempt by A. B. SEVERNYI [132] to consider 
such a complete problem in the first (linear) approximation, taking into 
account the force of gravitation and the gas pressure, has shown that 
local pressure variations (c. g. between a sunspot and its surroundings) 
may cause motions of plasma condensations almost exactly along lines 
of force in the external magnetic ficld of the spot if this field is large 
(about 1000 oersted), and at a certain angle to the lines of force for a weak 
field (~ 10 ocrsted). A.B. SEVERNYI has shown that, in the case of 
an incompressible plasma, these gencral solutions coincide with the 
well-known solutions of ALFVEN. 


It inust be noticed that, although purcly hydrodynamical forces 
cannot ecxplain the motions of prominenccs, these forces cannot be 
neglected, since they determine the character of the motions and cause 
secondary phenomena. It may be that the irregular motions in quiescent 
prominences and in coronal clouds are determined by these hydrodynami- 
cal forces. 


In conclusion, it must be emphasised that, besides the theoretical 
consideration of the observed phenomena which accompany the motion 
and equilibrium of prominences, a very great amount of observational 
work is required. For example, the question must be investigated to 
what cxtent the motions of luminous matter recorded in photographs 
are actual displacements and do not represent a simple change in 
position of the condensation in the corona, and consequently of the 
radiation. This problem must be studied by simultaneously photographing 
prominences and determining their radial velocities. The existing investi- 
gations secm to show that in the majority of cases we are in fact concerned 
with actual motions of matter, but there are as yet very few such 
investigations. 


Furthermore, the relation between the motion of prominciuces and 
the conditions under which they radiate must be cxamincd from every 
aspect, as was done in the investigations by A. B. SEVERNYI mentioned 
above. 

Finally, it would be extremely interesting to ascertain whether there 
is any visible connection between prominences and the chromosphere 
(or photosphere) lying beneath them. Thus, for instance, it is known 
that, on H, spectrohcliograms, filaments soinctimcs have a_ bright 
background (in the form of a border), a few seconds of are in width, 
which immediately adjoins the filament and is visible along its whole 
length. 


Chapter 21. The chromosphere. Flocculi. 
Chromospheric flares 


1, The observational investigation of the height distribution of emitting 
atoms. The chromosphere is a direct continuation of the outermost 
layers of the solar photosphere, which are conventionally called the 
reversing layer. The base of the chromosphere is the level in the solar 
atmosphere where the ordinary absorption-line spectrum of the Sun, as 
seen by an observer looking at the limb of the disc, passes into an 
emission-line spectrum like that of the prominences. Below the base of 
the chromosphere, the optical thickness of the solar gases along the 
line of sight is greater than unity in the frequencies of the continuous 
spectrum, and here J,(37,0) ~ B,(7,), where 7, is the boundary 
temperature of the solar photosphere. At the base of the chromo- 
sphere, this optical thickness along the line of sight is of the order of 
unity. 

Above this lies the chromosphere itself, which is characterised by 
the fact that it is transparent in the frequencies of the continuous 
spectrum. This is its chief distinguishing property, which brings about 
its bright-line spectrum. Heated gases which are transparent in the 
frequencies of the continuous spectrum must give a line spectrum (if, 
of course, these gases are not secn in projection against a brighter 
background). The bright-linespectrum of the chromosphere is qualitatively 
similar to the spectra of prominences. In the relative intensities of a very 
great number of its lines, the spectrum of the chromosphere corresponds 
to the absorption spectrum of a star of a class earlier than that of the 
Sun (dG 8). In the spectrum of the chromosphere, as in those of prominen- 
ces, there are lines of He I and the line 4686 A of He II. The gases of 
the chromosphere are consequently in conditions which differ from 
those in the solar photosphere. 


The study of these conditions is one of the chief tasks of the physics 
of the solar chromosphere. A second important task is to study the law 
of density variation of the matter in the chromosphere with the height x 
(incasured from the base of the chromosphere). Here we can study this 
law directly by observation, which is not the case for the solar photosphere, 
and the same can be done for the corona. This is particularly important 
because, as we shall see, the distribution of the gases in the solar chromo- 
sphere is very anomalous. Thus, for example, emission in the H and K 
lines of Ca II can be observed up to a height z = 15,000 km, whereas, 
in the gravitational equilibrium described by formula (20.26) with 
T = T,, ~ 4630°, the density of matter would have to fall practically 
to zero at a distance of 15,000 kin, and consequently the emission of 
Ca II could uot be detected at this height. 
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We shall now turn to the study of the law of density variation of 
the chromospheric gases with height. Let J;,, or J simply, be the energy 
in the line corresponding to the transition k >17, cmitted by 1 cm? 
area of the chromosphere projected on the sky, in 1 second and in unit 
solid angle. This energy is deter- 
mined by the transitions k > 7 ta- 
king place in the cylinder A BCD 
(sce Fig. 56a), lying along the line 


A of sight at a height x above the 
) PQ, 5 5 
Bato base of the chromosphere and 
having a cross-section of I em?. 
c 


It is evident that this energy is 

the total intensity in the whole 

line, i.c. the integral [ I,dy taken 
(b) over all frequencies inside the 
line. Next, let 7’ be the total emis- 
sion coefficient referred to 1 cm. 
The problem is to find the dependence of 7’ (x) on x or of 7’(r) on 7, where 
ris the distanee of the point concerned from the centre of the Sun, using 
the law of variation of J(z) with zx which is found from observation, 
i.e. to convert the observed cmission from unit projected arca of the 
chromosphere into the emission per unit volume. Having found j7’(r), 
we can also find the law of variation with z or r of the nnmber of emitting 
atoms. 





In order to solve this problem, we make the following assumptions. 
We shall suppose that the chromosphere is spherically synunctric with 
respect to the centre of the Sun. Further, we assume that there is no 
self-absorption in the emission lines. (We shall discnss later how to take 
self-absorption into account.) 


Let A BB,C be an instantancous position of the limb of the Moon’s 
dise (Fig. 56b) as it gradnally covers the Sun. We take 1 cm of the 
limb of the disc, BB,, and denote the energy of the radiation of all 
atoms, projected on the semi-infinite strip C, B B,D, in the spectral line 
concerned, by (x), where a is the height of the projected liinb of the 
Moon above the base of the chromosphere. This function / (x) is found 
from photometric measurements of the intensity of the line at various 
moments during a solar eclipse, i.e. for various heights of the Moon’s 
limb above the base of the chromosphere (the photographs of the spectrum 
are taken with a wide slit). It is evident that the integrated intensity 
I(x) introduced above, which is defined in Fig. 56 (b) by the unit projected 
area PQORS, is obtained from (2) by differentiation: 


I(x) =—@EKE(z)/éx. (21.1) 
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Introdueing the co-ordinate s measured along the eylinder 4 BCD 
(in Fig. 56a; s = FV), we find for /(x), in the ease of a medium trans- 
parent to its own radiation, the expression 


But 


(21.3) 


ds = ert xy]? 
and consequently 
_9 ° J (r)rdr 214 
I(z) -~ / y (A+ 2)?] : (21. ) 
R+xz 


Instead of 7, we introduce the height / above the base of the chromosphere 
(f =GM in Fig. 56a). Then 


_ (R+ fay - 
Mx) =2 / PURE —(R+ ay] (21.5) 


z 
The chromosphere is of relatively narrow extent, so that 7’ is practi- 
eally zero for z > 15,000 km. Henee throughout the chromosphere, 


we can negleet the quantities f and x compared with R, and thus we 
have 


I(x) = ¥(2R) [ges (21.6) 


This is Abel’s equation; its solution is given by the formula 


, _ 1 d T(fyaf ‘ 
y(z) = ay (2k) dx | y(f—2)" (21.7) 
z 
Formulae (21.1) and (21.7) enable us to obtain the funetion 7’(z) from 
E(x). 
The reduction of observations shows that (2x) ean generally be 
represented as an exponential funetion 


E(x) — Ae? (21.8) 
or as a sum 
E(x) = A, e7 Pe? + A, ee? (21.9) 


Sometimes a third term of the same form has to be added to the right- 
hand side of formula (21.9). Sinee the approximation (21.8) is very 
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often sufficiently accurate, we shall discuss it here. Inserting (21.8) in 
(21.1), we obtain 
I(x) =A Be~*. (21.10) 


Finally, we introduce (21.10) in (21.7). We then find 


, A pal? — fr 
V(2=, on Rye (21.11) 
and also 
3/2 
AB (21.12) 


7(0) = } 272 R)° 


In Table 14 we give the values of the constant £ appearing in forinula 
(21.11), and also those of log,, A. These data were obtained by V. P. 
VYAZANITSYN from spectrograms of the 1941 eclipse [177]. 

In order to use Table 14 to draw the appropriate conclusions con- 
cerning the density distribution of clements with height, we first convert 
the quantity 7’ to the number of emitting atoms in ] em?. If there are 
n, atoms in 1.cm? which produce radiation in the given line with the 
transition k 7, then, as in (20.1), 














7 = Np A, hy /4 2. (21.13) 
Table 14 
Line Bx108 = logy, A Line | Bx108 log;) A 

H: Hz 0-90 16-17 Cal: 4227 1-33 14-08 
Ha 1-20 15-71 Call: 3969 0-92 15-76 
Hy 1-30 15-48 3934 0-85 15-76 
Hg 1-32 15-32 Till: 4572 2-60 13-56 
He 1-30 15-15 4550 1-58 13-95 
H, 1-42 15-07 4564 1-63 13-33 
H, 137 | 14-75 Mn I: 40345 | 
Hio 145° 14-60 4033 | 1:96 , 13-52 
Hi 146. 14-43 4031 | 
Hi» 1-47 14-45 Fel: 4384 0-91 13-04 
Hy 1-52 14-44 4064 1-28 13-30 
Hi 1-60 14-27 4046 1-14 13-53 
His 1-55 14-15 3860 1-36 14-14 
H,, 1-68 14-08 3856 1-69 13-24 
H,, 1-70 13-75 Fe II: 5018 1:32 13-55 
His 2-04 13-60 4924 1-34 13-53 

He: 5016 1-69 13-69 4584 1-23 13-30 
4922 1-32 13-49 4233 1-54 13-70 
4713 1-96 14:33 4523 1-37 12-94 
5876 0-88 14-90 SrIl: 4216 1-58 13-90 
4472 1-11 14-05 4078 1-60 14-55 
4026 0-75 13-48 Ba Il: 4934 (2-05) (14-58) 

Mg: 5184 1-64 14-10 
SYi3\ 1.90 13-98 
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Consequently we have, according to (21.13) and (21.11), 


404 Bil? —fr 


n= ,, a e 
be) (20 R) Ay h ry 


(21.14) 


Thus, having found £ and A from observation and knowing A;;, we can 
ealculate the volume eoncentration of atoms in the higher excitation 
state as a function of the height xz in the chromosphere. 


However, the chief interest is offered not by the behaviour of the 
quantity ,(z) which characterises the concentration of atoms in the 
kth excited state, but by that of the function n(x) which characterises 
the concentration of all atoms (or ions) of the element concerned, in 
any excitation state. Since, however, the majority of the atoms (or ions) 
of the element eoneerned are usually in the ground state, it is of interest 
to ascertain the behaviour of the function n,(z), which gives the con- 
centration of atoms in the ground state. 


If the ratio n,(xz)/n, (zx), i. ec. the degree of excitation in the chromo- 
sphere, did not vary with the height z, the behaviour of the function 
n,(x) would be the same as that of the function ,(x), and we should 
know the aetual height distribution of the atoms in question. It might 
appear at first sight that the assumption of a constant ratio n;(2)/n, (x) 
in the chromosphere is justified. Thus, let us consider some transition 
k +1, for example the transition k > 1, and suppose that self-absorption 
is not present in this line. Next, let us assume that atoms are excited 
from the level ¢ to the level k by photospheric radiation incident on the 
chromosphere; this radiation is, of course, attenuated by the correspond- 
ing absorption line caused by the transition 1 ~ k. Then, because of the 
transparency of the chromosphere in the line considered, the density 
0; of the exciting radiation will be practically constant throughout the 
chromosphere, and consequently the ratio n,(2x)/n,(x) will not change 
perceptibly. 

However, a number of difficulties arise here, whieh have been dis- 
eussed in detail in the previous chapter. Firstly, some emission lines in 
the spectrum of the chromosphere are not free froin self-absorption. 
Secondly, the existence of lines of He 1 and He II in the spectrum of the 
chromosphere (as well as a number of other facts) indicates that we are 
coneerncd with anomalous excitation conditions, whieh may vary with 
height. In particular, it is possible that in the outer chromosphere, where 
the kinetic temperature is anomalously high (see the end of Seetion 21.3), 
processes of excitation by electrons play an important part, though 
there are reasous for supposing that the anomalies in the excitation 
conditions are duc only to the fairly high excitation potentials (above 
10 eV). 
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At the same time, it may be argued (see Section 21.5) that, for the 
majority of lines, the excitation to the corresponding levels is caused by 
radiation with an approximately constant density 9, in which case the 
ratio x,/n, would also be approximately constant. 

The situation concerning helium and hydrogen lines is more uncertain, 
but here also the value of ,/n, inside the chromosphere apparently 
cannot change by more than one order of magnitude. A more exact 
study of cases where e, > 10 eV requires the diseovery of the actual 
meehanism of exeitation of the atoms in the chromosphere. 


2. Self-absorption. The law of the height variation of the density of 
matter. The study of the self-absorption in some lines also needs parti- 
cular attention. Self-absorption distorts the law of variation of 7’(z), 
and also spuriously decreases the values of n,. We shall therefore briefly 
diseuss this subjeet. 

Let us again consider the cylinder A BC D (Trig. 56a), directed along 
the line of sight and situated at a height 2 above the base of the chroimo- 
sphere. Let NV, be the number of atoms in this cylinder and in the lower 
state 7 of the atoms which emit by means of the transitions k > 7. We 
can then apply formula (20.9). We rewrite it as 


logig Pi, = logy) Li, — logy P, = logy f (l—e-*v*i) dy. (21.15) 


Taking for 4; a serics of eontinuously inereasing values, we ean compute 
the integral on the right-hand side of (21.15) for these values*. As a result 
we obtain a ‘‘curve of growth” relating NV; and Ry. In the part of the 
curve where N; is small (Xj = ,s,, <1), the value of Ry, is proportional 
to N; fx; in the intermediate part we can use an interpolation formula 
in which Ry is proportional to 1/(log N;f;,); in the last part, where 
N, (and X,) is very large, Ry is proportional to V(X; fix). 

We now assuine that a law of the form (21.14) holds: 


n, = no e—F 


; (21.16) 


where 7,° is the value of x; at the base of the chromosphere, and we have 
introduced the quantity f in plaee of x in the exponent. Notieing from 
Fig. 56(a) that 


f=V[(R+e24+s8]—Rezths sR, (21.17) 


we obtain for ., 


NV; = f{ n, ds = | (22 R/B) n° e~ 8% = NP e—F, (21.18) 


* For the details of such caleulations see [168, p. 626]. Here it is assumed 
that the absorption coefficient is determined by radiation damping and the Doppler 
effect. The effects of collision damping can be neglected on account of the low 
density of the chromosphere. 
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where 


VO = yV (22 R/f) no (21.19) 


is the value of NV; at the base of the chromosphere. Thus, if formula 
(21.16) is valid, the law of variation of NV; (21.18) has the same exponential 
form. 

Using (21.18) and the theoretical relation between F,, and N;, we 
ean find the relation between ?,, and x, and the form of the graph 
of this relation is determined by the parameter f. In other words, we 
have a family of theoretical ‘curves of growth” depending on the 
parameter f; this parameter plays the same part as Z does in the theory 
of curves of growth for absorption lines (see Chapter 12). 

Let us now assume that the value of P, ts constant throughout the 
chromosphere. Then, having determined from observation the value of 
Jj, for various heights x, we can construct an empirical curve of growth 
(connecting log,, 1;, and log,) x), whose position as regards the axis of 
logig Ai, is accurately determined apart from the term log,, P, (which is 
as yet unknown). Having obtained the empirical curve of growth, we 
ascertain the member of the family of theoretical curves of growth with 
which it most closely coincides. The parameter f is thereby determined, 
and hence the values of N° and P,. This method of determining f, 
N28 and P, is very similar to the corresponding determination of Z, 
NV, and vy in the theory of curves of growth. 

The values of # and N;° thus found are free from the effects of self- 
absorption; we can use them to determine n,° from formula (21.19). This 
is the number of atoms in 1 cm? at the level corresponding to the base 
of the chromosphere. 

The main assumption in the above method is that the excitation 
function P, is constant throughout the chromosphere. If we knew the 
approximate nature of the dependence of P, on x, the accuracy of the 
method would be considerably increased. In applying this method, the 
change of the turbulent velocity v, with height m the chromosphere 
must also be taken into account. Finally, it is necessary to bear in mind 
that in some cases the law (21.16) may be only approximate. 


Using Hg, G. G. Crriié and D. H. Menzer [$2] lave found by the 
above method that the number of hydrogen atoms above | cm? of the 
base of the chromosphere, in the second excitation state, is 2 x 10}. 


However, using the same inethod buat considerably more extensive 
and reliable data, obtaincd at the eclipses of 21 September 1941, 9 July 
1945 and 25 February 1952, V. P. Vyazanitsyn (at Pulkovo) has 
found, from the four lines H, to Hy, that the number of atoms is some 
five times greater than the value just given, i.e. it is ~ 10!4 em-?. 
It is of interest that, according to his measurements, the value of f 
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for these hydrogen lines (taking account of self-absorption) is 1-45 x 10-8 
cm-!, whereas CiInnié and MENzEL give the considerably smaller value 
of 0-6 x 10-8 cm}. Such a sinall value of f as the latter seems very 
improbable. 

For the H and K lines of Ca II, the value of #, allowing for self- 
absorption, is, according to V. P. Vyazanirsyn, 2-1 x 10-8 em-}, 
whereas MENZEL and CILLIE give 1:60 x 10-8 cm}. 

The value of f found directly from observation is not usually changed 
by a significant amount when self-absorption is taken into consideration. 
The change is greatest for the strongest lines in the chromospheric 
spectrum, namely the H and K lines of Ca II. In this case the value 
of B in Table 14 is increased by a factor of approximately two. Most 
frequently, however, the corrections on account of self-absorption are 
much less. Taking these facts into consideration, as well as the remarks 
made above about the approximate constancy of the ratio n,/n,, let 
us consider the data in Table 14, bearing in mind formula (21.14). We 
compare the values of f in this Table with the values 6, which are 
obtained by using the formula of hydrostatic equilibrium (20.26). The 
latter can be rewritten 


n(x) = ne 9HTRT — 90 @— yt , (21.20) 


Taking as the temperature of the chromosphere the boundary 
temperature of the Sun 7’ = 4630°, we find that for calcium f, = 
= 284-3 x 10-§ cm~}, and for hydrogen £, = 7-15 x 10-8 cm~}. Thus 
the values of 8 obtained from observation (Table 14) are considerably 
lower than those of fj. This is particularly noticcable on comparing the 
values of £ and f, for calcium, where f, ~ 190 B (when self-absorption 
is taken into account, 8 for calcium is about 1:50 x 10-§). 

This fact cannot be explained as the effect of ionisation incrcasing 
with height. It can be deduced from the intensities of the resonance 
lines that the proportion of neutral calcium atoms to ions in the chromo- 
sphere is negligibly small, and hence an increase in the number of ions 
at the expense of the number of neutral atoms eannot have any marked 
effect on the ion density. A decrease in the number of Ca IJ atoms with 
height, because of ionisation, can only increase the observed value of £. 
The saine applies to hydrogen. It is true that there is reason to suppose 
that the anomalous distribution of hydrogen (small f) is a result of the 
anomalous radiation conditions, and in particular of the increase in the 
number of recombinations with height, owing to the increasing ionisation 
of hydrogen. However, the chemical composition of all the solar envelopes 
and objects in them must be the same, in consequence of the existence 
in them of turbulent mixing currents (see Chapter 20). In that case, 
however, the value of # for hydrogen, taking account of all H atoms 
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(neutral and ionised) should be the same as for the other elements, and 
in particular Ca. But here the observed value of f for H is considerably 
less than f,, which is 7-15 x 10-8 cm-}. Consequently, some additional 
forces, besides the ordinary elastic forces in a heated gas, must act in 
the chromosphere against the force of gravity. However, before consider- 
ing a possible interpretation of this fact, we shall discuss some other 
data which characterise the physical state of the chromospheric gases. 


3. The electron concentration. The electron temperature. Let us first 
consider the subject of the electron concentration n,. Firstly, the value 
of x, may be determined from formula (15.1). We shall discuss a little 
later the value of 7’ to be used in applying (15.1) for the various laycrs 
of the chromosphere. Secondly, we can determine », from formula (20.16), 
assuming, as there is reason to do (see the next section), that the majority 
of the free electrons in the chromosphere are due to the ionisation of 
hydrogen. Thirdly, we can also determine », from formula (20.22). It 
follows from this formula that the emission coefficient 7,’ for recombination 
radiation, referred to 1 cm3, is 


-y 2 28-2 he R g’ _— he x0, AT, — 
dy Me 34303 (22m, kT)? bo © (21.21) 

Having determined the value of j,'(z) for the Balmer (or Paschen) 
continuum from observation by means of formula (21.11), we can find 
n, from formula (21.21), if we know 7’. (By this method we can also 
determine n, for prominences, if we know the value of s in formula 
(20.22), which is the thickness of the prominence in the direction con- 
sidered.) It is best to do this for frequencies close to the edge of the 
band, where hy ~ z;, and consequently the error in the value taken 
for 7, appears only in the denominator of the right-hand side of (21.21), 
in the quantity 7',3/?. Here also it is assumed that the number of free 
electrons in the chromosphere is determined mainly by the ionisation 
of hydrogen. If the electrons formed by the ionisation of metals are 
taken into account, the value of 2, is increased. 

An cstimate of the electron concentration is also possible by 
H. Zanstra’s method, which we have explained in conncction with pro- 
minences. If the continuous radiation of the chromosphere in the visible 
region of the spectrum is duc to electron scattering, while the radiation 
just beyond the limit of the Balmer series is due to recombinations, 
then the ratio of the emission coefficients found for the two processcs 
from observation gives n, if 7’, is known. However, the problein of 
which heights in the chromosphere are those where the scattering of 
solar radiation in the visible part of the spectrum by electrons is the 
chief factor that determines the observed intensity is not yet solved. 
To resolve this question, careful ineasurements of polarisation are needed. 
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Tt has been found by the above methods that x, at the base of the 
ehromosphere is about 2 x 10% to5 x 10", and for 7, = 5000° the 
value of p, is about 0-1 to 0-3 bar. As the height x inereases, the elce- 
tron econeentration », decreases comparatively slowly. At a height 
x=4000 km, the value of x, is of the order of 2x10!; at a height 
x = 10,000 km it is of the order of 2 x 10°, and at a height # =: 18.000km 
it is of the order of 10°. These estimates are some ‘average’ values. 
Aeeording to J. H. Prppincton (see below), the values of 2, in the 
years of minimum solar activity are less than the mean values given 
(for the same heights, of eourse). 





Let us now turn to the next parameter, the electron temperature 7',. 
One of the possible methods of determing 7', for the chromosphere, 
as for the prominenees, Is to study the energy distribution in the reeombi- 
nation radiation of hydrogen beyond the limits of the Balmer and 
Paschen series. The starting-point is formula (21.21), aeeording to which 
i, = Cexp(—hv/kT,), where C is some eonstant. By comparing this 
law with the observations we find 7’... Measurements earried out by 
D. H. Menzev and G. G. CILLIF aeeording to this method give a value 
of about 5000° for the base of the chromosphere. V. A. Kuat [72], using 
the same method, has obtained 7’, ~ 6200° for heights of 7000 to 
$000 km. In a recent paper [12] R. G. Atnay, D. E. Bittines, J. W. 
Evans and W. 0. Ronerts, using the same method, give for the base 
of the ehromosphere a value of 7’, which is close to 4000°. 


Other data also point to a relatively low 7’, at the base of the ehromo- 
sphere. For instanee. a high 7', in the lower layers of the chromosphere 
would lead to a very great exeess of ultra-violet chromospherie radiation, 
and this eontradiets ionosphere observations. Moreover, if there were 
a high 7, at the base of the ehromosphere. we should eertainly observe 
some forbidden lines in the speetrum of that region; these in faet do 
not exist. A value of 30,000° for 7, at the base of the ehromosphere, 
which has been found by R.O. REDMAN and confirmed by many 
authors, would lead to the result that the speetrum of the ehromosphere 
would resemble that of a B or O-type star, and this is conmpletely 
eontrary to observation, 

A second method, whieh ean give a definite idea of the variation 
of 7’, within the ehromosphere. is the study of the radio emission of 
the Sun. The general basis of this method will be eonsidered in the 
uext chapter. Here we shall briefly explain the results of the obser- 
vations concerned. 

Unfortunately, it is impossible to detennine 7, for the lowest layers 
of the ehromosphere in the radio wavelengths hitherto used (beeause 
of the large absorption of radio waves). Fairly correct results are ob- 
tained for heights above 3000 to 5000 km. Aceording to the reeent 
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work of J. H. Pippinecrox, who takes aeeount of all cxisting radio 
observations [123]. the kinetie temperature of the chromosphere at a 
height of 5000 km is about 6000°, i.e. the value of 7, hardly changes 
over a distanee of 5000 km from the base of the chromosphere. At 
greater heights, the value of 7’, begins to imerease. At a_height 
hk = 10,000 km it is about 30,000°, while at a height 2 = 14,000 km we 
should expeet the temperature to exceed 200,000°. 

The variation of the temperature 7’, with height might be studied 
from theoretical considerations, some hypothesis being made eoneerning 
the heating of the ehromosphcre (e. g. thermal eonduction from the 
corona), or conecrning the means by whieh the solar chromosphere is 
supported. However, a eonsideration of the existing theories shows [123] 
that they involve many arbitrary assumptions and eontradict the results 
of radio and other observations. 

We have mentioned above that, in the range from h =0 to 
h x» 5000 km, the temperature 7', varies very little. On the other hand, 
AtTuAy, Brttixeas, Evans and Roperts (see above) find that, cven 
between h = 0 and h & 2400 km, there is a fairly rapid inerease in 7’,. 
Their measurements of the intensity in the Balmer continuum comprise 
too small a range of wavelengths (4 3500 to 3647 A), however, and are 
therefore Hable to considerable errors. Thus the very important problem 
of the gradient of the temperature 7’, in the lower layers of the solar 
ehromosphere needs further eareful study. 


4. The ionisation of atoms. Let us now consider the subjeet of the 
ionisation of the atoms in the ehromosphere. It is quite evident that, 
because of the relatively low value of 2, in the ehromosphere, the degree 
of ionisation in it must be higher than in the outer layers of the photo- 
sphere, by (5.11). In reality it is even higher than the value found by 
applving (5.11), as may be seen merely from the presenee, in the speetrum 
of the ehromosphere, of the line 4686 A of He JI; and the observed 
anomalies are the greater, the greater the eorrcsponding ionisation po- 
tential. We reeall that the same is true of the promincnces. 

Let us eonsider the problem of the ionisation of hydrogen in the 
lower layers of the ehromosphere (at heights up to 2000 km). We shall 
first show that the clectrons in the chromosphere are in fact formed 
by the ionisation of hydrogen. From observation, using the eonsiderations 
given above regarding self-absorption, we can caleulate the eoncen- 
tration of Ca I] atoms at a height z = 0 whieh are in the first (ground) 
state, i.e. the number of such atoms in | em. Aecording to MENZEL 
and CILLIf, as well as to a reeent investigation by V. P. VyAzaniTsyNn 
(sce above), it is approximately 3 x 108. Moreover, this number can 
as usual be approximatcly identified with the concentration of Ca IJ. 
atoms in all states of excitation. 
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On the other hand, a comparison of the spectrum of the lower layers 
of the chromosphere with the spectra of ordinary stars shows that the 
former is similar, roughly speaking, to the spectra of stars of the class gF 5, 
as regards the relative intensity of lincs of netals. (It is not possible 
to sct up an exact correspondence here, since, for example, the class 
of these layers as determined from lines of metals is later than g¥ 5, 
but as determined from helium lines it is earlicr.) In the atmospheres 
of stars of this class, the metals are chiefly singly ionised. Thus there 
is every reason to expect that, in the lower layers of the chromosphere, 
the metals are predominantly in the singly ionisecd state. Hence it 
follows, in particular, that the number of free electrons in 1 cm, formed 
by the ionisation of calcium, is equal at the base of the chromosphcre 
to the value just mentioned, 3 x 108. Using this figure, and supposing 
that the atoms of the metals are predominantly singly ionised, we can 
calculate, by means of Table 1, the number of free electrons formed 
by the ionisation of all metal atoms. [The most convenient clement 
for such calculations is iron, whose second ionisation potential is rcla- 
tively very high (16-5 cV). The assumption that (Fe II1)/n(Fe II) < 1 
is even more justified than for calcium, but there arc as yet no reliable 
values for n(Fe II).] The numbers thus obtained are smaller, by one 
or two orders of magnitude, than the value of n, found dircctly from 
observation. Furthermore, the above value n,(Ca II) =3 x 10° is 
exaggerated, since, in finding it, the inerease of the turbulent velocity 
with height in the chromosphere was not taken into account. Consc- 
quently, there must be some additional source of electrons. It is clear 
that this can only be hydrogen. Thus we can suppose that », ~ n(H IT), 
where n(H II) is the number of protons in I cm. 


Starting from these considerations, and from the constancy of the 
relative chemical composition in all layers of the solar envelopes, we 
can calculate the degree of ionisation of hydrogen in the lower chromo- 
sphere. Taking n(Ca II) =3 x 108, in accordance with the above, as 
almost the total number of calcium atoms in 1 cm? at the base of the 
chromosphere, we can calculate n(H), the total number of hydrogen 
atoms in 1 cm, by Table 1. On the other hand, we know (HII) & n,. 
Consequently, we can immediately cstimate the ratio n(H II)/n(H), 
i.c. the degrec of ionisation zy of hydrogen at the base of the chromo- 
sphere. For other heights (in the lower layers of the chromosphere) 
we can determine n(CalII) from formula (21.16), where f must be 
calculated with allowance for self-absorption. The corresponding calcula- 
tions show that at the base of the chromosphcre the value of zy is 
approximatcly 0-02 to 0-03, while at a height z = 1500 kim it is about 0-5. 
At still greater heights, the value of 2, is close to unity. Thus, in the 
lowest layers of the chromosphere, hydrogen is mainly neutral, yet 
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by reason of its high percentage content it provides almost all the 
free electrons. However, even here its ionisation is a hundred times 
greater than that estimated by formula (5.11) with 7’ = 5000° and 
n, 2 xX 10%4cem-3. As the height increases, so does this anomaly. 
It is clear that with increasing height the equality n, ~ 2(H IL) becomes 
inore and more exact, so that throughout the chromosphere the electrons 
are formed mainly by the ionisation of hydrogen. 


-This method is based on the supposition that the chemical compo- 
sition of the whole of the solar envelopes is constant. For metals, the 
sunilarity of the chemical composition of the photosphere and of the 
chromosphere is directly confirmed by observation (D. H. MEnzEL, 
V.P. Vyazanitsyy and others). In particular, the presence in the 
chromosphere of heavy atoms such as La, Ce, Pr, etc., shows that 
mixing currents play a very great part in the chromosphere. 

Let us now consider helium. The total number of helium atoms in 
1 cm? in the lower layers of the chromosphere can be found by the same 
method, using the known values of n(CaII)  n(Ca) and Table 1. Here 
it is again assumed that the chemical composition of the chromosphere 
is the same at all heights and is identical with that of the photosphere. 


The eoncentration »(HeII) can be found by means of formula (20.14). 
We can consider orthohelium as an element with an ionisation potential 
of 4-7 eV, since the triplet and singlet systems of helium do not combine. 
For such a comparatively low value of the ionisation potential (and 
therefore of the excitation potentials), the application of the “equill- 
brium’’ formula (20.14) ought not to involve noticeable errors, since 
the anomalies begin only for energies of the order of 10 eV. Thus, having 
determined the values of 79, from the absolute intensities of the helium 
triplets, we can determine n, = (Hell) in accordance with (20.14), 
taking the values given above for nm, and putting 7’ equal to about 
5000° or 6000°. Finally, we can obtain the ratio n(HelII)/n (Hell), in 
the same way as for the prominences, from formula (20.18) where 
n,/n, = n(Hell)/n(Helll). Here, of course, we must recall the critical 
remarks that were made concerning the applicability of formula (20.14). 


On the basis of the above considerations, we ean calculate the ioni- 
sation of helium at various levels in the chromosphere. The corresponding 
calculations, using the observational data, lead to results similar to 
those obtained for hydrogen: 

(1) Up to heights of some thousands of kilometres, the ratio 
n(He)/n(Hell) is several orders of magnitude, i.c. at these heights 
helium is mainly neutral. 

(2) The degree of ionisation found for each layer of the chromo- 
sphere is higher than follows from the ionisation formula (5.11), and 
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the excess is greater for the second ionisation than for the first (the 
anomaly increases with 7,). 


(3) The inerease of the ionisation with height takes place more 
rapidly than would be brought about by the decrease of n, with height. 


Thus, both for hydrogen and for helium, we have to explain, firstly, 
the anomalously high ionisation of the atoms of these elements and, 
secondly, the increase in this anomaly with height in the chromosphere 
(the same anomalies must hold for ionised metals whose second ionisation 
potentials are fairly large). The facts which we have enumerated cannot 
be explained by means of an anomalously high kinctic temperature in 
the chromosphere which increases with height, since, as we have seen, 
the kinetic temperature of the lower layers of the chromosphere is 
relatively low. Collisions can be important only in the outermost layers 
of the chromosphere. 

According to I. S. SHKLovSKII, these facts can be explained to a con- 
siderable extent (as they can for prominences) by the ionising power 
of the ultra-violet radiation of the solar corona. The hydrogen in the outer 
layers of the chromosphere will be ionised by the hard monochromatic 
radiation in the coronal lines (Ne VIII, 4776 A; Mg X, 2 625 A). For he- 
lium, both the values of the ratios n(He)/n(He ll) and »(HelLI)/n (He ILI) 
at the base of the chromosphere and the law of their variation with 
height are explained by photo-ionisation by the “continuous” component 
of the ultra-violet radiation of the corona, which is forined by the recom- 
bination of free electrons with coronal protons and « particles, and also 
by the bright lines in the far ultra-violet region of the spectrum of the 
corona. 

However, preliminary calculations have shown that the ronisation 
by coronal radiation is apparently not great enough to explain the 
high value of the ratio n(HII)/n(H1) for hydrogen in the lower chromo- 
sphere. This is because the optical thickness of the lower chromosphere 
beyond the limit of the Lyman series (where the probability of photo- 
ionisation of hydrogen is greatest) is very great, and the corresponding 
coronal radiation passes through these layers in a much attenuated form. 

Later and more accurate calculations show that this difficulty may 
not be insuperable. In this connection, the following possibility should 
be pointed out. Observations show that the chromosphere is not a 
continuous structure. It consists of separate rising “stalks”, which, in 
particular, have caused observers to compare the external appearance 
of the chromosphere (viewed “‘sideways’’) to that of a burning prairie. 
(This similarity is emphasised by the circumstance that these “stalks” 
are not steady features. They frequently change their inclination 
to the normal, and in general the fine structure of the chromosphere, 
like granulation. is continually changing.) On the other hand, observa- 
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tions carried out in coronal lines (chicfly the line 5303 A) show that 
heated matter is cjected from the chromosphere into the corona, and 
this matter has the temperature of the corona, i.e. one of the order 
of a million degrees. It is quite possible that this matter also fills part 
of the space between the chromospheric “‘stalks’’ mentioned above. In 
view of its small density, this ‘coronal’? matter cannot appreciably 
alter the general spectrum of the chromosphere. However, electrons 
haying the very high mean kinetic energy which corresponds to a temp- 
erature of a million degrees may penetrate into the chromospheric stalks 
(at least their outer parts) and there cause the anomalous ionisation 
of hydrogen and helium. This hypothesis, however, requires further 
development. 


5. The mechanism of the excitation of atoms. Let us now consider 
what processes determine the radiation of the chromosphere in the 
individual spectral lines. The difficulty of solving this problem is re- 
doubled by the fact that we do not know the ageney which brings about 
the hydrogen ionisation in the lower layers of the chromosphere. This 
agency must have an effect on the excitation processes for other atoms 
also. The eomplexity of the problem is shown by the fact that the 
intensities of the helium lines during some eclipses have maxima at 
a definite height above the chromosphere, decreasing above and below 
this height. 

There are three conceivable sources of the chromospheric radiation: 
(1) the scattering of photospheric radiation by the atoms in the chromo- 
sphere; (2) recombination processes with subsequent cascade transitions; 
(3) the excitation of atoms by collisions. 

We inay suppose that, at least im some cases, and particularly for 
the higher levels of hydrogen and for helium, the chief source of the 
radiation of atoms in the lower layers of the chromosphere is recombi- 
nation processes. This is confirmed by the fairly intense radiation of 
chromospheric hydrogen beyond the limit of the Balmer series; this 
radiation, of course, is due entirely to recombination. Moreover, the 
scattering of photospheric radiation can only give considerably less 
energy, for helium, than the amount obscrved in the corresponding 
lines, while collisions in the lower and middle chromosphere, in conse- 
quence of the relatively small 7’, (and 7,), cannot be important. 

One of the principal means of solving this problem is the study 
of the distribution of the emitting atoms among quantum states. Por 
hydrogen, in particular, this is a question of the relative intensity of 
the lines in the Balmer (and Paschen) series. Having found from observa- 
tion the sequence of ratios J(H,): J(H,): J(H,):..., we have to 
compare this sequence (the decrement, as it is called) with that given 


by various theories. The latter must he based on the solution of equations 
23* 
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of the type (20.11) to (20.13). However, there are serious difficulties 
here also. Firstly, for many transitions we do not know the values 
of og, and C,, which appear in these equations. Secondly, tlie first few 
members of the Balmer series (H,, Hz, H,) are distorted by self-absorp- 
tion, for which no exact allowance has yet been inade. (The self-absorp- 
tion in the H, and Hg lines has the result that their maximum intensity 
varies very shghtly with the height between zx =O and x = 3000 to 
4000 km.) Besides these, there are a number of other complicating 
circumstances, particularly the important part that collisions may play 
in excitation processes in the outer chromosphere (high 7',), and so on. 


A speetrophotometric investigation of the three celipses of 
21 September 1941, 9 July 1945 and 25 February 1952 has enabled 
V. P. VyazanNITSyy to find the observed distribution of hydrogen atoms 
among the excitation states with & > 2. It was found that this distri- 
bution can be represented by the Boltzmann formula (5.54) with 
T.. %& 5500°. However, the same observations indicate that for the 
higher levels there is, apparently, an additional excitation, corresponding 
to a temperature higher than 5500°. It is possible that this corresponds 
to recombination processes. 


As regards the excitation of levels with fairly low values of the 
quantum number, the above value of 5500° is somewhat too large for 
a mechanism of simple re-emission. We have to bear in mind that the 
seattering of solar radiation by chromospheric atoms occurs in this 
ease in the frequencies of absorption lines, where the intensity of this 
radiation is reduced by the presence of the Fraunhofer absorption lines 
H,.H,,....Onthe other hand, the temperature 7’; of the radiation which 
corresponds to the central parts of these lines is low, of the order of 4000°. 


For this reason, the problem of the mechanism of the emission in 
the chromospheric lines H,. H,, ... is best resolved by a study of the 
contours of these lines, using a high dispersion, which can very well be 
done outside celipse. 

The contours of the first few lines of the Balmer scries in the spectrum 
of the chromosphere have a characteristic form: in the centre of cach 
emission line we find a fairly wide depression, bounded on each side 
by “peaks”. The width of this depression is approximately equal to 
the width of the dark core of the corresponding Fraunhofer line 
H,, Hy, .... This immediately suggests that in the present case we 
are concerned with the scatlering of the solar radiation by chromospheric 
hydrogen [74]. This conclusion has been confirmed by V. A. Krat and 
T.V. Krat [75] by direct spectrophotometry of the chromospheric 
lines H, and H, to Hy. Tt has been shown in the latter paper that the 
contours of all these lines are well explained by the operation of a re- 
emission mechanism. 
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The supposition that the radiation in the first few lines of the Bahner 
series in the spectrum of chromospheric hydrogen is due to processes 
of seattering is a wholly natural one. However, it must be borne in 
mind that the efficiency of this process of scattering depends on the 
number of hydrogen atoms in the chromosphere that are in the second 
excitation state. For the process to be effective, it is necessary that the 
number XN’, should be fairly large, i.e. the density 0,. of the chronio- 
spherice radiation in the Lyman « line should be fairly high. It is possible 
that recombinations may be very important here. Their number may 
be insufficient to produce the radiation in the lines H,. Hg themselves, 
yet at the same time the density 0,, of the radiation in the Lyman 
# line may be high cnough (on account of the very great optical thickness 
of the chromosphere in this line). 

The following remarks should be made concerning the above. Firstly, 
we must bear in mind that these conclusions are valid only for the lower 
layers of the chroinosphere. In the highest layers, the radiation, even 
in the first few lines of the Balmer series, may be largely determined 
by processes of recombination and of the collision of atoms with electrons. 

Secondly, from a formal point of view we could examine the contours 
of chromosphcrie lines by using formula (20.3), where j,/o, = P,. If 
now the value of J’, in this formula deereases with inereasing height 
in the chromosphere, and does so fairly rapidly, it 1s easy to show (see 
Section 21.7) that the contour of an emission line will have in the centre 
a depression sinilar to that which we observe in the first few chromo- 
spheric lines of the Balmer series. 

The existing observations show that, in the central parts of the 
Fraunhofer lines H,, Hg, ..., where the absorption cocfficient is fairly 
large, the intensity of the radiation diminishes as we go from the centre 
to the limb of the Sun’s disc. This. in accordance with formula (4.27), 
where we must replace B, by P,, shows that in the chromosphere )P, 
does in fact decrease as the height inereases. However, in order to 
elucidate the part played by this factor in interpreting the observed 
contours of the chromospheric lines H,, Hg, ..., a special investigation 
would be required. 


we 


For the metals, the relative part played by recombination radiation 
and the seattering of photospheric radiation is not vet completely clear. 
The latter factor ts apparently the more important one. Thus, if the 
excitation of atoms is effected by photospherie radiation, the ratio of 
the equivalent widths of the same lines in the “reversing layer” and m 
the chromosphere (emission lines for the chromosphere) should not 
depend on the excitation potential of the lower levels of the lines. 
Measurements made by V. A. Krat [72] for lines of Fe 1 and Ti IT (from 
material obtained at the 1945 eclipse) have shown that there is in fact 
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no dependence. However, a great amount of further work is of course 
needed here. 


6. The equilibrium of the chromosphere. We must now consider the 
equilibrium of the chromosphere. We have seen that some additional 
forees, directed away from the centre of the Sun, i.e. outwards, act 
in the solar chromosphere, besides the ordinary forces of the elasticity 
of a heated gas and of gravitation. 

The first question which arises here is whether the action of these 
forecs extends to the entire chromosphere (and possibly to the outer 
layers of the photosphere) or is localised in some part of it. As 
[. S$. SHkLovsxil [148] has pointed out, there is reason to suppose that, 
in the lowest layers of the chromosphere, up to heights of the order 
of 1000 km, the additional forces play practically no part. 


The values of £ given in Table 14 are some averages with respect 
to height. At the same time, as we have already said, observers very 
often have to introduce two terms in the formula for / (zx), so that F(x) 
takes the form (21.9). The form of the dependence of (2) on x changes 
correspondingly. From the data of a number of observers (168, p. 620], 
the corresponding formuta for n(x) can be written (as an average for 
many elements) 


n(x) = n9(0-982 e~89X10%7 4 O.O1S e-26% 10%) | (21.22) 


R. WiLpT gives a similar formula for Fe and Ti, obtained from a number 
of eclipses. On the average (taking into account the errors of observation, 
ete.) it is found that the value of the exponent f, in the first term of 
expressions like (21.22) is close to £, for hydrogen with T ~ 4600° to 
5000°. This can be interpreted as showing that the hydrogen in the 
lowest layers of the solar chromosphere is supported by the ordinary 
forces of clasticity of a heated gas. The metals follow the same law, in 
consequence of the mixing of the solar gases. It must be noted that 
the values of # found from observation for He and H in the lowest 
layers of the chromosphere may differ very markedly from the f for 
metals. In faet, the emission of both hydrogen and helium in the chroimno- 
sphere is completely anomalous, so that a relatively slow decrease of 
the emission in the lines of these elements with height can be wholly 
explained by the importance of recombinations increasing with height. 
This hypothesis is supported by the presence of a maximum in the 
helium emission at a certain height above the base of the chromosphere. 
It is clear that this maximum is the result of two oppositely acting 
factors: the increase in the emissive power of the helium atoms with 
height and the decrease in the concentration of helium atoms with 
increasing height. 
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If the above considerations regarding the equilibrium of the lowest 
layers of the chromosphere are confirmed by further mvestigations, we 
can state with complete certainty that the height distribution of the 
photospheric gases also is determined mainly by the ordmary clasticity 
of a heated gas and by gravity [cquation (17.1)]. 

All that has becn said above refers to heights of up to 1000 km. 
Beginning from heights of the order of 1000 km, some additional forces 
come into play supporting the chromosphere; here we must again 
emphasise that the support of the chromosphere cannot be explained 
by substituting a sufficiently high temperature 7 in the law of hydro- 
static equilibrium (21.20). We have seen that the kinetic temperature 
of the lower, and even of the middlc, chromosphere is in fact relatively 
low. 

Let us discuss the nature of these forees. E. A. MILNE suggested 
that the radiation pressure on the Ca II atoms was the chief force 
supporting the chromosphere. Calculations carricd out on the basis of 
formula (20.28) show that the radiation pressure on the Ca 1I atoms 
in the outer lavers of the chromosphere almost exactly balances the 
force of gravity on these atoms. However, this theory has proved quite 
inadequate, for a number of reasons, the chief of which is that the 
number of calcium atoms in the chromosphere (and everywhere in the 
solar envelopes) is less than the number of hydrogen atoms by a factor 
of 5 x 105. 

Many authors relate the forces supporting the chromosphere to turbu- 
lent processes in it. Investigations of the widths of chromospheric lines, 
performed by many observers (O. A. Mrer’nikov, V. P. VyAzANITSYN, 
A. Uxs6xp and others), show that these widths are usually greater than 
would be expected if only the thermal motions of atoms were present. 
From this, the conclusion has been drawn by W. H. McCrea that the 
matter in the chromosphere is in turbnlent motion, its mean velocity 
being of the order of 10 to 20 km/sec. The complex filamentary structure 
of the outer layers of the chromosphere also indicates the presence of 
turbulent motions in them. There is reason to suppose that the turbulent 
velocity increases with the height xz. This is shown by the fact that 
faint lines, in which the emission is observed up to heights 2 ~ 1000 km, 
show turbulent velocities of not more than 2 km/sec. 

Let us now turn to formula (21.20). The greater the quantity R7T/n, 
i.e. the greater the mean velocity of the particles, the greater will be 
the extent of the atmosphere for a given counteraction of the force 
of gravity. If a turbulent motion, with a velocity distribution e—@/*2" 
(for one component), is added to the thermal motion of the particles, 
then, according to (11.29), equation (21.20) becomes 


n (a) —- 0 a9 MAT I + seed (21.23) 
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In this case the quantity f in the exponential law (21.16) takes the form 


B ay} + ‘| (21.24) 


Putting « = 1 on account of the large hydrogen content, and also 
7’ = 4800°, v% = 15 kim/sec, we obtain B = 1:8 x 10-% em}, which, 
gencrally speaking, is close to the values of f in Table 14, given by 
V.P. Vyazanirsyy. (For hydrogen and helium the values of f, as we 
have said, are distorted by the dependence of the emissive power on 
the height. Moreover, strong lines, such as the H and Kk lines of Ca II, 
are distorted by self-absorption.) 


This mechanism of support of the chromospheric gases has been 
discussed by a number of authors; A.B. SEverNyI [127] considers 
a turbulent velocity v, which varies proportionally to the height z. 
Instead of using equation (7.1), he starts from the following equation 
of equilibrium: 

d 


dz 


(9° + Ro Tin) =— ge, (21.25) 


where 0 v,2 are the Reynolds stresses and g, the effective acceleration 
due to gravity (in the sense that it takes into aceount possible effects 
of radiation pressure). The integration of (21.25) gives the relation bet- 
ween the density 0 and the height 2. 


The chief problem as regards this mechanism concerns the nature 
of the forces which maintain a steady turbulent motion in the chromo- 
sphere, i.e. it is necessary to know whence the energy comes which 
goes to maintain the turbulent motions. In their work on the nature of the 
forces which cause turbulence in the chromosphere, A. I. LEBEDINSKIT 
and L.E. Gurevicn [55], after mentioning the inadequacy of the 
sources of turbulent motion previously put forward, propose a new 
mechanism, in which the principal forces are those of magnctie pressure 
(see Chapter 18). These forces arise on account of the motion of granules 
in the gencral magnetic field of the Sun. Here it is found that the 
extent of the chromosphere depends on the intensity of the Sun’s 
general magnetic field. However, judging by existing data, the magnetic 
field varies noticeably with time, and this conflicts with the relative 
constancy of the height of the chromosphere. 


Without rejecting entirely the mechanism of turbulent support of 
the chromosphere, we must also notice another possibility. We have 
said that the chromosphere consists of separate jet-stalks, which are 
similar to small prominences in their external appearance. On the other 
hand, we have seen that the forees which support the prominences are, 
according to all existing data, purely electromagnetic in character; 
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turbulent motions play practically no part in supporting promincnces 
(at least of some types). This may be seen from the numerous sub- 
classes of prominences which arise in coronal space and move downwards. 

If there is in fact a physical kinship betwcen the prominences and the 
chromospheric jets (this is confirmed, for instance, by the chromospheric 
spicules which have recently been studied by E. Ya. BUGOSLAVSKAYA, 
W. QO. Reserts and others), then the chromospheric matter too may 
be supported by the same forces as support the prominences. 

It seems quite evident from what has becn said above that the 
study of the fine structure of the chromosphere is very important. 
Experience at the Pulkovo observatory has shown that a great deal 
of information on this subject can be obtained by studying the chromo- 
sphere outside eclipse, using a narrow-band interference-polarisation 
filter. 

The corresponding observations, carried out by V. A. Krat and 
J. A. ProkoF’Eva [76] in the H, line with a transmission width of 
0-6 A, have shown that the chromosphere is not homogeneous. The 
separate jets in it form a “chromospheric network’, whose cells have 
dimensions (horizontally) of from: 8000 km to 18,000 km. The individual 
jets are about 2000 km thick. 

Similar work by JT. A. PRoKoF’Eva has shown that, in the different 
chromospheric jets, the density gradients (i.e. the parameters # giving 
the decrease of density with increasing height) are very different; this 
makes the chromospheric jets still more akin to prominences. 

All these results show that the gradient found from chromosphcric 
observations partly reflects the stalistics of the height distribution of 
the various jets, and not only the density distribution of matter m the 
chromosphere. This faet should be noted. 

It is also very interesting that the gradients f of intensity of chromo- 
spheric lines above facular plages [69] are little more than half their 
values in the undisturbed chromosphere. The chromosphere is higher 
above facular plages. This means that the structure of the chromosphere 
above active regions differs from its structure above ordinary undisturbed 
parts of the Sun. The prominence-jets in the chromosphere above faculae 
are larger, and their mean altitude greater, than for other regions of 
the Sun. 

So far, all our conclusions about the chromosphere have been based 
on observations made at the limb of the solar disc. Let us now consider 
chromospheric phenomena observed in projection on the solar disc. 


~ 


7. The physies of flocculi. If we adjust the sufficiently narrow 
secondary slit of a spectroheliograph on the centre of some strong line 
in the solar spectrum, we can study on the spectroheliograms the chromo- 
sphere projected on the solar disc, since the central parts of some very 
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intense absorption lines in the solar spectruin are formed by the chromo- 
spheric layers. Such observations show that the darkening of the dise 
to the limb is less in the chromospheric radiation than in the parts of 
the continuous spectrum adjoining the lines in question. 


However, the most interesting study is that of the chromospheric 
radiation in active regions of the Sun’s surface. We shall consider here 
only some problems of a theoretical character, referring the reader to 
the appropriate sources [70; 179, p. 233; 168, p. 704] for the descriptive 
side of the subject. 

The H and K tines of Ca IJ and the H, line are those most often 
used in studying active regions in chromospheric radiation, and we shall 
now discuss these. 


Spectroheliograms taken in the central parts of these lines show bright 
areas in active regions of the Sun. (Separate bright luminous points may 
be observed outside active regions also. We shall not discuss these luminous 
points, however.) This is easity understood if we consider the contours of 
the H, K and H, lines in the active regions of the Sun, which mainly 
coincide, on the solar surface, with faculae (including sunspots, of course). 


The contour of the H, line at points where there are faculac is shown 
in Fig. 51 by a continuous line, while the chromospheric radiation proper 
should, aceording to what was said at the end of Chapter 19, be deter- 
mined by the area abc. The contour be (dotted) is the hypothetical contour 
of the H, line in the spectra of faculac. 


The intensity at the point cin Fig. 51 is somewhat indeterminate, since 
we do not know the magnitude of ac, i. c. the energy due to the chromo- 
sphere proper. The same indeterminacy holds for the undisturbed parts 
of the photosphere also. Here, too, we do not know the relative importance 
of the chromosphere and of the 
outermost parts of the “reversing 
layer” in producing the observed 
central intensities of the H,, Hg, 
H lines. 


yooee 
The contour of the K line, in 
a spectrum taken at a point where 
there is a facula, has the form 
shown in Fig. 57. (The H line has 
Fic. 57 the same kind of contour.) The 

bright core in the centre of the K 

line is called the K, line; the central depression in this core is called the 
Kg line. Finally, the K, contour is the contour of the absorption K line 
itself, belonging to the facula proper. The lower, dashed, contour in Fig. 57 
is the K line contour in the adjoining undisturbed parts of the photosphere. 
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It follows immediately from Figs. 51 and 57 that, in the central parts 
of the H, K and H, lines, the faculae must in fact be brighter than the 
neighbouring regions of the undisturbed photosphere. Since this excess 
radiation (excess over the ordinary radiation from the undisturbed regions) 
is due to the chromospheric layers, and the regions where it is found 
coincide in general with the faculae, the corresponding bright regions seen 
on spectroheliograms are called chromospheric faculae. They are also often 
called floeculi or facular plages. 

We may note the following important circumstance in connection 
with the interpretation of spectroheliograms in the H, K and H, lines. 
Observations have shown that, the eloser to the centre of the line the 
secondary slit of the spectroheliograph is adjusted, the higher are the layers 
of the chromosphere whose radiation is reccived. From the physical point 
of view, this is easily explained if we recall that the absorption coefficient 
in the line increases towards the centre. Hence the optical thickness of 
the chromospheric gases is greatest in the centre of the line, and no 
radiation reaches us directly from the deep layers of the chromosphere. 


The main questions which arise in the interpretation of spectrohelio- 
grams in H, K and H, are the following. What is the source of the excess 
energy radiated by the chromospheric gases in the central parts of these 
lines ? What are the causes of the broadening of the lines of this additional 
chromospheric radiation ? What is the origin of the eentral miniinum K, 
in the bright core K, ? How are the flocculi related to the faculae lying 
beneath them? Besides these questions, there are others, c. g. that of the 
origin of the hydrogen vortiees round sunspots, and so on. However, we 
shall not concern ourselves with these latter questions here. 


Let us begin by considering the source of the excess energy radiated 
by the floceuli. Here there are two possibilities: (1) the energy radiated 
in the floceuli arises as a result of fluoreseence processes; (2) the chromo- 
spheric flocculi are regions which are hotter than the neighbouring parts 
of the undisturbed chromosphere. 


The foundations of the theory of the former meehanism were developed 
by V. A. AMBARTSOMYAN. He first called attention to the fact that, 
when Q in formula (14.29) is fairly large, there is a range of values of n, 
close to the centre of the line sueh that, while the inequalitics 7, > 1 
and 7,€ <1 are satisfied, the inequality 1, ¢@Q > 1 holds, so that r, 
takes the form 

1/3 B, (Tq) . 
remy } £3 BT.) (21.26) 


It follows from this expression that 7, increases with 7), i. e. incrcases 
continually as we approach the eentre of the line. In other words, we 
have an emission line in the centre of the absorption line. 
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A. UNS6LD has indicated the second possibility, which presupposes a 
temperature inversion in the chromosphere. This hypothesis has recently 
been discussed by V. A. Krat [70] and others. 


It is evident that the two mechanisms mentioned are not mutually 
exclusive. However, in the study of the physical properties of floccular 
regions, the primary problem is to decide which of these mechanisms is 
the principal one in each particular ease. The following calculations are 
due to KE. R. Mustex’ [103]. 

In order to make the problem more definite, we propose the question: 
which is the main process governing the emission in the H and Ix lines 
and in the lines of the Balmer series in the spectra of flocculi: recombina- 
tions or exciting collisions ? 

Let us first compare the emission in the K and H, lines, supposing 
that in each case the principal mechanism governing the radiation is 
recombination to the upper level. According to (5.48), the ratio of the 
numbers of captures to the corresponding levels is 


[Nye N(cCaty [47x 


A= (Nps, ~ NHI © (4(T da,’ 


(21.27) 
where NV (Ca ILI) is the nuinber of doubly ionised calcium atoins above 
1 cm? of the base of the flocculus, and (H IJ) is the corresponding 
nuinber of protons. The function ¢(7',) is the probability of photo- 
recombination, which depends only on the kinetic temperature of the 
electron gas: 


ne O(T.) = | Byedn,, (21.28) 
0 


where f, is the effective recombination cross-section, determined by 
formula (5.55). Here we note that, in accordance with (5.52), the 
quantity n, cancels on the right-hand side of (21.27). 


The expected mean value of the electron temperature in flocculi lies 
between 5000° (the boundary temperature of the photosphere) and 
10,000°. However, the function $(7’,) depends only very slightly on 7,; 
hence we shall not commit any considerable error by taking 7', = 7500°. 
We then find 


[S(T J] & 168 x 10-13, [$(T ly, © 5-0 x 10-4. 


In other words, A w 3-4 £V (Ca I1)/N(H IT) }. 

If the ionisation potentials of Ca IT and H were the same, the ratio 
NV (Ca HH)/N'(H 11) in the flocculus would be approximately equal to the 
relative content of Ca and H. i. ce. of the order of 2 x 10-8 to 5 x 10-8, 
(The number of neutral calcium atonis in the chromosphere, and therefore 
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in the flocculus, is negligible in comparison with the number of Ca IL 
atoms.) In reality, this potential for Ca TI is less by A y = 1-7 eV than 
for hydrogen, and consequently Ca II should be more strongly ionised 
than hydrogen. However, it is clear that, in the case considered, the 
degree of ionisation of Ca II cannot exceed that of hydrogen by more 
than one, or at the very most two, orders of magnitude, on account of 
the small difference A ~ = 1-7 eV. In this case the ratio 4 will be about 
10-3. Consequently, if the radiation in the K line were determined by 
recombination processes, the brightness of the H, line would exceed that 
of the K line by three orders of magnitude; this is contrary to observation, 
since the brightnesses of the two lines are of the same order of magnitude. 
Thus the emission in the KX, line in flocculi must be determined by the 
collisions of Ca II atoms with electrons. The fact that we are not here 
concerned with recombinations is confirmed by other factors also. For 
example, calculations show [106] that, if the radiation in the lines H, and 
Kx, in the spectra of flocculi were due to recombinations, the lines 3706 
and 3737 of Ca IT in these spectra would be only a little less bright than 
the H, and Kk, lines, which is completely contradictory to observation. 


Let us make an approxinate estinate of the temperature conditions 
which are necessary in order to produce the observed emission in the 
K, (or H,) line. Ina state of equilibrium, the number of exciting collisions 
N.;.2 must be equal to the number of quanta N._,, leaving the same 
volume. Let the numbers V4. and N»_., be referred to a column 
above 1 em? of the base of the floeculus. Then, by the general formula 
(8.21), we have 


/ Sik . E12 —€,,/KT, . 
Nee = NV, (Ca IT) 2, hie | rn } 1+ pp] e , (21.29) 


where (Ca IT) is the number of Ca II atoms in the ground state, also 
above 1 cm? of the base of the flocculus, ¢,, is the mean effective cross- 
section for exciting collisions, which for the present we take as 10-18 em?, 
and finally é:. is the excitation energy. We can determine the value of 
N2_,, direetly from observations. These show that the imtensity of 
emission in the K, line depends only slightly on the angle 0. In other 
words, this intensity is almost constant over the whole dise: 


No, © +2 / hy ie (21.30) 


where the integration is extended over the whole of the K, (or H,) line. 

To determine NV, (Ca IL) from the measured contour of the K, or H, 
line, we can use formula (20.3), which, however, requires some modi- 
fication. Formula (20.3), if P, = 7,/s, is constant with depth, takes the 


form 
I,-— Pj-—e7™), (21.31) 
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and is applicable in the case where the observer receives radiation only 
from the emitting layer which he is examining. If, however, behind the 
emitting, and of course absorbing, layer considered, there Hes another 
medium emitting with intensity /,*, the total intensity recorded in the 
frequency y will clearly be 


I, =1,*e7 + Py(l—en"), (21.32) 


where the exponential in the first term on the right-hand side of (21.32) 
takes into account the attenuation of the beam of intensity /,* by its 
passage through the einitting layer under consideration. 


If the absorption coefficient s, is independent of depth, formulae 
(21.31) and (21.32) take the form 


I, = P,(l—e7**), (21.31 a) 
I, = 1,* e—*% + Pi(1—e-4*) (21.32a) 


For the H, and K, lines in the spectra of flocculi, the background 
of intensity 7,* will evidently be produced by the central parts of the 
H and K absorption lines in the spectra of the faculae. The corresponding 
values of J,* in the lines H, and K, can be obtained by extrapolating the 
contours of these absorption lines (H and K) to the centres of the lines. 


The absorption coefficient s, for the K, and H, lines is determined 
mainly by the Doppler effect. Here two limiting cases must be considered : 
(1) the emission in the K, and H, lines is produced predominantly in the 
lower layers of the chromosphere; (2) it is produced in the higher layers 
of the chromosphere. In the former case, turbulence inay be neglected, 
and the width 4 A, is determined entirely by thermal motions. In the 
latter case we must also take account of turbulent motions, whose 
velocities, as we have said above, are of the order of 15 kin/sec. 


In the former case the fitting of the theoretical formula (21.32) to the 
observations gives a value N,(Ca IT) = 108 to 2 x 1038. In the latter 
case we obtain N,(Ca Il) © 2 x 1038. 

Asa maximum value of n, we cantake 5 x 10!!. A value of », » 10!” 
corresponds to faint chromospheric flares, and n, » 3 x 10!? to strong 
ones. 


Next, 7’, in the flocculi cannot appreciably exceed 7500°. An inerease 
in the temperature of the chromosphere (in its lower and iniddle layers) 
to 10,000° would lead (especially near the maximum of solar activity, 
when the area occupied by flocculi is sometimes only one order of 
inagnitude less than the total area of the solar disc) to an extremely 
large increase in the ionisation of the ionosphere, a sharp rise in the 
radio cinission, and so on. Hence we shall for the present take 7, = 7500°. 
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Using the values mentioned, we find that for V,(Ca II) =2 x 1036, 
Neyse = 25 x 104, and for N,(Ca Tl) =2 x 10" the value is 
2-5 x 104. On the other hand, for an average flocculus with a central 
intensity of the K, and H, lines of about 0:3, we find for Vo_.,, using 
(21.30), the value 1018. It follows from a comparison of these results 
that, firstly, the calcium flocculi he in the lower layers of the chromo- 
sphere, where the turbulence is slight (it is easy to show that the same 
conclusion would hold even if we assumed an infinitely high tempcrature), 
and secondly, a temperature 7’, = 7500° is wholly sufficient to produce 
the necessary emission in the K, and H, lines. 


The first of these conclusions is in accordance with direct measurc- 
ments, which give a height of 1300 km for the position of the K, flocculi. 
As regards the second conclusion, the existing data indicate that, for 
the alkaline earth elements, the group to which the Ca II atoms belong, 
the value of g for resonance lines is considerably greater than the ordinary 
cross-section given by the kinetic theory of gases, which is of the order 
of 10-16 cm?; it may reach even 10-4 cm?. Recent calculations by 
J.T. JEFFERIES [64] confirm this. They give, for energies of about 4 eV. 
a cross-section of 8:7 x 10-16 em? for the K line and 5-8 x 10716 em? 
for the H line. In this case, the temperature 7, which is necessary to 
produce the observed emission in the K, line is considerably decreased, 
to values of 5000 to 6000°. These temperatures are, according to a number 
of arguments, much closer to reality than one of 7500°. 


It should be borne in mind that all the estimates just given, which 
relate to the mechanism by which calcium flocculi emit in the lines H, 
and K,, refer to the total energy in these lines. It is clear that this must 
be the starting-point. mercly because of the law of conservation of energy. 
However, if we construct the equation of transfer for frequencies within 
the H, or K, line and solve it, taking account only of collisions and 
using the above values for 2, and 7,, the intensity J, so found is consider- 
ably less than the observed valuc. It can hardly be doubted that this is 
duc to the neglect of non-coherent processes, which occur because of 
the thermal motions of the atoms in the chromosphere (sce Chapter 14). 
S. Miyamoto [91] has shown that such processes should be very unportant 
in this problem. 

Let us now consider the question of the origin of the central lines K, 
and Hg. Their presence may be duc to a rapid decrease in the value of 
P, outwards in the flocculus. It is easy to sce that this will in fact lead 
to the appearance of a dark core, by direct calculations based on formula 
(20.3). This conclusion is in agreement with the results of M. WALDMETER 
already given (sce Chapter 19), who found that in the faculac, i.e. 
unnmediately below the flocculi, the value of /, also decreases outwards, 
beginning from a mean optical depth t x 0-6. Thus the flocculi and the 
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faculae are related not only by being situated close to cach other, but 
also by the general distribution of temperature in them. 


It should be noticed that this decrease in P,, and therefore in 7',, 
as we Move outwards cannot continue to an indefinite height. Even in 
the middle chromosphere, it must give way to an increase in 7’, as we 
approach the corona, as in other regions of the Sun. 


Miyamoto [91] gives another possible explanation of the origin 
of the H, and K, lines, which involves an allowance for non-coherent 
processes (see above). The physical nature of the process is as follows. 
Since the chromosphere is very opaque in the cores of the H and K lines, 
the quanta produced by exciting electron collisions within the Doppler 
core will emerge from the medium (as a result of non-coherent redistribu- 
tion of the radiation in frequency) in the more transparent wings of the 
line concerned. The central “opaque” part of the line has, according to 
Mryamoto’s calculations, a fairly low intensity, and he identifies this 
with the H, and Ky, lines. The same calculations account for the great 
width of the H, and K, lines. 


The following remark should be made in connection with this last 
result. On taking upper limiting values which seem reasonable for 
n, and 7',, and using formula (21.29), and comparing V4.2 with the 
valuc of No; found from observation, we again get a large value of 
NV, (Ca II), of the order of 10 to 1016 cm-?, and therefore a great width 
for the H, and K, lines. Hence the conclusion that the H, and K, lines 
are very wide can be drawn whether or not the emission process is coherent. 


The arguments of Miyamoto given above are very convincing. How- 
ever, they meet with difficulties when we try to explain the eontours of 
the bright H and K lines in the spectra of spots. It is well known that 
above sunspots the bright eentral reversals H, and K, are much narrower 
and do not show the dark H, and K3. 


The explanation of these two facts on MiyamorTo’s theory docs not 
seem possible. On the other hand, they can be explained as follows [107]. 
Firstly, the narrowing of the bright central reversals (as we go from the 
adjoining flocculus to the spot itself) cannot be the result of a decrease 
in the number of emitting atoms above the spot, since observation shows 
that the width of the bright H, and K, lines in flocculi and of the very 
faint H, and K, lines in undisturbed parts of the Sun’s disc is about the 
same. Hence this width is determined, not by the number of emitting 
atoms, but by the number .V,(Ca IT) of absorbing Ca IT atoms in the 
chromosphere (the effect of self-absorption; see formula (21.31a)). We 
can therefore conelude that there are fewer atoms of Ca IT (and of other 
elements also) in the chromosphere above spots than there are above 
neighbouring regions of the Sun’s surfaee. This is in agreement with 
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many direct obscrvations of the chromosphere both outside and during 
eclipse, which indicate a considerable deerease in the height of the 
chromosphere above spots. 

This decrease might be explained by the outflow of matter from a spot 
in its lower chromospheric layers (the Evershed effect: for faint lines). 
Moreover, the lowering of the chromosphere over a spot could also 
explain the inflow of matter into a spot in the higher layers of the chromo- 
sphere (the Evershed effect for strong lines), since in this case the density 
of the chromosphere above the spot would be Jess than in the adjoining 
layers of the chromosphere. 

The absence of the H, and K, lines in the bright central reversals 
above spots could be explained by the fact that the temperature of the 
lower layers of the chromosphere, which is of the order of 5000°, is close 
to the temperature of the spot (4500°). This means that, in the chromo- 
spheric lavers which form the bright central reversals in the H and K 
lines, the kinetic temperature does not vary greatly with height, and 
may even increase upwards. This has the consequence that the value of 
P, in these layers either is constant or increases outwards, and so the 
H, and K, lines do not appear. 


Let us now consider what determines the emission in the H, line in 
the spectra of flocculi (E. R. Mustew’ [105]). This question is much more 
complicated than the corresponding one for the H, and K, lines of Ca II. 
In fact, to compare the parts played by recombinations and by exciting 
collisions, we need to know NV, (H), the number of neutral hydrogen atoms 
in the ground state above 1 cm? of the base of the flocculus. (The number 
of collisions which excite from the second level is very small.) The 
determination of this quantity, however, is soon seen to involve great 
difficultics. If the lower layers of the flocculus coincide approximately 
with those of the undisturbed chromosphere, calculations show that 
recombinations and exciting collisions at T, ~ 7500° are of approxima- 
tely equal importance in producing the emission in H,. However, we 
have seen that 7, in the flocculi is apparently less than 7500°. In this 
case recombinations should play a more important part than exciting 
collisions. 

These considerations scem to account for the very different appearance 
of spectroheliograms taken in the lines H and K of Ca IT, as compared 
with those taken in the lines of the Balmer series (particularly H,). In 
view of the importance of this question, we shall discuss it in more detail. 

Let us first consider those parts of the Sun’s surface in which there 
is no bright floccular radiation. For these regions, the kinetic temperature 
of the lower layers of the chromosphere (where most of the radiation 
in the central parts of the Fraunhofer lines H and K of Ca II and H, 
originates) is of the order of 5000° to 6000°; and the recombination 
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processes in H, probably predominate over the processes of excitation 
of hydrogen atoms by electrons. On the other hand, we have seen that 
even a low electron temperature of the order of 5000° to 6000° is sufficient 
to exeite the atoms of Ca Ti. Hence the appearance of the spectro- 
heliograms ought to be entirely different for calcium and for hydrogen 
lines, and this is confirmed by observation. It is well known that one 
of the chicf properties of caleiuin spectroheliograins is their “spotty” 
appearance (even for the undisturbed regions of the Sun), with no sign 
of vortical or filamentary features. The individual bright spots and lines 
are the most usual characteristic of calcium spectroheliograms. On the 
other hand. the distinguishing feature of hydrogen spectroheliograins 
(particularly those taken in H,) is that they show a turbulent and 
somewhat filamentary appearance. These features are most distinctly 
seen in the neighbourhood of sunspots, where, as is well known, spiral 
vortices are observed. 

On the basis of the ideas discussed previously, the facts just enumera- 
ted can be explained as follows. Hydrogen is the predominating element 
in the solar envelopes. This enables us to suppose that the turbulent 
(and filamentary) structure of the spectroheliograins taken in the H, line 
is caused by inhomogeneities in the mean density distribution of chromo- 
spheric matter over the dise. Since, for hydrogen, the intensity of 
recombination radiation is proportional to 7,2, even small oscillations in 
this mean density will have a considerable effect on the distribution of 
the intensity of radiation*. Hence, if the distribution of matter near the 
spot is vortieal, the radiation field will be so too. On the other hand, the 
variations in the intensity in the IX, and H, lines over the dise depend 
much less on variations in the density of natter; they are chiefly affected 
by changes in the eleetron temperature 7’, (see formula (21.29)). Hence 
it will not be casy here to detect the vortical structure. 

The fact that in the undisturbed regions of the Sun the recombination 
process (Whatever the value of 7',) is responsible quantitatively for the 
observed radiation can be proved by direct calculations [105]. Further- 
more, it can be shown that the observed radiation in the central part of 
the Fraunhofer line H, originates in the lower layers of the chromosphere. 


Let us now turn to those regions of the Sun’s surface where bright 
floccular radiation is observed. The most important difference here het- 
ween ealeium and hydrogen speetroheliograms is that the area oeeupiced 
by calcium flocculi is much greater than that occupied by hydrogen 
flocculi. This is undoubtedly due to the ‘easier’ excitation of chromo- 
spheric calcium. We have seen that a quite small increase of the tempera- 
ture 7, in the chromosphere, to 6000°, is enough to produce a con- 


* Of course, the variations in the degree of ionisation of hydrogen must be 
of some importance also, 
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siderable amount of radiation in the H and K lines. On the other hand, 
such a temperature would be entirely inadequate to excite hydrogen 
or to ionise it to any noticeable extent. 

The problem of the mechanism which produces the radiation of solar 
regions where bright floccular radiation is observed in H, (and, of 
eourse. in H and K of Ca IT) is not yet resolved. It secims quite evident, 
however, that, in the regions of the Sun’s dise where bright hydrogen 
floceuli are observed. the kinetic temperature of the chromosphere must 
be fairly high, or else some very efficient ionisation mechanism must be 
in operation. It must be remembered that both the ionisation potential 
and the excitation potential from the ground level are quite high for 
hydrogen atoms. For this reason, we should expect that helium flocculi 
would resemble hydrogen ones in shape and size, and not calcitun ones; 
as we have said, a relatively slight increase in 7, is sufficient to form 
ealcium flocculi. 

These latter considerations [104] regarding helium flocculi are fully 
eonfirmed by observation. According to the results of M. and L. p’Azam- 
BUJA, there is a very close similarity in the appearance of spectrohelio- 
grains taken in the line 4 10,830 A of He I and in the H, line, the only 
difference being that the flocculi are bright in H, and dark in 4 10,830 A. 


However, A. A. Nixitrn [115] has shown that the appearance of this 
heliuin absorption line 4 10,830 A in the spectrum of disturbed regions 
of the Sun’s dise can be explained by supposing that it is formed on 
account of an accumulation of helium atoms in the 238 state, as a 
result of recombinations to all the triplet levels. 

The exact correspondence between hydrogen and helium flocculi 
shows, inter alia, that the state of excitation and ionisation in regions 
where there is bright floccular radiation must be fairly high — higher 
than would correspond to a temperature of T, = 7500°. The latter 
teinperature would be quite inadequate to bring about any noticeable 
ionisation of helium. 

On the other hand, the excitation state cannot be very high, since 
we should then notice the bright line 4 5876 of He I. 

Let us now turn to the last question, that of the origin of the increased 
kinetic temperature in flocculi and of the anomalous ionisation of 
hydrogen and helium. It might be supposed that these phenomena are 
related to the anomalously strong coronal radiation above the faculae 
(and flocculi). The anomalously strong ultra-violet radiation of the 
corona ionises the chromospheric hydrogen, and this in turn leads to 
a raising of the kinetic temperature of the electrons. However, we must 
bear in mind that the faculae lying beneath the flocculi are physically 
connected with them, and the above “ultra-violet” theory cannot be 
regarded as corresponding to reality in the case of the faculae, since 

24* 
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the optical thickness of the latter is very large in the ultra-violet region 
of the spectrum. Furthermore, this mechanism cannot easily explain the 
fact that the regions of the corona where the intensity of monochromatic 
coronal radiation is enhanced usually occupy positions on the Sun of 
quite large vertical and lateral extent. Hence we should expect that the 
arca occupied by (e. g.) helium and hydrogen flocculi would be even 
greater than that occupied by calcium flocculi. This is completely 
contradictory to observation. The regions which are bright in H, and 
correspondingly dark in 4 10,830 A of HeI often take the form of narrow 
curved strips or Separate points; in some cases, the bright radiation in 
H, follows the arms of vortices, and so on. 


Contrary to the above hypothesis, it may be assumed that the 
anomalous conditions in flocculi, the anomalous temperature gradient 
in faculae (where there is neither radiative nor convective equilibrium), 
and the anomalous ionisation of Ca II and of other elements in faculae, 
are all the result of the existence of very hot coronal matter in these 
regions, which is found alongside the low-temperature material of the 
chromosphere. The effect of the coronal matter on this latter material 
should appear most strongly for high excitation and ionisation energies, 
and this is in fact the case. Such a coexistence of two different “phases” 
of inatter is observed, for instance, in prominences (sce Chapter 20). This 
hypothesis is in accordance with the fact that the monochromatic 
radiation of the corona is especially strong directly above facular regions. 


8. Chromosphieric flares. To conclude the present chapter, we shall 
bricfly discuss the subject of chromospheric flares. A chromospheric 
flare is a sudden increase in the brightness of an individual region of 
the solar surface, which is most frequently observed in the H, line, but 
appears also in some other lines of the solar spectrum, for example, in 
the lines of He I, Call, Fel, Fe Il, Si li, Till, Sr II, Se TJ, the D, 
and D, lines of NaI, ete. The D, line of Hel is soinetimnes observed 
in absorption also. Very rarely, an intensification of the continuous 
spectrum also is observed in the region of a flare. 


Flares most frequently appear in the region occupied by bright 
flocculi, and, as a rule, near sunspots. Sometimes, though very rarely, 
they appear in a region where no other feature was previously scen. The 
areca occupied by a flare varies in different cases, sometimes reaching 
0-005 of the surface of the Sun’s disc. 


Flares, if observed at the limb of the disc, are similar in appearance 
to low but very bright prominences. The matter in these “prominences”’ 
inay lie cither inside or outside the chromosphere. In some cases the 
flares are situated cven deeper, in the photosphcre (F. ELLERMAN). These 
flares appear in the form of emission in the wings only of the H, line. The 
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bright emission in the central parts of the linc, where the absorption 
coefficient is large, is in this case stopped by the higher-lying atoms of 
the “reversing layer’. 

The observed area of a chromospheric flare lying at some distance 
from the centre of the dise is composed of two parts. The first part is 
the projection of the “‘lateral surface” of the flare, while the other is the 
projection of the “top” of the flare. An analysis of measured areas of 
flares observed at various distances from the centre of the disc [180] 
gives a law of the form e~?", with «&-! = 20.300 km, for the distribu- 
tion of the altitudes of flares. 


The cinematography of flares at the Sun’s limb shows that they 
have a very great varicty of forms. Some characteristic instanees have 
been described by H. W. Dopsox and R. R. McMartin [37], and also by 
A. B. SEvERNYI [131]. 

The brightness of a flare in H, usually inereases rapidly and then 
deercases more slowly. An investigation of the development of chromo- 
spheric flares by A. B. S—EVERNYI and E. F. SHaposunikova [135], 
using cinematography in H,, shows that flares, including small ones, 
appear on the average at the rate of one every 7 hours during the lifetime 
of a spot group, even during years of medium activity (1951 to 1953). More 
than 30°%% of all flares are seen to be in motion (in a “sideways” or 
horizontal direction), in the same manner as sunspot prominences (with 
velocities of up to 300 kim/sce); the remainder show a more or less 
simultaneous expansion of their area in all directions. As a rule, the 
brightness of a flare inercases together with its area, and the more rapid 
the expansion, the greater the maximum brightness reached. The 
“lifetime” of a flare (the half-width of the brightness curve) is the greater, 
the greater the arca of the flare. 


A number of investigators have also established that the brightness 
of a flare and the width of the H, line vary in a correlated manner. 


The contour of the H, line in the spectrum of a flare is shown in 
Fig. 51. This figure represents a flare of modcrate brightness. In the 
case of intense flares, the brightness of the central peak may exceed that 
of the adjoining continuous spectrum by a factor of 1-5, or sometimes 2. 


The study of the spectra of flares has shown that the bright ecntre 
in the H, and other lines is not, as a rule, displaced relative to the 
normal position of the lines coneerned. In other words, the luminous 
matter in a flare has no appreciable velocity in the line of sight. It is 
possible that in some cases a motion of the matter above the photosphcre 
takes place in the earliest period of the existence of the flare, but the 
brevity of this period causes great observational difficultics*. 


* One such case is described by Dopson and McMatit [37]. 
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A prominence (or several prominences) is usually ejected from the 
region occupied by a fairly bright flare, and this prominence belongs 
to the surge class. The matter, having been ejected, moves upwards 
with high velocity to a certain height, and then returns downwards 
along the same trajectory. In projection on the disc, this matter is 
visible in H, light as a dark spot on the brighter background of the dise. 
The ejection of matter is, however, sometimes not followed by its return. 


The appearance of a chromospheric flare on the Sun is accompanied 
by bursts of radio emission from the region of the flare. A study of this 
radio emission at decimetre and metre wavelengths has revealed a 
number of interesting features [86]. Moreover, motions of the radio 
source from the flare out into the corona have been discovered. It is 
not yet certain whether this motion is related to the surge prominence. 


Bright chromospheric flares are usually accompanied by a sharp 
deterioration in the reception of short radio waves. Moreover, if the 
flare is in the central part of the Sun’s disc (not more than 45° from 
the centre of the disc), and if it is sufficiently bright, then a perturbation 
of the Earth’s magnetic field and interference with radio communication 
are observed about 24 hours after the appearance of the flare. 

Finally, it should be 
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This is inost markedly 
apparent in the H, line. For very intense flares, this reversal in H, extends 
over a large wavelength range, so that the total width of the “wings” of 
the reversal may reach 16 A. Fig. 58(a) shows the emission contour of 
the H, line for the large chromospheric flare of 5 August 1949, obtained 
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by A.B. Severxyi and E.R. Mestre.’ from spectra taken by them 
at the Crimean Astrophysical Observatory. This contour (the red wing) 
was obtained by subtracting the intensity of radiation in the H, line 
in the spectrum of the undisturbed parts of the solar surface from 
the intensity observed in the flare. (This contour gives only the “extra” 
radiation due to the flare. In a theoretical analysis. we have to start 
from the contour actually observed and apply formula (21.32).) We sce 
that the wings of the H, line in emission extend to 6 or 7 A from the 
centre of the line. The Hy, H,,... lines in the spectra of flares are 
considerably narrower. Fig. 58(b) shows the contours of the H, and H, 
emission lines in the spectrum of the same flare. The half-width of H, 
is here only about 2 or 3 A. The letter (H) marks the radiation in the H 
linc due to the surge prominence ejected from the flare. 


Two main questions arise regarding these results: firstly, what 
brings about so great a broadening of the H, emission line in flares, 
and secondly, why the Hg, H,, ... emission lines are narrower than 
the H, line. FE. R. Musren’ and A. B. SEvernyi [111] have shown that 
the wings of the H, emission line are due to ordinary processes of 
radiation damping, whereas the broadening of the H,, H4. H,, ... lines 
is caused by the Doppler and Stark effects. This hypothesis explains 
the contours of all these lines in the spectrum of the flare (apart from 
the centres of the H,, Hs and H, lines, where the hypothesis that P, 
is constant with depth involves considerable errors). It was necessary 
here to take account of self-absorption in the central parts of the lines, 
it is particularly strong for the H, line. 


The theoretical contours were calculated from formula (21.31a).* 
In the ease of damping and the Doppler effect (for H,), the coefficient s, 
is determined by formula (11.39), in which the quantity day enters 
as a parameter. 


On the other hand, for the H,, Hj and H, lines the value of s, 
is determined by the simultaneous action of the Doppler and Stark 
effects.f Thus, we have to account for all the emission contours of 
H,. Hg, H,, Hs, H., ... by choosing three parameters: Ny, 2, and Avy, 
where N, is the number of hydrogen atoms in the second excitation 
state above | cm? of the base of the flare. For the flare of 5 August 1949 
it was found that for the brightest parts V, = 1:3 x 1015, n, & 3 x 101°, 
and Ay, corresponded to a temperature 7’ ~ 11,000°. 


The above-mentioned conelusion that the broad wings of the H, line 
in the spectra of chromospheric flares are caused by radiation damping, 
and that the optical thickness of flares in the central parts of this line 


* Tt would be more eorreet to start from formula (21.32a), but no great error 
arises in the numerieal results through not doing so. 
t For a table of values of s, for the lines H, to Hy, see S. Verwey [1@1]. 
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must be very large, has been confirmed by recent work by L. GoLpBERG, 
H. W. Dopson and E. A. MULLER [4-£]. Furthermore, these authors find 
that the increase, derived from observation, in the width of the emission 
line H, with distance from the centre of the Sun’s dise indicates that, 
when the flare is at the limb, the optical path in it is large (i. c. the 
number of atoms in the line of sight is large). This means that the height 
of a flare is usually less than its linear dimensions in the “horizontal” 
direetions. 

Knowing the absolute intensity of radiation in the H,, Hg, ... lines, 
we can also determine Ny, Ny, ... i.e. the number of emitting atoms 
in the respeetive quantum states. Let us consider, as an example, the 
H, line. 

According to (20.1), the integrated intensity in the H, line is deter- 
mined by 


Igg = Na Age hv 3/4 2 , (21.33) 


where self-absorption is supposed absent. If the emission (and absorption) 
processes are determined by radiation damping and the Doppler effect, 
the law which gives the frequency distribution of the emitted energy J, 
is given by formula (11.39). Aeeording to what we have said coneerning 
this formula, the required law for the ease a < 1 has the form 


1 —(deldep 6. Avy 
= _ , 21.34 
$(») |aAvp f + 2m) ( ) 


where 


oo 
[ody =1. (21.35) 
0 

Thus the value of J, for any frequency y is, for transitions 3 > 2, 


(21.36) 
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Yor the extreme wings, the first term is negligible. In this case, J, has 
the form 


1 = Askren 52 (21.37) 


¥ 422 (v—)* ° 


Consequently, having found J, in the wings from observation, we can 
determine N, also. For the flare of 5 August 1949, the value so found 
was V, ~ 3 X 1014, which is two or three orders of magnitude greater 
than for the ordinary chromosphere. 
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A comparison of the energy radiated in the H, line in the flare and 
in the chromosphere shows that the increase in this energy in the flare 
is a direct consequence of the increase in n,. which by (21.21) brings 
about an increase in the number of recombination processes. Thus, in 
a flare we are concerned simply with an increased ionisation of hydrogen. 


Since the value of N, is very large in bright flares, these radiate 
a very great amount of energy in the Lyman « line. It is possible that 
this energy is sufficient to bring about the observed changes in the 
state of the Earth’s ionosphere. However, there are difficultics to be 
met here, since, according to the most recent results, the solar radiation 
in the Lyman « line, in its path to the D layer, is strongly absorbed 
by the higher layers of the Earth’s atmosphere. 

The great width and intensity of the Lyman « line might explain 
the ejection of hydrogen atoms from flares (with velocities of up to 
1000 or 3000 kin/sec) under the action of radiation pressure. The existence 
of such currents of hydrogen atoms above flares follows, for instance, 
from. the observed asymmetry in the emission contour of the H, line 
in flares (M. A. Extison [40]). Moreover, the existence of these currents 
should be expected on account of the occurrence of geomagnetic 
disturbances of a corpuscular naturc, observed approximately 24 hours 
after the appearance of a bright chromospheric flare on the Sun. However, 
the idea of radiation pressure meets with serious difficulties, since the 
hydrogen atoms, in their motion away from the Sun, should be ionised 
by the Sun’s coronal radiation, which would considerably reduce the 
radiation pressure. 

We have here discussed the emission line spectrum of hydrogen in 
flares. It is found that the contours of the H and KX emission lines of 
ioniscd calcium in flare spectra can also be interpreted as the result 
of Doppler broadening and radiation damping [13+]. For the flare of 
13 June 1950, the following parameters werc obtained from a comparison 
of theory and observation: V,(Ca Il) = 7-2 x 10!§ cim-?; for the H line, 
N, = 0-64 x 10% cm-2; for the K linc, NV, = 1:25 x 104% em-*, where 
N, gives the number of atoms in the second excited state of Ca IT. For 
the same flare it was found that the turbulent velocity vu, apparently 
could not exceed 7 to 10 km/sec. 

The energy radiated by a flare in the ultra-violet region of the 
spectrum may ionise atoms in the reversing layer. This has been directly 
confirmed by the results of i. R. Musrev’ and A. B. Severnyt [110]. 


We inay make some remarks concerning the origin of the continuous 
spectrum observed in some of the brightest chromospheric flares. 
I. M. Gorvon [49] thinks that here we are concerned with the radiation 
of relativistic electrons in inagnetic fields, the presence of which near 
chromospheric flares he postulates. However, there are more natural 
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ways in which this phenomenon could be explamed [10S]. Firstly, this 
continuous emission may be due to recombinations. Calculation shows 
that. for very bright chromospheric flares, this mechanism may be 
sufficiently effective. Secondly, and more probably, the continuous 
radiation might be formed when the lower parts of the flare are in the 
photosphere. We have seen that chromospheric flares are situated at 
very different levels. [t is therefore quite natural to suppose that some 
very bright flares occupy a fairly wide range of altitudes. including the 
photospheric layers. In this case an increase in the temperature of the 
photosphere by 150° or 200° would be sufficient to give the observed 
intensity of continuous radiation. This increase may be caused by the 
transfer of thermal energy from the flare to the neighbouring parts of 
the photosphere. 


The question of the origin of flares is still unresolved. However, 
two possibilities may be mentioned: (1) a flare is a kind of electric 
discharge in the chromosphere, which results in an increase both in 
the clectron temperature and in the ionisation of hydrogen; (2) a flare 
is a sudden transfer of coronal matter from the lower layers into the 
chromosphere and an increased ionisation of the chromosphere in the 
neighbourhood of the flare (the same is true of flocculi). It is as yet 
difficult to say which of these two hypotheses corresponds more closely 
to reality. Further investigations are necessary before we can co so. 


Chapter 22. The corona and the radio emission 
of the Sun 


1. General description and spectra. The outermost and most extensive 
part of the Sun’s atmosphere, the corona, could for a long time be 
observed only during a total eclipse. This was duc to the fact that the 
surface brightness of the corona is about a million times less than that 
of the photosphere. In photographs, the corona has a complex structure. 
It was shown by A. P. Ganskit that the shape of the corona depends 
on the phase in the cycle of solar activity: at maximum, the corona 
surrounds the Sun’s dise nearly uniformly, while at minimum it is 
markedly flattened at the poles. The total brightness of the corona, 
according to V.B.Nikonoy and E. K. Nrkonova [I16], also varies 
with the phase. The corona is characterised by a ray strneture: there 
are polar rays, which are similar in form to the lines of foree near a 
magnetised sphere, intense straight rays above faculac, based on chromo- 
spheric spicules, and rays above spots, which diverge at their base 
towards the sides of the spot and approach again at greater heights. 
Prominences are usnally surrounded by a system of cupola-like envelopes, 
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above which rise helmet-shaped rays. These in turn divide into jels, 
between which there is more rareficd matter. The structure of the 
corona has been investigated in detail by Soviet scientists [25, 17-1]. 

The colour of the corona is in general close to that of the Sun, although 
G. A. TrKnov has discovered that the outer parts of the corona (other 
than the rays) are slightly reddened in comparison with the photosphere. 

The spectrum of the inner parts of the corona is a continuous one, 
on.which bright lines are superposed; 24 coronal lines are at present 
known. The distribution of energy in the continuous spectrum of the 
corona is very similar to that in the continuous spectrum of the Sun. 
Among the bright lines, the green line 2 = 5303 A, and in some regions 
the red line 4 = 6874 A, are particularly noticeable. These lines are 
so bright that B. Lyor in 1930 succeeded, by selecting them, in observing 
the inner parts of the corona outside eclipse. During the observations, 
careful steps were taken to diminish the scattered light of the Sun in 
the instrument, the coronagraph itself being located on a mountain 
top to minimise the trouble due to light scattcred in the atmosphere. 








Observations outside eclipse have shown that the green and red 
lines are strong in individual regions of the corona, which are called 
green regions and red regions, and ave concentrated round the active 
regions of the Sun, their connection with spots and other objects on 
the surface of the Sun being well defined. At fairly high latitudes 
(¢ > 60°) the green line is seldom observed, and at the poles the red 
line vanishes also. 

In the outer parts of the corona (at distances of 0-2 to 0-3 Re from 
the Sun’s surface) the emission lines become faint in comparison with 
the continuous spectrum, and absorption lines appear, which have ap- 
proximately the same width as in the Sun’s spectrum, but are much 
less deep. It has been found empirically that the spectrum of the corona 
can be regarded as a superposition of two spectra: a Fraunhofer compo- 
nent, in which the absorption lines have the same depth as in the Sun’s 
spectrum, and a non-Fraunhofer component, in which there are no 
absorption lines at all. 

The energy distribution in the non-Fraunhofer component of the 
spectrum is close to that in the continuous spectrum of the Sun, but 
exhibits some diminution in intensity in the violet region of the spectruin. 
The radiation of the corona is partly polarised. At the present time it 
is regarded as established with certainty that the non-Frannhofer radia- 
tion of the corona is duc to the scattering of the light of the photosphere 
by free electrons. It is known that a free electron scatters in a given 
direction a fraction ds, of the radiation incident on it: 

oe! 
2m? ct 


ds, — (1 + cos? 0) dw. (22.1) 
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The total effective cross-section, or scattering coefficient, is 


Saf e \? : 
S => ic = “3 (<.) ’ (22.2) 


so that s, is independent of the wavelength. The scattered light is 
completely polarised if the angle by which the quantum deviates from 
its original direction (the scattering angle) 0 = 90°, and is unpolarised 
if 6 = 0° or 180°. For other values of 0, the scattered light is partly 
polarised. As we move away from the surface of the Sun, 8 approaches 
90°, and the polarisation of the non-Fraunhofer component increases. 


The corona is composed of ionised gases, which are as a whole neutral, 
sinee no considerable volume charge can exist, on account of the high 
conductivity of the Sun’s atmosphere. The negative charges of the 
electrons exactly balance the positive charges of the ions, which are 
chiefly protons, since the atmosphere of the Sun consists mainly of 
hydrogen. We shall discuss below the chemical composition of the corona. 


The absence of absorption lines in the spectrum of the inner corona 
is explained by the obliteration due to the large Doppler broadening 
when light is seattered by fast-moving electrons. 


Each cleetron scatters radiation non-selectively if it is stationary 
relative to the source (the Sun) and to the observer. If the eleetron 
is in motion, the frequency of the scattered light will differ from that 
of the ineident radiation by a quantity determined by the velocity 
of the electron relative to the Sun and to the observer. The velocity 
corresponding to the boundary temperature of the Sun, i. e. 5000°, is 
sufficient to obliterate faint lines, but G. A. SHain [142] has shown 
that in the inner corona no traces are observed even of the very strong H 
and K lines of Ca LI. It is easily calculated that an electron velocity 
dispersion corresponding to a kinetic temperature of over 500,000° is 
necessary to produce this amount of oblitcration. 

The Fraunhofer component of the radiation of the corona is duc 
to the seattering of the Sun’s radiation by small solid dust particles, which 
move in interplanctary space (H.C. van pE Hutsrt, C. W. ALLEN). The 
seattering of the Sun’s radiation by these particles causes the zodiacal 
light. In the immediate neighbourhood of the Sun, these particles would 
vaporise and they eannot exist there. Nevertheless, an increase in the 
brightness of the Fraunhofer component towards the Sun is observed 
(in the inner eorona, the Fraunhofer component is not observed, despite 
its greater brightness, since the brightness of the electron eomponent 
increases there to a still greater extent), and this is explained by the 
particular nature of the scattering. The indicatrix of seattcering has a 
sharp maximum in the dircetion of the light incident on the dust particle, 
and hence we sce light scattered by particles lying between the Sun 
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and the Earth. In order to “see” particles Iying at a large angular 
distance from the Sun, we should have to detect light scattered through 
a large angle, and the effective cross-section for this kind of scattering 
is very small. 


Such a theory gives a good explanation of the observed properties 
of the Fraunhofer component of the radiation of the corona, namely, 
the brightness’ being independent of the position angle, the slow 
decrease in brightness with distance, the slight reddening compared with 
the colour of the Sun. and the absence of polarisation, and it is generally 
accepted at the present time. Thus only the non-Fraunhofer component 
is emitted by the corona itself, and in what follows we shall discuss only 
this component. 


2. The electron concentration. It is natural to ask how the concen- 
tration of the electrons which give the observed brightness of the conti- 
nuous spectrum of the corona can be determined. Unfortunately, there 
are few observations of the corona which are suitable for photometric 
reduction. S. BaumMBAcH has studied photometric data from ten eclipses, 
and has obtained the brightness distribution in the corona (including 
the Fraunhofer component), averaged over all the observations and 
over position angles, as a function of g, the distance from the centre 
of the disc in terms of the Sun’s radius. This distribution is represented 
by the empirical formula 

1(o) _ on 4 “ 4 ae . 

The unit of J(o) is a millionth part of the brightness of the centre 
of the Sun’s dise. Since the energy distribution in the continuous spectra 
of the Sun and of the corona is very similar, the relation (22.3) holds 
for all frequencies in the visible region of the spectrum. The brightness 
of the corona depends very noticeably on the phase in the solar activity 
cycle and on the position angle, and hence (22.3) gives only an approxi- 
mate mean value of J (9). 


The surface brightness (intensity) (9) and the emission coefficient* 
j(r) are related by the integral equation 


I(o) = f i) ay, (22.4) 


if the corona is assumed to be spherically symmetrical] and scattering 
is isotropic (i.e. we neglect the dependence of ds, on 0). Solving the 


* j(r) is referred, not to 1 cm? as usual, but to a column oriented along the y 
axis, of length Rog and cross-section 1 em?. 
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integral equation (22.4) in the same manner as (21.6), but taking into 
account the greater extent of the corona, we find for j(r) the expression 


df 
0-:0804 1-452. 4-157 oo x 
) (r) = rile + fa + pis ° 22.5) 


On the other hand, 7(r) can be written in the form 


. . Ig dw ‘ 
7) =& Ro ne(r) [ =O. (22.6) 


The factor Rg (the radius of the Sun in centimetres) appears on the 
right-hand side because we have uscd the Sun’s radius as the unit of 
length of dy in (22.4). The integration must be over ¢ from 0 to 22, 
and over the seeond spherical co-ordinate py from 0 to py. where yy is 
half the angle subtended by the Sun at a point P distant r from its 
centre. The expression (4.34), which takes account of the darkening to 
the limb of the Sun’s dise: 


Ig =1o°(1 —u + wu cos 0), (22.7) 


is taken for the intensity of the incident radiation J. After a series of 
calculations, BAUMBACH found the following formula for », (7): 


0-0304 1:45 4°16 
7a + r* + ris 
Ne (r) = R sae 


9 Bd He? { —w) (1—y/[i—3})+ bu [!—r (1— log, V/(771)]} 
(22.8) 


which, putting « = 0-8 (for the photographic region of the spectrum), 
he replaced by the simpler interpolation formula 


0-036 , 1-55 | 


ne(r) = 108 (ORR 4 PP ne (22.9) 


We sce that the density in the corona decreases very slowly with distance. 


Baumpacit’s data have been subjected to a series of corrections. 
H.C. vaAN DE Hutst has excluded the Fraunhofer component, which 
does not belong to the corona, from the total brightness of the corona, 
and has calculated 2, (r) with the new value of J(9). In the outer corona, 
the difference between his results and the previous ones is quite con- 
siderable. 

A. IF. Bocoropskii and N. A. KursKutova [23] have carried out 
a calculation of 7,(r), taking into account the fact that ds, depends on 6. 
The calculation presents great mathematical diffieulties, and we shall 
not explain it in detail. 
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An element of the corona of volume 1 cin at the point P (Fig. 59), 
which receives radiation Jg dw from an element dS of the photosphere, 
scatters into unit solid angle in the direction of the observer an amount 
of energy 


e! dw 


2 meet Mel”) La (1 + cos" 6) in: (22.10) 


The total amount of energy scattered by unit volume of the corona 
into unit solid angle in the direction of the observer is obtained by 
integration: 


. e3 an, dw By) 
TT) = oes Melt) Re J Ig (1 + cos" 6) dn? (22.11) 


where the integration is over the solid angle subtended by the Sun at 
the given point in the corona. 
This equation is similar to (22.6). 
Using (22.4), and solving com- 
plicated integral equations, these 
authors have found the values 
of n,(r) given in the second co- 
lumn of Table 15. These results 
differ from those of VAN DE 
Huust, 2, being up to 30% 
greater. However, these values 
also are a very rough approxi- 
mation, since in reality the 
density of the corona varies with 








Tic. 59 : ; _ 
time and with position angle. 
Table 15 
Corona with = yyayimum Minimum corona 
r spherically symmetric ~ Corona oo 
density distribution coron equatorial polar 
1-00 519 x 108 403 x 108 227 x 108 174 x 10° 
1-03 316 178 127 
1-06 235 132 87-2 
1 156 160 90-0 53-2 
1-2 re) 70-8 39-8 16-3 
1-3 41-4 37-6 21-2 5-98 
1-5 18-3 14-8 8:3 1-4] 
1-7 8-8 7) 4-0 0-542 
2-0 3°36 2-8] 1-58 0-196 
2-6 0-73 0-665 0-374 0-040 
3-0 0-313 0-176 0-017 
4-0 0-090 0-050 0-004 
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VAN DE HULst. using the work of V. B. Nixkonov on the variation 
of the total brightness of the eorona, has attempted to avoid such 
approximations. He considers separately the corona at maximuin and 
minimum, taking the ratio of their total brightnesses as 1-84. He assumes 
the maximum corona to be spherically symmetrical, and the minimum 
corona to consist of an equatorial part, occupying 0-7 of the limb, and 
polar parts. 


After a critical discussion of BAuMBACH’s original data. and using 
the ratio of the brightnesses of the equatorial and polar parts of the 
corona obtained at the 1923 eclipse, van DE Hust derived from these 
data the brightness of the maximum corona and of the equatorial part 
of the minimum corona. The Fraunhofer component of the radiation 
was excluded, and from measurements of photographs of the 1900 
eclipse he obtained the law of deerease of the density with 9 for the 
polar region. 


From all these results van DE Hutst ecaleulated »,(r) for the inaxi- 
mum corona and for the equatorial and polar parts of the minimum 
corona. The dependence of s, on 0 was taken into account in the ealeu- 
lations. The results are given in the third, fourth and fifth columns of 
Table 15. 


The systematic difference between the results of A. F. Bocoropsk1i 
and N. A. KamnkuLova and those of van DE HuLst is apparently 
explained by the fact that vAN DE HuLst, being unaware of the latest 
observations by the Nikonovs, which gave a very low value for the 
total brightness of the minimum corona in 1945, took too small a value 
for the ratio of the brightnesses of the maximum and minimum corona. 
Moreover, VAN DE Hutst did not use the observations of 1940, when the 
brightness of the corona was much greater than the mean brightness of 
the minimum corona which he took. Besides n,, VAN DE HuLst calculated 
the degree of polarisation of the corona at maximum and minimum, as 
a function of g. A comparison with observation shows an agreement in 
the form of the function; quantitative discrepancies are apparently 
explained by the reasons mentioned above. 


The anomalous extent of the corona was for long unexplained. If the 
corona were in hydrostatie equilibrium at the boundary temperature of 
the Sun, its extent would be some hundreds of kilometres. In 1947 
H. ALrvEn, assuming that the corona is in fact in hydrostatic equilibriuin 
(as was later confirmed by a number of investigations), caleulated the 
temperature 7’, from the observed density distribution, assuming the 
eorona to consist of ionised hydrogen. He obtained for 7 a value of 
about 1,000,000°, the temperature falling slowly with distance in the 
outer corona. His considerations are briefly as follows. 
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The condition of hydrostatic equilibrium, without taking account 
of radiation pressure, ean be written in the form 


dp/dr =—go. (22.12) 


Sinee the corona, on the above hypothesis, consists only of hydrogen 
atoms, and these completely ionised, the total number of particles in 
1 em? is 2”,. Hence 


p=2n, kT, 0 =n, mg. (22.13) 


From these formulae it is not difficult to determine the temperature from 
the observed density of the corona. The result is not significantly changed 
when the presence of other elements (helium, etc.) in the corona is taken 
into account. 


3. The identification of coronal lines. For a long time the emission 
lines of the inner corona were ascribed to a hypothetical clement called 
coronium. However, as Mendeleev’s Table was filled up, attempts 
were repeatedly made to identify these lines with lmes of clements 
already known. In 1939 W. Grotrian found that the wave numbers 
of forbidden transitions between sub-levels of the ground states of Fe X 
and Ic XI were close to the wave numbers of two coronal lines. Later, 
B. Ep.éyn carried out a large amount of work on the identification of 
other coronal lines. He obtained the spectra of highly ionised elements, 
lying in the far ultra-violet region, in a spark discharge in a vacuum 
spectrograph. Having determined the wavelengths of the permitted lines 
and constructed from them a term diagram, he determined from this 
the wavelengths of the forbidden transitions between close levels. By 
this means two more lines were identified with transitions of Ca XII 
and Ca NIT. Epitx did not sueceed in obtaining experimentally the 
lines of more highly ionised elements, and resorted to a theoretical 
extrapolation of the splitting of inultiplets in various isoelectronic series 
(i. c. series of ions with inereasing atomic number and degree of ionisa- 
tion, having the same numbers of electrons). By this means the term 
differences of highly ionised atoms were determined and compared with 
the observed wavelengths. 


In this way 19 lines out of 24 were identified with lines of highly 
ionised ions (the line 5694-4 was incorrectly identified, as has been 
shown by I. S. SHkLovsk1i; in the table it is listed as unidentified). 
A complete list of coronal lines and their identifications is given in 
Table 16. 
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Table 16 








Intensity 
. Meaty] : saaal ~ - 

A Go. sais Lyot Identification Asce Enk Lr 
3328 1-0 Ca XII 2s?2p'2P,—°P, 488 «3-725 89 
3388-1 16 Fe XIL3s?3p2'D,—9P, 875-96 325 
3454-1 23 | | 
3601.0 21 NIXVI3s?3p2P,—2P, 198 3-44. 455 
3642-9 Ni XID 3s?3p'?D,—3P, 18 5-82 | 350 
3800-8 | 
3986-9, 0-7 4-7 Fe XI 38? 3p! 1D, P, 95 4-68 | 261 
4086-3 , 10 10 Ca XIII 2822 p'9P,—9P, 319 3-03 -655 
49314) 26 9 355 Ni XI 39? 3p) *P,—*P, 237-293 318 
4311 
4359 AXIV 2s?2p2P,—°P, 108 284682 
4567 11 4 
5116-0 43 9.2 | NiXHI3s?3p!3P,—9P, | 157 2-42 350 
5302-9 100 100 100 | Fe XIV 3s?3p2P,—*P, | 60 234 | 355 
5446 ye 
5536 . | AX 2872p52P,—2P, 1062-24 | 421 
5694-4 | 1-2 se | 
63745 8-1 | 40-9 ; 18 Fe X 3s? 3p5?P,—*P, 69 «1-94 | 233 
6701-8 | 54 | 77 20 Ni XV3s?3p29P— 9p, | 57 185 | 422 
7059-6 9.2 FeXV3s3p°P,—P, 31-7 390 
7891-9 13. Fe X38? 3p! 4P,—P, 440-2157 261 
8024-2 0-5 NiXV3s?3p?9P,—°P, | 22 3:39 422 

10,746-8 55 | Fe XII 3s23p2°P,—"P, 1415385 
10,798-0 35 Fe XU 3823 p29P,9P, 9-72-30 825 


1 


The second, third and fourth columns of the table give the results 
of incasurements of the relative intensities of the lines during eclipse 
(Grotrian, G. A. Suaty [142]) and outside eclipse (B. Lyot). The sixth 
column gives the transition probabilities, the seventh gives the excitation 
potential of the initial level (the line at 7059-6 A is formed by transitions 
between sub-levels of the second state), and the cighth gives the ionisa- 
tion potential relative to the preceding ionisation state. 

The following cireumstanee may serve as confirmation of the corrcet- 
ness of EpDLEN’s identification. Lyot divided the observed lines into 
groups such that lines in the same group exhibit a similar distribution 
along the limb of the Sun at a given moment. Independently, G. A. Suan 
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(1-41) divided the lines into groups according to their simultaneous 
strengthening or weakening in intensity during various eclipses. Despite 
the fact that the principle of the division into groups was completely 
different, the composition of the groups was approximately the same. 
This means that the intensities of the lines depend on the physical 
conditions and not on the chemical composition, so that the lines of 
a single group, under the same physical conditions. behave in the same 
way. A comparison of these groups with Table 16 shows that the ions 
of cach group have nearly equal ionisation potentials, on which the degree 
of ionisation of the atoms and the behaviour of the lines depend. 

Why can forbidden lines be observed m the corona ? Their appearance 
requires, firstly, a low density of matter (in order that the time interval 
between two successive collisions of the second kind for one ion should 
be greater than the lifetime of an ion in the corresponding inetastable 
state) and, secondly, a low density of radiation which transfers the atoms 
upwards from the metastable level. The first condition is fulfilled in 
the corona, since the probabilities of forbidden transitions are relatively 
large. The second condition ts fulfilled because the excitations of an ion 
from a metastable level to higher non-metastable states require a large 
amount of energy, of the order of tens of clectron-volts, and the intensity 
of solar radiation is small in the far ultra-violet region. 

Wherein lies the cause of such a high degree of ionisation ? 


4. The ionisation of atoms in the corona. It may be regarded as now 
firmly established that the extremely high ionisation of the atoms in 
the corona is explained by the high kinetic temperature, which reaches 
a million degrees. The absence of absorption lines in the spectrum of 
the inner corona, and the small density gradient, also indicate a high 
temperature in the corona. 

The emission lines in the corona have a half-width of about 0-5 A. 
Since the lines are forbidden (Ai = 0), their natural width 6, is extremely 
small and need not be taken into account. The random (apparently 
turbulent) velocities of motion of the matter in the corona do not exceed 
5 to 10 km/see and again cannot explain the observed half-widths of 
the lines. Hence these can be accounted for only by thermal motions, 
and they correspond to a temperature of over 1,000,000°. 

Finally, observations of the radio emission of the Sun, which we 
shall discuss at the end of this chapter, also indicate a high kinctic 
temperature of the corona. 

The vast difference between the temperature of solar radiation in the 
corona and its kinetic temperature explains the marked deviation of 
the corona from the state of thermodynamic equilibrium and the unusual 
physical processes in it. The distribution of the atoms among the ionisa- 
tion and excitation states has to be obtained not from thermod ynainic 
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formulae, but from the condition for a steady state as regards the 
corresponding elementary processes (the numbers of any two converse 
processes are equal), 

Tor hydrogen, which has only one ionisation state, the eondition 
for a steady state has the form 


Zoi + Lei = Lor + Ler , (22.14) 


where the values of the first three terms are given by equations (8.9), 
(8.18) and (8.26). The number of triple collisions (Z,,) is sinall because 
of the low density of the corona, and can be neglected. A comparison 
of the two terms on the left-hand side [their ratio is given by (8.23)] 
shows that, under the conditions in the corona, Z,; > 4), if z, exceeds 
7 or S eV. 

Thus, in the corona the ionisation by collisions is balanced by the 
recombinations with emission of a quantum; these processes are not 
converse ones, and consequently the ionisation formula here cannot 
be Saha’s formula. In particular, the concentration of free electrons 7, 
does not appear in this formula, smee both the number of ionisations 
by electron collisions and the number of recombinations are proportional 
to n,. Moreover, the ionisation formula will be different for different atoms, 
since the nature and magnitude of the effective cross-sections q,,,(v) for 
ionisation by collisions depend on the particular structure of the atom. 
The ionisation of hydrogen and of metals in the corona has been considered 
by I. 8. Suxiovsxii. 

Let us consider the ionisation of hydrogen. The cross-section for 
ionisation of a hydrogen atom in the ground state by a fast eleetron 
(whose energy considerably exceeds the ionisation potential) is known 
from quantuin mechanics, and is 


Ine! oe 2m, v? 5a 1k 
Io(v) = m,v Yq 0-285 log, (oi ) ; (22.15) 


Substituting gq (v) in (8.18), integrating by parts and replaeing 
bm, v2 by x, we obtain 


2am, 


Z 2 1/ gen ef | mIATs » ( % 
Loi == Ne Ny 2 ] kp 0-285 Yo e log, 100 + Fy kT ; 
(22.16) 


where the exponential integral F,(z)/K7',) is defined by (6.35), we do 
not take into aecount the ionisation from excited levels, since the excita- 
tion of hydrogen is small under the eonditions in the corona. The value 
of Z,, is determined by equation (8.26), where £,, by (5.55) and (5.24), is 


Gon PP 32a RK, 9917 
(Boe = uy crm? v? 3 13 ch8 13 be J: (22.17) 
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Here go, = 2 k*, v is the frequency emitted in the recombination, which 
is related to the velocity v of the electron by (5.8), uw, = 1 for ionised 
hydrogen, and #& = », (the frequency of the Lyman series limit) is given 
by the expression (5.25). 

Substituting all these values in (8.26), neglecting stimulated reeom- 
binations (c3 9,/8 7h v3 < 1) and using the equation yy, = x9/n?, we obtain 


oOo 
—312 © ° —m, vy2kT 2 
l e Me € . meet 
_ ay v . Zo € 
Zor = Me Ny AT, no) * / (Xo/n? kT) + Ou, v2 /2 kT) als kT, + 2 iv.) 
v=0 
. co 
= nn, KT —3? S etl ke n-3 EY (yo/n2 kT) , (22.18) 
n=l 
where 
94 2 p2 B2 3 
K=, 7, SUCR ye = 2X1. — (22.19) 
2) at m,¢ (2am, k) {2 


For the higher terms of the series, stimulated recombinations cannot 
be neglected, but the value of the sum is largely determined by the 
first term. 

Substituting (22.16) and (22.18) in (22.14), and using (5.25) and the 
equation 7% = h FR, we find the ionisation formula for hydrogen 


my _ 33-0285 AH AT, e%!K%e log, 100 + Hy (Zo kT) 
Ny 27 28 melo . 


(22.20) 


al 4 [nt AT T 9 
; e* en-> Ey (xo/n? KT.) 
n= 


A 


As we have already said, the ionisation is independent of »,. For 
T, = 625,000°, n,/n9 ~ 108; for 7, = 1,560,000°, n/n » 3 x 10%. If 
the ionisation were determined by Saha’s formula with 7' = 7',, 2/19 
would be alinost 10° times greater, and for 7' = 5000° n/n y = 0-07. 


For an atom with many electrons, such as iron, the conditions of 
ionisation equilibrium take the form of a system of equations, cach of 
which expresses the equality of the numbers of elementary processes 
which lead to the appearance and disappearance of atoms in a given 
state of ionisation. In these equations, as in (22.14), triple collisions can 
be neglected, as can photo-ionisation (for all ionisation states, besides 
the first) and ionisation from excited levels by collisions. 


The effective cross-sections for ionisation by clectron collisions appear 
in the equations. The problem is complicated by the fact that, for highly 
ionised atoms, the ionisation energy is greater than the mean thermal 
energy of an electron, so that the ionisation is effected mainly by “slow” 
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electrons, and the exact values of the effective cross-section are unknown 

in this case. We shall use the formula (derived from classical considcra- 
tions) 

gr (v) = ae 2 ‘ 

pm, v bm, wy? + yx,’ 


— 
he 
lo 
lo 
_ 

~~ 


where v is the velocity of the colliding electron and ve, that of the electron 
detached from the atom. In our ease } m,v,7 < z,. This formula gives 
about the same value for g,(v) as does the approximate quantum- 
mechanieal formula, and roughly agrees with the experimental results 
for helium. 


For the number of recombinations, we take the expression 


oe 
r _ aye yy thea . O¢ 
Zor = Ne Mp ATF ZED ePRRMAT  n-3 BV (Z?2R Rn? kT) , (22.22) 
nan, 


which is a generalisation of (22.18) to the case of a hydrogen-like ion 
with nuclear charge Ze. In reality, the ions we are considering are not 
hydrogen-like. In this ease the quantity Ze can be regarded as some 
effective charge acting on the outer electron. In general, the application 
of (22.22) to a non-hydrogen-like ion may lead to considerable errors. 
However, the majority of the reeombinations take place to excited levels. 
These are, in praetice, hydrogen-like. A numcerieal solution of the system 
of equations of the steady state for Fe and Ni shows that to each value 
of 7, there corresponds a definite ionisation state which is most often 
found. 

At 7, = 600,000°, iron is chiefly in the state Fe X, and at 
T', = 1,200,000° in the state Fe XIV*. Thus the “red” and “green” 
coronal regions correspond to the temperatures mentioned. The fact that 
observation sometimes shows an intensification of both the red and the 
green lines at the same point in the corona is explained by the faet that 
the line of sight passes sucecssively through green and red regions. 
Observation shows that the regions of radiation from Ni XIII and 
Ni XV largely coineide with those of radiation from Fe XILI and 
Fe XIV respeetively. This is explained by the fact that the numbers 
of the respective ions in the given ionisation state reach a maximum at 
the same temperatures. 


5. The chemical composition of the corona. The corona is transparent 
to its own monochromatic radiation, because the absorption coefficient 
for the forbidden lines is small, and the total optical thickness of the 
corona in these lines is many orders of magnitnde less than unity. Thus, 
from the intensities of the emission lines we can forin an estimate of the 


* A. Werner has shown that a new value of the recombination coefficient 
for Fe XIV gives T, ~ 2,000,000° for the green regions. 
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total number of atoms which emit ina given Ime, Calculations relating 
to the chemical composition of the corona were first performed by 
IS. Sukrovsnii. 

Let J, (ge) be the energy emitted by 1 cm? ofthe projected corona in unit 
solid angle, integrated over the whole line. Observation usually gives 
the equivalent widths of the emission lines, referred to the neighbouring 
continuons spectrum of the same part of the corona, AA(o), i.e. the 
interval of the adjoinmg continuous spectrum which contains the same 
amount of energy as does the line. Knowing the intensity distribution 
I(o) in the continuous spectrum, determined by (22.3) (here it is unneces- 
sary to exclude the Fraunhofer component of the radiation, since A/ 
refers to the whole continuous spectrum), we find I,(0) = AA(o) I (0). 
An integral equation similar to (22.4) enables us to calculate the emission 
coefficient j,(r), which in turn determines the number of atoms 7, (7) 
in the initial state: 


4 ja(r) = (7) (Aig + Ove Buz) hv . (22.23) 


The values of x, (r) have been calculated from all the existing spectro- 
photometric observations of the monochromatic radiation of the corona. 
As a result it is found that, for r = 1.2, ,(r) has values from some 
tenths to some tens of atoms per cm? for various ions. 

Next, Iet us pass from the number of excited atoms to the total 
number of atoms in the ionisation state considered. To do this, we 
must examine various mechanisins of excitation. First of all, we must 
take account of excitation by electron collision. The number Z,, of such 
excitations is determined by a formula like (8.18), where q,,.(v) denotes 
the effective cross-section for excitation. The calculation of such cross- 
seetions for small relative velocities is an extremely difficult problem. 
We shall use the formula for the excitation of sub-levels of the same 
configuration of O ITT, calculated by D. H. Menzen and M. H. HEBB 
on the assumption of Russell-Saunders coupling*. Since excitation of 
sub-levels of the ground state also takes place m the corona, we can 
assuine, as a first approximation, that the chief property of O IIT (the 
large value of q¢,,.(v), which is of the order of ten times the value found 
from the kinetic theory of gases) holds for the coronal ions also. A com- 
parison of theory and observation allows us to test this assumption. ‘The 
population of an excited level depends both on excitations by collisions 
and on recombinations followed by cascade transitions to the level in 
question. It is easy to see that Z,, > Zy, since (qe >> (g,)z and hence 
recombinations to excited levels, which are fewer in number than 2, 
need not be considered; they are rare in comparison with direct excitations. 


* M.J.Sraton has reeently obtained new values for the excitation cross- 
sections, and these are somewhat less than Mrnzer’s values. 
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In the eorona (unlike nebulae) excitations taking place owing to the 
absorption of radiation from the photosphere cannot be neglected. Direet 
ealeulation (the quantities 2B, being known) shows that, for the lines 
2 = 5303 and 2 = 6374 A, photo-excitations will predominate for r 
greater than 2-2 Ro and 1-6 Re respectively, where n, is already con- 
siderably less than in the inner corona, but the flux of radiation is not so 





strongly diminished. In this case, the cinission coefficient over the whole 
line j,(r) in the inner corona will be proportional to », , 4, and in the 
outer corona to n, ;. If the ionisation (determined by 7’,) and the relative 
content of iron do not vary with height, then n, is proportional to the 
number of hydrogen atoms in ] em? and is consequently proportional 
to n,. This means that in the inner corona j,(r) ~ n,?. and in the outer 
corona ja(r) ~~ 2, ~ 7(r). Observations (by C. W. ALLEN) in faet show 
that, from r = 2-2 Ig (approximately the value obtained from calcula- 
tion) outwards, j(r) for 2 = 5303 A is proportional to j(r) for “white” 
light. This confirms the correctness of the value taken for (q,4)¢- 

Knowing the excitation mechanism, we can calculate the distribution 
of the atoms among the excitation states, and so find n, from 7, ,. Having 
data for the lines of atoms in several ionisation states, and having 
caleulated, from the theory of ionisation, the numbers of atoms in the 
“invisible” ionisation states (for the red and green regions separately), 
we can determine the chemical composition. The concentration of H is 
given by 2,(r). 

It has been found that the relative content of Fe and H is constant 
throughout the corona, and is close to the content of these elements in 
the reversing layer. This result is very important; it shows that the 
elements in the corona are mixed and that there is not diffusion equilib- 
rium, in which the heavier atoms would fall to the lower layers. This 
mixing is apparently caused by slow turbulent motions in the corona. 
It is natural to suppose that the elements are mixed in the intermediate 
layers of the solar atmosphere (the chromosphere and the prominences) 
also. 


6. The ultra-violet radiation of the corona and the chromosphere 
{1419}. The radiation of the corona docs not terminate at the limits 
of the visible spectrum, but extends on both sides of it. This is primarily 
radiation beyond the principal series limits of H, He. He II and other 
elements, in consequence of recombinations, It is given by formula (8.38). 


Radiation will also be produced by free-free transitions. Its intensity 
depends only on the density and on the velocities of the particles. and 
is determined for hydrogen by the formula 


kK, Akt 


$j, dy snr , pag © “dy. (22.24) 
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[The expression (22.24), for the particular case of thermodynamic 
equilibrium, can be obtained froin (5.65) and (3.10).] The second source 
of emission (free-free transitions) for hydrogen under the conditions in 
the corona, i. e. at a very high kinetic temperature, is about three times 
as efficient as the first. On account of the high degree of ionisation, the 
corona is transparent even to radiation beyond the Lyman series linit. 
Its radiation therefore emerges unimpeded. 


Thus the intensity of the continuous radiation of the eorona is 
oO 


proportional to P = { nn, dy = [ n,” dy (see Fig. 59). At the limb, 
0 6 


where the line of sight is a tangent to the surface, P is greatest and the 
brightness is a maximuni. The structure of the corona (the presence of 
jets and rays, the non-uniform density along the limb) increases P for 
a given mean clectron density, and eonsequently increases the brightness. 
At the distance of the Earth, the total flux H, of ultra-violet radiation 
from hydrogen in the range from y, to vy =oco is4 xX 10-* erg/em? sec. 
Similar calculations have shown that the amount of radiation due to 
helium is 1-4 times as great as that due to hydrogen. The part played by 
radiation due to the remaining elements is negligible. 


Apart from the continuous spectrum, the corona also has a line 
spectrum in the ultra-violet region. This arises from permitted transitions 
between excited levels and the ground level of Fe and Ni ions in electron 
collisions. Each excitation by an clectron collision leads to the emission 
of a quantum; the number of these is determined by a formula like (8.18), 
so that 3, for the monochromatic radiation also is proportional to 
n,n, ~n,*. The cross-section for excitation by fast electrons (the thermal 
energy of an electron is about 120 eV) is 


276! 2m 
(Q,tle = ne a fox Joge ( e ) , (22.25) 


where fo, is the oscillator strength for the transition (close to 1 for 
resonanee lines). 


We shall give the results for a number of clements which are fairly 
common in the Sun. For instance. Ne VITI (neon reaches this state in 
“red” regions) and Mg X (“green’’ regions) have resonance doublet 
transitions 776 to 768 and 625 to 610 A respectively. Since cither the red 
or the green line is observed in the greater part of the corona, we can 
calculate the total emission of encrgy in the two pairs of ultra-violet 
lines by integrating the quantity 4 a7, =A vZ,, over the whole volume 
of the corona. Thus we suppose that either the Ne VIIT line or the Mg X 
line is emitted at every point of the corona. 
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Having given the relative content of Mg and Ne, we find for the total 
quantity of monochromatic radiation formed in the entire corona the 
value & = 6 x 10° erg/sce. If half the radiation returns to the Sun, 
the flux of hard monochromatic radiation at the distance J, of the 
Earth is 

H, = 3 Kj4A a Ry? & 1 erg/com? sec. (22.26) 


The value of ff, is large enough to explain the observed ionisation 
of the upper layers of the Earth’s atmosphere, although it is possible 
that the numerical value of H, in (22.26) is too large. We have already 
mentioned the ionisation of the chromosphere and prominences by the 
radiation of the corona. 

The upper layers of the chromosphere, where hydrogen is almost 
completely ionised, must also emit ultra-violet radiation which is duc 
to reeombinations to the ground level. Free-free transitions do not 
play an important part at the low kinetic temperature of the chromo- 
sphere. 

If the ionisation of the chromosphere is effected only by the radiation 
of the corona, the chromosphere plays, as it were, the part of a reflector, 
which reflects part of the downward radiation; the flux from it is thus 
less than from the corona. If the temperature of the various regions of 
the upper chromosphere (above 7000 to 8000 km) exceeds 20,000°, and 
thus determines the ionisation, the radiation from these regions will also 
be sufficient to ionise the Earth’s atmosphere. 

The energy of the ultra-violet radiation, and of the greater part of the 
visible monochromatic radiation of the corona, is derived from the 
thermal energy of the electron gas. In nebulac this loss is made up from 
the radiation of the central star. In the corona, this possibility is excluded, 
because of the low temperature of the photosphere, and another source 
must be sought. ]. 8. Sukvovskri has advanced the hypothesis that the 
souree of heat is formed by currents which arise under the action of 
clectrie fields (for instanee, an induction field). The heat ¢g evolved by 
these is determined by formula (18.37). This energy must balance, on 
the one hand, the flux of energy of radiation 4 7 7, = 1,2 Y/(7,) and, on 
the other hand, the flux of energy due to heat conduction in the lower 
layers of the atmosphere and in the outer layers of the corona. 


The amount of heat evolved is 
qu hAlP ane vV(T,) —yd*T fdr’, (22.27) 


where y is the thermal conductivity of the clectron gas, and ¥/(7',) is 
some function of 7,. From formula (22.27) it may be calculated that, 
to inaintain the temperature of the corona at its observed value, a field 
of intensity EF’ ~ 10-8 volts/em is required, the two terms on the right- 
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hand side being then of the same order of magnitude, This small value 
of the field intensity necded to supply the heat is explained by the small 
heat loss of the corona, which is due to the small value of 1, and the 
small temperature gradient. G. A. LEIKIN has shown that the ficld EF 


may be due to the rotation of the corona in the intcrstcllar magnetic 
ficld H ~ 10-°. 


In the chromosphere x, is a thousand times greatcr, and hence even 
stronger ficlds have a relatively slight heating effect. The question 
arises why the teinperature of the corona is approximately constant 
although the fields may vary by a factor of a hundred or even a 
thousand. Furthermore, it is not clear why 7’, decreases towards the 
edges of the corona, although »,, and consequently the heat loss, is 
less there. As has becu shown by S. B. PrKEL’NER [12-£], this is explained 
by the surface effect of cooling of the corona by the outflow from it 
(dissipation) of the fastest particles, which have velocities greater than 
the parabolic. The outflow of particles takes place mainly from the layer 
1:75 <r < 2-75; outflow from dceper layers is prevented by the re- 
sistance of the medium, and in the higher layers there are few collisions 
which “create” fast particles. The dissipation is proportional to the 
fraction of particles which are fast, i.e. to exp [— m v,,2/2 kT], where 
Ugo is the velocity necessary to overcome resistance and gravitation (the 
parabolic velocity). As 7, increases, this fraction rapidly increases. 
The dissipation is, as it were, a temperature control. If at some point 
in the corona the temperature is raised above 1,500,000°, the thermal 
conductivity transmits the part y(d?7',/dr?) of the energy to the higher 
layers, and so this part of the energy is lost into space by dissipation. 
V. A. Krav [71] first carried out a calculation of the dissipation of 
particles froin the corona, taking into account its high kinetic temperature. 


Thus it is not accidental that the thermal velocities of protons in 
the corona are comparable with the parabolic velocity (as is casily 
shown by calculation). This circumstance also explains the great extent 
of the corona, which is due to the closeness of the thermal and parabolic 
velocities of the protons. In other stars, the sane heating mcchanisms 
must undoubtedly exist, since the Sun is an “ordinary” star. The upper 
limit to the temperature of the corona is determined by the ratio of the 
thermal and parabolic velocities (i. e., by the inass and radius of the star). 
For exainple, in the corona of a star of class gK 5, T, = 160,000°; in 
a star of class cB 3, 7’, ~ 2:7 x 10%. The density distribution in the 
corona of a star will be similar to that in the solar corona if we take 
the radius of the star as the unit in measuring the extent of the corona; 
thus a giant star must have a very extended corona. The ultra-violet 
radiation of such a corona may cause the observed anomalous excitation 
of atoms with high excitation potentials, such as hydrogen atoms. 
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7. The radio emission of the Sun. Until recently, al] observations of 
the radiation of celestial objects were made in frequencies in the neigh- 
bourhood of the visible region of the spectrum, from 2 = 2900 A to 
the comparatively far infra-red. This range is limited on the short-wave 
side by the absorption in the ozone layer of the Earth’s atinosphere, 
and on the long-wave side by the water-vapour absorption bands. 
Moreover, the sensitivity of radiation receivers is very smal] for 
2 > 30,000 A. However, there is another transparent “window” for 
wavelengths of from 1 em to 12 m, the ultra-short radio waves. 





The invention of sufficiently sensitive and directional radar apparatus 
has made it possible to detect the radiation of the Galaxy and of the 
Sun in this wavelength range. The intensity of the radiation can be 
measured in terms of an arbitrary quantity, the radio temperature T',, 
which is the temperature of a black body of the same angular dimensions 
which emits the same flux in the given frequency. The radio temperature 
of the Sun at wavelengths from 1 to 10 cm inercases from 10,000° to 
20,000° as the wavelength increases, and is almost constant with time. 
At wavelengths of about 50 cm, the radio temperature of the Sun is 
measured in hundreds of thousands of degrees. At a wavelength of 1 m, 
the radio temperature varies markedly with time, particularly in the 
years of maximum solar activity, occasionally reaching values of 101% 
degrees. At these wavelengths 7’, never falls below 10° degrees, and in 
years of minimum activity remains almost constant at about this value. 
It is convenient to divide the radiation at metre wavelengths into a 
quieseent or thermal and a sporadie component (which varies with time). 

The thermal radiation has been investigated by I. 8. SHKLovsK1i, 
and independently by V. L. Ginzpure and by D. F. Martyyx. The 
absorption coefficient of radio waves in an ionised gas is deterinined 
by free-free transitions [see formula (5.65)] with 7 = 7; For the 
quantity e—’”/*? in formula (5.65) is practically equal to the ratio of 
the numbers of atoms in the upper and lower quantum states. The 
attenuation of a beam of rays in a given direction is determined by the 
difference between the energy actually absorbed (the coefficient B;,) 
and the energy emitted by the atoms in the same <lirection, under the 
action of the quanta incident on them (the coefficient B,;). Hence the 
deerease in the number of quanta when they traverse an element dh is 
given by the expression (which does not take into account the emission 
of the gas itsclf) 

1, 
n;, 0, By dh —n, 0, By dh =n; 0, Bi (1 ~ n, *) dh . 
Using formula (5.9) for the subtrahend, we obtain e~’"*?. In the case 
considered, where the cinission is accompanied by free-free transitions 
of the electron, the relative number of electrons with a given energy 
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is determined by Maxwell’s formula with 7 = 7, and the ratio of the 
numbers of electrons with the given energy difference is e~'”/*Te, The 
fact that we originally spoke of atoms in different quantum states, and 
later of the electron energy, should not cause any misunderstanding, 
since the emitting system in the case considered is an ion and an electron, 
and the energy of such a system is equal to that of the electron. 


Since hvo/kT, <1, we can rewrite the absorption coefficicnt, 
assuming the corona to consist of hydrogen, in the form [see (5.65) ] 


2 
*  42e 1 n, g” 


0 ~ 3 ¥3 c (m kp ype y = yy, T,) n,* ’ (22.28) 


where 
p(v, T',) = 1-65 x 10-7 (ey a 
€ 
It is easily calculated that the optical thickness 1, of the chromosphere 
is greater than 10% even for 2 =1 cm. The corona has % = 1-6 for 
4 = 150 cm. Hence the radiation which reaches us with 4 > 1 m comes 
mainly from the corona. 

The intensity of the emergent radiation is determined by formula 
(3.32). As a first approximation, it may be assumed that 7, in the 
corona is constant and equal to 7',, while 7, in the upper chromosphere, 
at the level where t, = 1, is equal to some 7’,. Then formula (3.32) can 
be rewritten in the form 


I, (6,0) = B,(T,) e7 Tk + B,(T;) (l—e~") ’ (22.29) 


where t, is measured along the ray path. For centimetre wavelengths, 
t <1, the second term is small compared with the first, the dise is 
uniformly bright, and 7, = 7,. For wavelengths in the metre range, the 
first term is zcro, and the brightness of the disc diminishes slowly towards 
the limb, the diameter of the disc being greater than that of the Sun. 
For decimetre wavelengths, the two terms are comparable near the 
centre of the disc, while at the limb rt, ~ 1 and the radiation rescm- 
bles that of a black body with 7 = 7,. The Sun thus appears as a 
bright ring. 

The increase of the radio temperature with wavelength is, of course, 
explained by the continually increasing part played by the emission 
of the corona. 

Radio waves have two properties which are unlike those of ordinary 
radiation. The first is that their refraction coefficient in an ionised gas 


n= V (1 _ rs] (22.30) 


3958 Chapter 22. The corona and the radio emission of the Sun 


is less than unity (the group velocity « of the waves is en), while for 
metre wavelengths in the corona n may become zero, so that we have 
total reflection. Radiation can emerge only from lavers lying above the 
level where x = 0. The path of a ray which does not pass normally to the 
surface is curved so that it is convex towards the Sun. For spherically 
syminetric lavers, the equation of the path is the usual equation of 
refraction 

rn sin? = constant , (22.31) 


where 2 is the angle between the ray and the radius through the point. 
For this reason, t must be measured not along a straight line, but 
along the path of the ray, and therefore equations (22.29) and (22.31) 
must be solved simultaneously. For centimetre wavelengths, the refrac- 
tion in the corona is insignificant. 

Calculations of the brightness distribution of the radio einission over 
the dise and of the radio temperatures of the Sun for various wavelengths 
have been carried out independently by several investigators. 

A simultaneous measurement of 7’, for several wavelengths allows 
us to obtain a system of equations (22.29) with the unknowns 7’, and 
T, (t is caleulated theoretically) and so to determine these latter from 
observation. Observations of 7', at centimetre wavelengths are one of 
the most reliable methods of determining the temperature of the upper 
layers of the chromosphere. 

The second peculiarity of radio waves is the possibility of their 
polarisation as a result of the occurrence of double refraction in a 
plasma, in the presence of a magnetic field. The oscillations which take 
place in planes parallel and perpendicular to the field have different 
values of », and consequently different velocities of propagation and 
different absorptions. Under these conditions, elliptic polarisation can 
occur, 

As we have already said, the sporadic radiation is often observed at 
metre wavelengths, particularly in years of maximum activity. Recent 
observations have made possible a division of the sporadic radiation 
into a component which varies comparatively slowly, comes from the 
regions above spots, and has a fairly definite radial direction, and 
bursts — sharp, rapidly varying oscillations in intensity. 

The sporadic radiation above spots is often elliptically polarised, 
because of the magnetic fields of the spots. 

The bursts are divided into short (lasting about 1 sec), weak (exceed- 
ing the intensity of the themnal radiation by a factor of three or four) 
bursts and long (lasting several minutes), infrequent, powerful bursts. 
during which 7', for the Sun reaches values of 10°, and sometimes of 
even 1018, degrees. Since this radiation is not in equilibrium, the signi- 
ficance of these values is purely formal. 


~ 
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The large bursts are explained by I. 8. SHKLovskil as due to the 
natural oscillations of the plasma, oecurring under the action of a flux 
of rapidly moving particles. It is well known that oscillations of electrons 
with a frequency 


y=] (ce? n/a m,) (22.32) 


may arise in the plasma; this frequency depends only on n,. These 
oscillations must cause electromagnetic oscillations of the same frequeney. 
Calculations show that the waves corresponding to the eleetron eoncen- 
tration in the corona have a length of several metres; the higher layers 
emit longer waves. Large bursts frequently occur some minutes after 
chromospherie flares. In such eases the bursts first appear at the shorter 
wavelengths, and then at progressively longer wavelengths. The pheno- 
menon gives the inpression that the ageney responsible for the oseilla- 
tions gradually penetrates into higher and higher layers of the corona. 
A magnetie storm is frequently observed some days after a burst. From 
the delay time of bursts in different wavelengths, we can caleulate the 
velocity of propagation of the current, knowing the distribution of x, (7); 
the result is 500 to 1000 km/sec. This confirms the hypothesis that the 
bursts are caused by a flux of geoactive corpuseles related, in particular, to 
chromospheric flares. The coneentration of particles necessary to excite 
oscillations of the observed magnitude is found to be 10? to 103 per em, 
which is even less than the value obtained froin ionosphere data. 

V. L. Gryzsore explains the sporadic emission above spots as being 
due to the emission by relativistic electrons in the magnetic field of 
the spot. The presence of relativistic eleetrons is indicated by the fact 
that the Sun emits cosmie rays at the time of large chromospheric flares 
and strong radio emission. 


PART IV. 
PLANETARY NEBULAE 


In this part we shall begin our consideration of objects with bright lines 
in their spectra. Among these are the planetary nebulae, the novae, stars 
of the Wolf-Rayet, P Cygni, and Be types, and so on. As will be seen 
below, in all these eases we are coneerned with the ejection of matter 
froin hot stars. This process leads to the formation of very extended 
and rarefied envelopes. It is in these envelopes that the bright lines arise 
as a result of the transformation of the high-frequency radiation of the 
star into radiation of lower frequencies and, in particular, into radiation 
in the visible part of the spectrum. 


The fact that the radiation of the envelopes in the visible part of 
the spectrum is produced at the expense of radiation in the ultra-violet 
region of the star’s spectrum indicates a marked deviation of the state 
of the envelopes from thermodynamic equilibrium. 


This distinguishes the envelopes of stars with bright spectral lines 
from the atmospheres of ordinary stars, where the assumption that 
thermodynamic equilibrium exists is adequate as a first approximation 
to reality. In studying the objects mentioned above, we shall not be 
able to use Boltzinann’s and Saha’s formulae to calculate the numbers 
of atoms in the various states, or Planck’s formula to calculate the 
intensity of radiation in different frequencies. These quantities must be 
determined in each individual case by considering the clementary 
processes which take place in the actual envelopes. We shal] usually 
make the assumption that the envelopes are in a steady state, i. c. that 
the distribution of atoms among the states and the radiation field in 
the envelope do not vary in the course of tine. Herc, of course, we need 
to know the probabilitics of the various elementary processes, i. e. the 
probabilities of photo-ionisation, recombination, collision, ete., which are 
calculated in thceorctical physics. 


In consequence of the extremely low density of mattcr and radiation 
in planetary nebulae, the physical processes which take place in them 
are relatively simple. 
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Chapter 23. The mechanism of the radiation 
of the nebulae. The temperatures of their nuclei 


1. Observational data. A planetary nebula is a luminous gaseous mass 
of fairly regular shape with a star lying in its centre, called the nucleus 
of the nebula. In a telescope, planetary nebulae most often appear as 
round or oval discs, very similar to those of the planets (whence the 
naine). A considerable number of nebulac are observed as rings surround- 
ing the nucleus. Some nebulae have a very complex structure (for 
instance, two intersecting rings). 


The angular diameters of planetary nebulae rarely exceed one minute 
of are. Many (very smal] or very distant) planetary nebulac show no 
dises at all in the telescope, and it can be established only from the form 
of the spectrum that the object m question is a planetary nebula. In 
recent years more than a hundred such “stellar nebulae’ have been 
discovered, and the total number of all planetary nebulae at present 
known amounts to about 350. 


The planetary nebulae are so distant that for none of them has it 
been possible to make a reliable determination of the parallax by the 
trigonometrical method. The mean distances of the nebulae we observe, 
found from the radial velocities by means of the theory of galactic 
rotation, are of the order of some thousands of parseecs. Correspondingly, 
the mean linear diameters of the nebulac are found to be of the order of 
some tens of thousands of astronomical units, and their mean absolute 
inagnitudes are about 0™. 


As a rule, the planetary nebulae are much brighter than their central 
stars. The differences in stellar magnitude between the nebulae and 
their nuclei are almost always negative and sometimes reach — 7™. 
A value of about + 3™ is obtained for the mean absolute photographic 
magnitude of the nucleus. The nuclei of the nebulac are very hot stars. 
Their spectra belong to the classes O and Wolf-Rayet. However, it must 
be remarked that in luminosity the nuclei of the nebulae are much 
inferior to average stars of these classes, whose absolute magnitudes 
are about — 3™. 


The spectra of planetary nebulae consist of bright lines of various 
atoms and ions. First of all, we must mention the presence of very 
intense lines of the Balmer scrics of lrydrogen. Besides these lines, the 
Bahner continuum is observed in emission, owing to captures of free 
electrons by protons. As well as lines of neutral helium, there are present, 
in the spectra of many nebulac, lines of ionised helium also (for example 
4686 A); this indicates a very high degree of ionisation and excitation 
in these nebulae. 
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However, the brightest lines in the speetra of planetary nebulae are 
what are called the principal nebular lines N, and N,, with wavelengths 
of 5007 and 4959 A respectively. Another pair of very intense lines, 
3726 and 3729 A, is observed in the ultra-violet region of the spectrum. 
These two doublets are also found in the speetra of diffuse nebulae and 
novae, but they are dominant in the spectra of planetary nebulae. Since 
these lines, as well as a number of others found in the spectra of nebulae, 
could not be reprodueed in the laboratory, they were formerly aseribed 
to an element “nebulium” not known on the Earth. However, in 1928 
I. 8. Bowen succeeded in showing that the “nebulium” lines are in 
reality forbidden lines of elements known to us. Their presence in the 
spectra of nebulae reveals the peculiar physical conditions which exist 
there, and which have not been attained in terrestrial laboratories. 


According to Bowery’s interpretations, the green doublet in the 
spectra of nebulae (the N, and N, lines) is caused by forbidden transitions 
of doubly ionised oxygen atoms, while the ultra-violet doublet is due 
to forbidden transitions of singly ionised oxygen atoms. The other lines 
of “nebulhhum”’ are likewise forbidden lines of oxygen, nitrogen, and some 
other elements in various stages of ionisation. The correctness of this 
identification is confirmed not only by the exact agreement of the 
frequencies of the observed lines with those found thcoretically from 
the disposition of the energy levels in the atoms, but also by numerous 
other facts. As an example, we may mention that, aceording to BowEy, 
the N, and N, lines have a common upper level, and the ratio of their 
intensities should always be equal to 3. Such a ratio of the intensities 
of these hnes is in faet observed in the spectra of nebulae. 

The shape of the spectral lines in planetary nebulac is of great interest. 
If the slit of the spectrograph is placed along a diameter of the nebula, 
the spectral lines are found to be narrow at the edges and wider in the 
centre. In some cases the lines are split into two components in the 
centre. This form of the speetral lines is explained by the expansion of 
planetary nebulac. The violet component of a speetral line is then formed 
by the part of the nebula which is approaching us, and the red component 
by the part receding from us. It is evident that the greatest separation 
of the components (or the greatest width of the line. in the case where 
the components coalesce) corresponds to twice the velocity of expansion 
of the nebula. These velocities, determined for a number of nebulac, 
have been found to be of the order of 10 to 20 km/see. The faet that 
planetary nebulae are expanding leads to the hypothesis that they were 
at some time ejeeted froin their nuclei. 


2. The origin of the radiation of the nebulae. Passing now to the 
interpretation of the observational data, we shall first of all answer 
the question of the origin of the radiation of planetary nebulae. It is 
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natural to suppose that the radiation of the nebulae is due to their 
central stars. However, in this case it is not a simple reflection of light, 
since the spectra of the nebulae are not at all similar to those of the stars. 
Nor can there be resonance seattering in the nebulac, since the energy 
radiated by the nebulae in the separate lines considerably exceeds the 
energy in the corresponding parts of the continuous spectra of the 
nuclei. It is therefore neccessary to assuine that the nebulae radiate in 
the visible region of the spectrum at the expense of energy emitted by 
the nuclei in other regions of the spectrum. Since the temperatures of 
the nuclei are very high (over 30,000°), and consequently they have 
very great intensities in the ultra-violet region, the hypothesis suggests 
itself that the nebulae absorb the ultra-violet radiation of the nuclei 
and re-emit it in lower frequencies. We shall now show that this assump- 
tion is entirely correct. 


Let us first consider the properties of the radiation which passes from 
the nucleus to a given point in the nebula. Let the nucleus radiate like 
a black body of temperature 7',. We denote by 9,* the density of radiation 
in thermodynamic cquilibrium at temperature 7,. This density is 
determined by Planck’s formula 


* 82h | 
oY = 3 Avy[kT . 
Cc e . J 


(23.1) 
It is cvident that the density of radiation at the surface of the star is 
4 0,*, and it decreases with increasing distance from the star, according 


to the law 
0, = Wo,*, (23.2) 


where the quantity IV, which we have alrcady introduced in Chapter 8, 
is the dilution coefficient; it is equal to the ratio of the solid angle 
subtended at the point concerned by the central star to 4 2. If the 
radius of the star is r,, the dilution coefficient at a distance r from its 
centre is, by (8.3), 


We= $l —y {1 — (rai) . (23.3) 
When r,/r < 1, we have instead of (23.3) 
W =3 (r,/r)?. (23.4) 


In planetary nebulae, the ratio r,/r is of the order of 10-’. Consequently, 
the density of radiation in a planetary nebula is reduced by a factor of 
approxiinatcly 1014 compared with the density of radiation at the surface 


of the star. 
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It is very important that, despite such a great deercase in the density 
of stellar radiation in the nebula, the relative energy distribution in its 
spectruim remains unchanged. In order to emphasise that the decrease 
in the density of radiation does not affect its spectral composition, we 
shall calculate the temperature corresponding to a given density of 
radiation in the nebula. Denoting this temperature by 7';, we have the 
integrated density of radiation 9 =«a 7,4, where a is Stefan’s constant. 
On the other hand, from (23.2) we obtain 9 = Wa 7,4. These relations 
give 1, = W? 1,,, and this leads to values of T, of the order of ten degrees. 
Thus, if the radiation in the nebula remained equilibrium radiation, i. e. 
for a given integrated density of radiation the energy distribution in 
the spectrum were given not by formula (23.2) but by Planck’s formula 
with a temperature 7',, the maximum of this distribution would be 
moved into the far infra-red region of the spectrum. 

The above-mentioned constancy of the spectral composition of the 
radiation which passes from the nuclei to the nebulae makes it possible 
to ascertain the direction in which the processes of transformation of 
radiation take place in nebulae. It is known from thermodynamies that, 
in such cases, the interaction of radiation with matter leads to a redistri- 
bution of the energy in frequency, towards the establishment of a more 
probable distribution. Consequently. the nebulae must so transform the 
radiation from their nuclei that the long-wave part of the spectrum is 
strengthened and the short-wave part weakened. 

The process of transformation of radiation in nebulae can be character- 
ised by means of Rosseland’s Theorem, which we shall now explain, Let 
us consider an atom which may be in any of three steady states 1, 2, 
and 3, with corresponding energies e, < & < &. As a result of the 
absorption of light quanta, there are possible both simple transitions, 
amounting to resonance scattering, of the kind 1 + 2-1, and more 
complex processes of a cyclic nature. The most important of these are 
the two converse processes of the kind 


1l1>2-3-1, lo>3->2->1. 


The former of these results in the emission of one high-frequency quantum 
hv, a8 a consequence of the absorption of two quanta of lower frequencies 
Vo And ¥y5, and the latter to the partition of one absorbed quantuin of 
frequency ¥,, into two quanta of frequencies 145 and 45. 

Rosscland’s Theorem asserts that, when there is dilution of radiation, 
i.e. when the density of radiation in various frequencies is given by 
formula (23.2), cyclic transitions of the kind 1 > 3 > 2 > | take place 
more often than those of the kind 1 > 2-+3— 1, i.e. quanta of high 
frequency are transformed into quanta of low frequency more often than 
the converse. 
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The number of transitions from the first state to the sceond in unit 
volume per unit time is 2, 8), 0,2, where », is the number of atoms in 
the first state per unit volume. §,, is the Einstein absorption coefficient, 
and 95 1s the density of radiation of the frequency corresponding to 
the transition from the first state to the second. Of this number of atoms, 
a part passes spontaneously or by a stimulated transition back to the 
first state, and part, having absorbed radiation, passes to the third 
state. The ratio of the number of transitions from the second state to 
the third state to the total number of transitions from the second state is 


By; Ox,/(Agy + By Oy. + Bog O23) - 


Froin the third state, transitions are possible to both the first: and 
second states. We are interested only in transitions from the third state 
to the first. The proportion of such transitions is 


(Agi + Bay O13)/(Ag1 + Bar O13 + Age + Bee O23) - 


Thus we find that in unit time the following number of atoms pass 
along the path 1 > 2-3-1: 


50 Bos Oey . Ay + By C13 _ _, 
T2S12 Ao + Boy Ore + Bog O23 Agr + B31 O13 + Age + Boge os 


(23.5) 


’ 
Ny_49-434) = 2, B 


We can similarly find the number of atoms which pass per unit time 
along the path 1>3—>2-—>1. This number is 


N oc =n, Brad Ay + Bye O23 : . Ag, + Bay O12 ; 
Lo3s241 PUSS Ayy + Bag Coa + Agr + By Oro Any + Bar O12 + Bas O23 
(23.6) 


For the ratio of the number of processes of the kind 1 > 2>+3—>1 

to that of processes of the kind 1 > 3 - 2 > 1, we obtain from (23.5) 
and (23.6) 

Ny o263-+1 —_— Biz 012 Bog O23 (Am + Bay O12) ; (23.7) 

M4342) By Oia (Ase + Boo Gos) (Aor -& Bar O12) 


To simplify this expression, we introduce Einstein's relations 
9; 9; 
Ay = By On, Bua) Bi, (23.8) 
Dp Tp 


where 
oy. = Sah vig /(C3 ; (23.9) 


and g;, g, are the corresponding statistical weights. Next. we ean write 


On = Won Ox » (23.10) 
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where 


_ l 
Qik = avi. (23.11) 


Using these relations we find instead of (23.7) 


Vv -_ . a 
+) 132331 , O12 Gag (lL + W 0,5) ‘ 

, —W. ~ Be, 23.12 
N)43-59-+1 Oia (1 + W @y2) (1 + W Oo) (28.12) 


When JV = 1,1. e. in the photosphere of the star, this ratio is exactly 
equal to unity, as we should expect. As IV decreases, so does the ratio. 
Since TW in the nebulae is of the order of 10-14, and the factor O15 025/65 
has a value of the order of unity, in this case 


NV, 6 
Vy 053.4] aw W. (23.13) 


V1 321 

Consequently, in the nebulae we can completely neglect the number of 
transitions of the kind 1 > 2 > 3 > 1 compared with that of transitions 
of the kind 1 > 3—>2-—1. Exactly the same kind of picture can be 
obtained for atoms with a larger number of levels, in which more complex 
cyclic processes are possible. 


Thus, according to Rosseland’s Theorem, the radiation of the nebulae 
can be explained as the result of the transformation of the ultra-violet 
quanta from the nuclei into quanta of lower frequency (and, in particular, 
into quanta in the visible region of the spectrum). Since the nuclei of 
the nebulae are very hot stars, it is not surprising that the part of the 
energy, in the ultra-violet region of the spectrum of the nucleus, which 
is transformed into visible radiation by the nebula cxceeds the cnergy 
emitted by the nucleus in the visible region of the spectrum. We can 
thus explain the fact that the nebulae have greater visual luminosities 
than their nuclei. 


3. The determination of the temperatures of the nuclei from hydrogen 
lines. In the last section we have considered a ncbula consisting of 
imaginary atoms with three levels. There we assumed that the nebula 
is under the influence only of the radiation of the central star, and did 
not take into account the diffuse radiation of the nebula itself. Let us 
now consider the radiation of an actual nebula consisting of hydrogen 
atoins. 


Hirst of all, we notice that, owing to the small density of radiation in 
the nebula, the overwhelming majority of the atoms are in the ground 
state. If the mass of the nebula is sufficiently great, it will therefore be 
opaque in the frequencies which are absorbed by the ground state of 
the hydrogen atom (the Lyman series) and at the same time coinplctely 
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transparent in the frequencies of the lines of subordinate series (Balner, 
Paschen, ete.). Consequently, the nebula will absorb the radiation of 
the nucleus in the frequencics of the Lyman series and emit, instead of 
these, the frequencies of the subordinate series (in particular, the observed 
Balner series), which pass unimpeded through the nebula. 


However, the assumption whereby the energy emitted by the nebula 
in the Balmer frequencies is obtained from the radiation of the nucleus 
in the various Lyman lines makes it necessary to assume that the tem- 
peratures of the nuclei are very high, over 100,000°. We know, however, 
that thesc teinperatures, at least for some nuclei, must be about 30,000°. 
Hence it must be supposed that there are so many hydrogen atoms in 
the nebula that they absorb not only quanta in the Lyman lines of the 
star’s spectrum, but also quanta in the continuous speetrum beyond the 
lnmit of the Lyman series. When these quanta are absorbed, photo- 
ionisation of the hydrogen atoms takes place, and later, after recombina- 
tion, there occur ‘“‘cascade”’ transitions of the electrons from one level to 
another, and quanta are cmitted in the lines of the Bahner, Paschen, and 
other series. 

Thus we assume that the optical thickness of the nebula beyond the 
limit of the Lyman scries is greater than unity, or at any rate not small 
compared with unity. The ratio of the absorption coefficient in the first 
few lines of the Lyman series to that just beyond the series limit is of 
the order of 10* or 105. Hence the optical thickness in these lines must 
be, on the above assumption, also of the order of 104 or 10° or more, 
i.e. it is very large. 

Having ascertained the conditions which exist in a nebula, let us 
investigate more closely what happens to the ultra-violet quanta absorbed 
by the nebula; by “ultra-violet quanta” or “L, quanta” we understand 
quanta with frequencies greater than that of the limit of the Lyman series. 


Let an L, quantuin emitted by the star be absorbed by the nebula, 
causing in it the ionisation of some hydrogen atom. After a time, the 
free electron will be reunited with some proton. Here there are two 
possibilities: (1) the electron falls directly into the first level, (2) the 
electron falls into one of the upper levels. In the first case an L, quantum 
is emitted, and the whole process begins again. In the second case the 
electron performs some chain of transitions, the last of which is a transi- 
tion to the first level. The dilution of the radiation is so great, and the 
density of matter in the nebula is so small, that this chain of transitions 
is not interrupted in the vast majority of cases. 

Let ms assuine that the electron is captured directly into the second 
level. A quantum in the Baliner continuum is thereby emitted, and this 
eseapes from the nebula. The electron then passes from the second level 
to the first. emitting a quantum of the first line («) of the Lyman series. 
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On the above assumption concerning the very great optical thickness of 
the nebula in the lincs of the Lyman series, this Lyman x quantum, 
after passing a short distance in the nebula, will be absorbed by some 
other atom in its normal state. This atom will then be in the second state 
and, in consequence of the absence of external disturbances, will pass 
spontaneously to its normal state again, emitting a Lyman x quantum. 
Thus the Lyman « quantuin will undergo only processes of scattering, 
and this will continue until it reaches the boundary of the nebula and 
escapes. Consequently, in this case, i.e. for recombination to the sccond 
level, there escape from the nebula one quantum in the Balmer continuum 
and one quantum in the Lyman « line. 

Let us now suppose that the electron is captured into the third level. 
A quantum beyond the limit of the Paschen series is thereby emitted, 
which escapes from the nebula. The electron then has two possibilities: 
either to pass directly to the first level, with cmission of a Lyman £ 
quantum, or to make a transition first to the second level and then to 
the first, with successive emission of H, and Lyman «& quanta. However, 
the Lyman f quantum which arises when the former possibility is realised 
will necessarily be absorbed in the nebula, in consequence of the latter’s 
great optical thickness in the Lyman lines, and thus an atom in the 
third state will again be formed. Hence the second of the two possibilities 
will sooner or later be realised. The H, quantum thus produced will lcave 
the nebula without hindrance, and the Lyman « quantum, as was 
explained above, will do so after numerous scatterings. Consequently, 
when an electron is captured into the third level, three quanta should 
escape from the nebula: one in the Paschen continuum, one in the 
H, line, and one in the Lyman ~& line. 

Similar considerations may be given for recombinations to the higher 
levels. It is casily scen that, in every case, the chain of transitions of 
the clectron from level to level ends with the formation of a Lyman « 
quantum, which must be preceded by a transition of the electron to the 
second level] with emission of a Balmer quantuin. Thus we rcach the 
following important eonclusion: from every L, quantum absorbed and 
transformed by the nebula, there are necessarily formed one Lyman « 
quantum and one Balmer quantum. 

If the nebula transforms all the L, quanta emitted by the star, it 
follows that the number of these quanta must be cqual to the number 
of Balmcr quanta emitted by the nebulac. It is evident that this will 
hold in the case where the optical thickness of the nebula beyond the 
limit of the Lyman series is considerably greater than unity. In gencral, 
it can be asserted that the number of Balmer quanta emitted by the nebula 
docs not exceed the number of LL, quanta emitted by the central star, i.e. 


Na< 1," - (23.14) 
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On this theorem is based the method, proposed by H. ZAnstra [181], 
of deterinining the colour temperatures of the nuelci of planetary nebulae. 
Sinee the number of Balner quanta emitted by the nebula gives a lower 
limit to the number of L, quanta emitted by the nueleus, if we compare 
the number of quanta emitted by the nebula in the Balner lines with 
the number of quanta emitted by the star in the visible part of the 
speetrum, we are in faet comparing some lower limit to the intensity 
of the nueleus speetrum beyond the Lyman series limit with the intensity 
of the nucleus spectrum in the visible region. This makes it possible to 
define a lower limit to the temperature. 


If the nueleus emits aceording to Planek’s Law, and its radius is 


r, and its temperature 7',, the total number of L, quanta emitted by 
it in unit time is 


: 22 v dp ., 
N,* = 4 27," a / ehv/kT. oy? (23.15) 


where 1, is the frequency of the Lyman series limit. 

On the other hand, let £; denote the total amount of energy emitted 
per second by the whole nebula in the ith Balmer line, and let (6L,/ér); be 
the total amount of energy emitted by the nueleus in unit time and 
unit frequeney interval at the same point in the speetrum. The dimension- 


less ratios 


Ey 
Ai = an. lov) (23.16) 


t 


ean be determined direetly from observation. But 


0F,\ _4-, 2 2ahv3 1 9 
( ay ), =4ar, Gh hel. (23.17) 


Henee the total number of Balmer quanta emitted by the nebula is 
E, 1 v3 A; 


y ‘al 7 oF 2 22 Vv 
NN b= > h r, = h > A; ( wi) =4 Try 2 Lb phvilkT ey . (23.18) 


From the inequality (23.14) we obtain, by (23.15) and (23.18), 
+ ‘. A; 2 dy 
yi < / wer (23.19) 


We write 


AwWkT, =x, hofkT, =%, hof/kT, = x. (23.20) 
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Then we have instead of (23.19) 


—~ evi] 
Ty 


sy A < | wde (23.21) 


The summation on the left-hand side of this inequality is extended not 
only over all the lines of the Balmer scries, but also over the Balmer 
eontinuum. 

The inequality (23.21) is solved by trial. Taking various 7’, and 
calculating x) and z;, we find that for some value of 7, we have an 
equality. A lower limit to the temperature of the nucleus is thus deter- 
mined. Tables which facilitate the solution of this problem are given in 
the work of ZaANsTRA, and graphs in the work of B. A. Vorontsov- 
VEL’ YAMINOV [173]. 

The method given for determining the temperatures of the nuclei 
of planetary nebulae has been applied in practice by ZanstRA and by 
some other authors. As an example, we give the results of ZANsTra, 
obtained from his own measurements of the quantities ;. 


Nebula NGC 6543 T, = 39,000° 
NGC 6572 T, == 40,000° 
NGC 7009 T, = 55,000° . 


It must be noticed that the method is very insensitive to small errors 
in the determination of the A;, since we are essentially comparing two 
parts of the nucleus spectrum which are very distant from each other. 


The radiation of the planetary nebulae in the lines of other atoms 
(but not. as we shall see below, in all lines) occurs in the same way as 
in the hydrogen lines, as a result of photo-ionisation under the action 
of the ultra-violet radiation of the star and subsequent recombinations. 
In particular, the nebulae radiate thus in the lines of helium and of 
ionised helium. From the intensity of these lines we can determine the 
temperatures of the nuclei, just as from the intensity of the hydrogen 
lines. Such determinations again lead to very high values of the tempera- 
tures of the nuclei. Here it has been found that the temperatures of the 
same star, as found from lines of different atoms, differ fairly considerably. 
For example, for the nucleus of the nebula NGC 7009 Zanstra obtained 
1’, = 70,000° from ionised helium and T, = 55,000° from hydrogen. 
In many eases the discrepancy is even more marked. 


To explain this discrepancy, several reasons may be adduced. We 
shall give only two of them, the most important ones. 
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(1) Zanstra’s method does not give the actual temperature of the 
star, but only a lower limit to it. If the nebula absorbs only a small 
part of the energy from the star beyond the principal series limit of the 
atom concerned, this lower limit to the temperature may lie considerably 
below the actual temperature. This is apparently so, in some cases, for 
the temperatures found from the hydrogen lines, since, in consequence 
of the strong ionisation of hydrogen in the nebulae, the absorption of 
the L, radiation of the nucleus may be incomplete. 


(2) It may be that the energy distribution in the spectrum of the 
nucleus does not obey Planck’s Law, but deviates considerably from it. 
In this case the coneept of the colour temperature has no unambiguous 
significance. 


+. The determination of the temperatures of the nuelci from “nebulium” 
lines. We have said above that the majority of lines in the spectra of 
the planetary nebulae arise as a result of photo-ionisation and subsequent 
recombination. However, it is easy to show that some lines, including 
the principal nebular lines N, and N,, cannot arise in this way. 

Let us assume, in fact, that the radiation of the nebula in the N, 
and N, lines occurs at the expense of the energy from the star beyond 
the limit of the principal series of doubly ionised oxygen. In this case 
the number of quanta emitted by the star beyond the limit of this series 
should be not less than the number of quanta emitted by the nebula 
in the N, and N, lines. But the limit of the principal series of the O III 
atom is in the very far ultra-violet region of the spectrum (the ionisation 
potential of O III is approximately four times the ionisation potential 
of hydrogen). It follows from this that, if our assumption were correct, 
the temperature of the star would be extremely high — im some eases, 
upwards of a million degrees. 

To this we may add the following consideration. Since the ionisation 
potentials of O IIL and He II are almost the same (54:5 and 54-2 eV 
respectively), these atoms absorb the energy from the star in the same 
region of the spectrum. Hence, if the nebula radiated in the N, and N, 
lines only at the expense of this energy, the N, and N, lines would not 
excced in intensity the lines of He II (since there are at least as many 
helium atoins as oxygen atoms). In reality, there are a nuinber of 
nebulae in whose spectra the lines of He ITI are almost unnoticeable, 
whereas the N, and N, lines are very intense. 

These facts show that there must exist in the nebulae soine mechanisin 
of excitation of the atoms, other than reeombinations, and I. 8. Bowrn 
has indicated such a meehanism. He pouited out that the excitation 
potentials of the levels from which the “nebulium”’ lines are emitted 
are very small (for exainple, only 2-5 eV for the N, and N, lines). Con- 
sequeutly, a considerable fraction of the free electrons in the nebula 
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must have energies sufficient to cxeite these levels by collision. For 
this reason, BOWEN supposed that the nebulae radiate in the “nebulium” 
lines at the expense of the kinetic energy of free electrons. 


It is clear that the energy of the free eleetrons is obtained ultimately 
from the ultra-violet radiation of the star. This radiation not only 
detaches the electrons from the atoms. but endows them with some 
kinetic energy. A part of this energy of the electron is expended on 
exeiting the “nebulium” lines, before it is eaptured by an ion. 

The ideas just given on the radiation of nebulae in the “nebulium” 
lines enabled ZanstTrRa to give another method of determining the tem- 
peratures of the nuelci. 


We shall suppose that the free cleetrons are formed mainly by the 
ionisation of hydrogen atoms. If the ionisation takes place by the ab- 
sorption of a quantum of frequeney », the detached eleetron will aequire 
a kinetie energy of 

smv? =hvy—hry, 


where 79 is the ionisation frequeney of hydrogen. The total number of 
quanta emitted by the star in the frequency interval from » to » + dv 
in 1 seeond is 


4 g 227 dy 
Ue” on ghvikT ey 


Hence the total amount of kinetie energy aequired by free electrons in 
1 seeond, if all the LL, quanta emitted by the star are absorbed, is 
oO 


4 9 2h (vy —,)? 


~ gah 33 99 
Hy” Fs elke dy. (23.22) 


Ve 


On the other hand, the energy emitted by the nebula in the “nebulium” 
lines ean be represented in the form 


4 
Qh = "; 
* > at ih i? 23.2) 
C"  pebulium ikTe 


where the A; are the quantities determined from observation by formula 
(23.16), and the summation is taken over all the ‘‘nebulium” lines which 
are excited as a result of collisions with electrons. 

Sinee the energy expended on the exeitation of the “nebuliumn”’ 
lines eannot exeeed the kinetic energy aequired by the electrons, we 
find by comparing (23.22) and (23.23) 

co 


vN vj! A; (» — 1) 9? 


< dy (23.24) 
— wl — teem 
nebutium @7t'*T* | . ehVikT, _ y , 
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or, using the notation (23.20), 


CO 
~ x;4 “(x—2,) x? : 
x 7, AX ( : oo” ax. (23.25) 
nebulium e7! — ] e--1 
Te 


In the inequality (23.25), the unknown is the temperature 7, which 
appears in both z, and z;. On solving this inequality, we find some 
Jower limit to the temperature of the star. 

The results of this determination of lower limits of temperature for 
the nuelei of three nebulae are 


NGC 6543 T= 37,000° 
NGC 6572 T, = 38,000° 
NGC 7009 Ty, = 50,000° . 


We sce that the results obtained by this method agree fairly well with 
those obtained from hydrogen lines. It may be that this elose agreement 
of the results obtained by the two methods is due to the faet that they 
not only are lower limits, but are actually close to the temperatures 
sought. 

It should be mentioned that the finding of the quantitics A; from 
observation presents considerable difficulties. A modifieation of the 
above method is therefore of great praetieal importance; it is based 
on the faet that the N, and N, lines aeeount for most of the visual 
luminosity of the nebula. Moreover, as we have secn, these lines eharactcr- 
ise to solne extent the intensity of the radiation from the star beyond the 
limit of the Lyman series. Hence we ean estimate the temperature of 
the star from the ratio of the visual luninosity of the nebula to the 
visual (or photographic) luminosity of the star, i.e. from the differenee 
my, —m,. It is evident that, the greater this differenee, the higher the 
tempcrature. 

In this way ZANSTRA has determined the tempcratures of the ecitral 
stars of a fairly large number of nebulae. He has found that. in some 
eases, the temperature of the ecntral star reaches 100,000° or inorc. 
The high temperatures obtained by this method are usually eonfirmed 
by other indications, and in particular by the intensitics of the lines 
of Hel. 


Chapter 24. The physical state of matter 
in the nebulae 


1. The conditions necessary for the appearance of forbidden lines. 
Let us now turn to a morc detailed diseussion of the fundamental fact 
that very intense forbidden lines are observed in the spectra of planetary 
nebulac. 
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Besides the principal nebular lines N, and N,, which belong to the O NT 
atom, forbidden lines of the atoms OJ, OII, NIJ, S II and others are 
also visible in the spectra of nebulae. A list of the brightest of these 
lines is given in Table 17. 


Table 17 


Wavelength Transition Atom otontal 
3726 483, — ?D4, O Il 3-31 
3729 483), °D3,, O Il 3-31 
4363 1D, — 1S, O Il 5-33 
4959 ap, — '), O lll 2-50 
5007 ap, — 1D, O lll 2-50 
6583 ap, — 1D, Nil 1:89 


As an example, we give in Fig. 60 the energy level diagram of the 
OWI atom. Together with other transitions, the figure shows the 
forbidden transitions corresponding to the lines N,,N, and 4363 A. 


The presence of forbidden lines in the spectra of nebulae is not, in 
itself, surprising. The transition probabilities for forbidden lines are 
obtained as zero only by an approximate calculation. In fact they are 
different from zero, although comparatively small. Whereas the Einstein 
spontancous transition probabilities are of the order of 108 per second 
for permitted lines in the visible part of the spectrum, for forbidden lines 
they are less by factors of a million or a thousand million. For example, 
for the N, and N, lines the spontaneous transition probabilities are 
0-018 and 0-006 per second respectively. 

However, the forbidden lines are not observed in ordinary stellar 
spectra. We must therefore ascertain what is the difference between the 
conditions in the nebulae and those in stellar atmospheres which leads 
to the appearance of forbidden lines in the spectra of the nebulae. 


First. of all, we must notice that those forbidden lHnes which start 
from upper levels from which permitted transitions to lower levels are 
also possible cannot reach a high relative intensity, since from the 
upper state concerned permitted transitions will occur millions of times 
more often than forbidden ones. Hence the forbidden lines can become 
comparatively intense only when the upper state is metastable, i.c. no 
transitions from it to lower energy levels are possible, apart from the 
forbidden ones. 
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However, whereas the atom remains in ordinary excited states for 
a time of the order of 10-% second, an atom can remain jor several seconds 
or more in a metastable state. Thus, for example, the mean lifetime of 
an OIII atom in the 1D, state, from which the N, and N, lines are 
emitted, is 42 seconds. Consequently, in order that the forbidden lines 
should be able to be emitted from the metastable states, it is necessary 
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that the atom should not undergo external perturbations during a very 
long interval of time. In particular, the atom must not expcricnce 
frequent encounters with free clectrons, since these can transfer it from 
the inetastable state upwards by a collision of the first kind or down- 
wards, without the emission of the forbidden line, by a collision of the 
second kind. Similarly, the atom must not be subjected to strong action 
of radiation, since it can pass upwards from the metastable state by 
absorbing a light quantum. Thus the long lifetime of an atom in the 
inctastable state requires some restrictions to be placed on the density 
of matter and of radiation; if these are not fulfilled, the forbidden line 
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cannot appear. In other words, for the appearance of forbidden lines 
in the spectrum of any object, it is necessary that the density of matter 
and of radiation in it should be sufficiently small. 

The absence of forbidden lines in stellar spectra indicates that this 
condition is not fulfilled in the atmospheres of stars. This means that an 
atom which has entered the metastable state is rapidly removed from it 
by the action of light quanta or of free electrons, which exist in large 
numbers in the atmospheres of stars, and so the forbidden line is not 
emitted. Conversely, the presence of numerous very intense forbidden 
lines in the spectra of the planetary nebulae points to an extremely low 
density of radiation and of matter in these objects. In the following 
section the conditions necessary for the appearance of forbidden lines 
will be considered quantitatively. 


2. The accumulation of atoms in metastable states. Since the con- 
ditions in nebulae are such that atoms which have entered a metastable 
state are able to remain in it for a fairly long time (until they make a 
spontancous downward transition), a very large number of atoms must 
accumulate in metastable states. For this reason alone are bright forbidden 
lines emitted, since the intensity of a line is proportional to the number 
of atoms in the initial state, and to the probability of the corresponding 
spontaneous transition, and the probabilities of spontancous transitions 
from metastable states are extremely small. 

The theoretical problem of the accumulation of atoms in metastable 
states was first solved by V. A. AMBARTSUMYAN [3], and we shall 
give here the results obtained by him. 

Let us consider, for simplicity, an atom having three energy levels. 
We assume at first that the excitation of the atom is caused by radiation 
only. In the steady state, the number of atoms in cach of the levels 
should be constant. Hence we have 

2 Bye Oy. + Bis 01g = M2 Any + 0g Ag - | 4] 
m Big O13 + 22 Bog O03 = Nz Ag, + 3 Age - | oe 
Here we have neglected stimulated transitions, since we are assuming 
that the radiation is strongly diluted (IW< 1). From the equations 
(24.1), we obtain by eliminating 2, 
Ne Bye Ore + (1 — p) Bis O15 (24.2) 
ny An + PBos O03 , 


where p — Aj,/(A3, +A32). We use the relations between the Einstein 
transition coefficients, and the notations (23.10) for the quantities 9,,. 
We find for the ratio n,/n,, instead of (24.2), 


Mm yy Ag, (92/91) Gre + (1 — p) Any (95/91) Gis (24.3) 
ny “ty, + PAge (93/92) WOe3 ° 
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We shall now suppose that the seeond state is metastable, i.e. Ag, < Agy 
and A3,. Then the first: term in the numerator of formula (24.3) can be 
uegleeted in comparison with the seeond. However, cither of the two 
terms in the denominator may be the greater, depending on the eireum- 
stanees. Hence we shall analyse two possible eases. 


I. W <€ A,,/Ago. In this ease we ean omit the seeond term in the 
denominator, and we have 


“2 = W(1—p) 47 % 5,5. (24.4) 


Il. W > A./Ago. In this ease, on the other hand, we ean omit the 
first term in the denominator, and we therefore have 


n Dd - 

rah On wy 2G, (24.5) 
S12 

ny 91 Gea Ii 


Let us also consider, for comparison, the case where the second level 
is not metastable, i.e. the transition 2 > 1 is permitted. Denoting by 
A,,° the coefficient A,, for the permitted transition, we can write 
“10,9 & Ag), Ago, and we find from formula (24.3) 

n,° 


m= WA By + W(L—p) 4% Bis (24.6) 


0 
ny Any” gy 


It is evident that the two terms on the right-hand side of this formula 
eau be considered to be of the saine order of magnitude. 


On comparing formulae (24.4) and (24.6), we see that, in the meta- 
stable state in the first of the cases considered above, the ratio n,/n, 
exeeeds its value for an ordinary exeited state by the same factor as 
the probability of the permitted transition execeds that of the forbidden 
transition (1,/n.° & A»)°/A>o,). Consequently, in this case the intensities 
of the forbidden lines attain the same order of magnitude as those of 
the permitted lines (since mg 44, & N,Q? Ag,°). 


In the seeond ease considered, however, the ratio n/n, is approx- 
imately determined by Boltzmann’s formula, and, as is shown by a com- 
parison of formulae (24.5) and (24.6), it is in order of magnitude 1/IW 
times the value of this ratio for au ordinary exeited level. Consequently, 
a very marked accumulation of atoms in the metastable state oeeurs 
i this ease also. However, the number of transitions from the metastable 
state does not equal in order of magnitude the number of transitions 
from the ordinary state. In fact, we have 


Ny Ag, My T? Oyo gy Ng? GF <K ny? Ao} 
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This means that, in ease II, the intensity of the forbidden line is small 
in comparison with that of the permitted line. 


The physical significance of cases I and II is as follows. The first 
term in the denominator of formula (24.3) corresponds to forbidden 
transitions 2-1, and the sceond to transitions upwards from the 
metastable state (2 — 3). In the first case the transitions 2 > 1 predominate, 
and the forbidden line is seen at full strength. In the second case. in 
consequence of the eomparatively high density of radiation, the transi- 
tions 2-3 predominate, and the forbidden line is faint. 


Since in the planetary nebulae W is of the order of 10-19, alinost 
all mctastable states satisfy the conditions of the first case. It may be 
that the only exception is the 238 state of helium, whieh has an extremely 
long lifetime. On the other hand, in envelopes of small radius (i.e. those 
of Wolf-Rayct, Be, ete., type stars), almost all the metastable states 
belong to case II. 


The above shows the state of affairs concerning the accumulation 
of atoms in metastable states when the excitation is by the aetion of 
radiation. However, as was found above, the brightest of the forbidden 
lines in the spectra of nebulae are exeited not by radiation, but by 
collisions with free eleetrons. We shall therefore consider also the problem 
of the population of the metastable states for this second meehanism 
of excitation. 


Let us take an atom with two energy levels. Let 7, 6,5 be the number 
of transitions from the normal to the metastable state in collisions of 
the first kind, m,a@,, the number of transitions from the metastable 
to the normal state in collisions of the second kind, and n, Ag, the 
number of spontancous transitions from the metastable to the normal 
state (all per unit volume and unit time). The eondition for a steady 
state gives 


M Do = Ng (dq, +Ag,) - (24.7) 


The coefficients b,, and a,, are proportional to the density of free elcetrons, 
and depend on their veloeity distribution. We shall suppose that the 
velocities of the free eleetrons are distributed aeeording to Maxwell’s 
Law*. In this case the following relation exists between the coefficients 
by. and @y,: 


Qo —ArialkT antec 
yp = My 7 e ‘, (24.8) 


* It can be shown that, in the time between ionisation and reeombination, 
each electron undergoes a very large number of collisions with other electrons. 
Hence this assumption is not suspect. 
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where 7’, is the temperature of the electron gas*. Hence we obtain from 
equation (24.7) 
eC LL 
my An +o, 9) , 


(24.9) 


If ay; > Ag, formula (24.9) becomes Boltzmann’s forinula. However, 
this inequality means that stimulated transitions predominate over 
spontaneous ones. In this case, therefore, the forbidden line will be 
faint-or not visible at all. If the converse inequality holds, the majority 
of atoms which arc transferred from the normal to the metastable state 
in a collision of the first kind will return spontaneously, emitting a quan- 
tum in the forbidden line. Hence, if these collisions are sufficiently 
numerous, the forbidden line will be very strong. 

We shall see below that the density of matter in planetary nebulae 
is extremely small (n, ~ 104). The inequality a, < A,, therefore holds 
for these nebulae, i.c. collisions of the second kind occur rarely and 
cannot “‘quench” the forbidden line. Collisions of the first kind, on 
the other hand, occur sufficiently frequently to transfer a fairly large 
number of atoms from the normal to the metastable state. This difference 
between the numbers of the two kinds of collisions is due to the fact that 
an atom spends much less time in an excited state (even if metastable) 
than in the normal state. 

From what has been said in the present scction, we can draw the 
following conclusion. In order that the forbidden lines should be com- 
parable in intensity with the permitted lines, it is necessary that two 
conditions should be fulfilled: 


(1) W < Ay /An°, 
(2) ay, € Ag, . 


These determine the upper limits that may be reached by the density 
of radiation and of matter. It is evident that both these conditions must 
be fulfilled, whatever is the mechanisin of excitation of the atoms. 


3. The determination of the temperatures of the nebulae. The fact 
that the metastable states of the O ITI ion are excited by electron colli- 
sions enabled V. A. AMBARTSUMYAN to propose a very simple method 
of detennining the electron temperatures of the nebulac. He pointed 
out that the OJII ion has not only the metastable level 4D,, from 
which the N, and N, lines start, but also the higher mctastable level 
18); the linc 4363 A is emitted in the transition from this level to the 


* To derive this relation, we may consider the state of thermodynamic equili- 
brium. In this case we must have n, 6,. = mM. Gq, and no/n, = (92/91) eThAT. For- 
mula (24.8) follows from these two relations; it is valid, of course, in all cases 
where there is a Maxwellian velocity distribution of electrons, and not only in 
thermodynamic equilibrium. 

27* 


420 Chapter 24. The physical state of matter in the nebulae 


1D, level (see Fig. 60). The excitation potentials of these levels are 2-5 
and 5:3 eV respectively. It is evident that, the higher the eleetron 
temperature of the nebula, the greater will be the ratio of the number 
of atoms in the !S, state to that in the !D, state, and eonsequeutly, the 
brighter will be the line 4363 A in comparison with the N, and N, lines. 
Thus we can estimate the electron temperature of the nebula from 
observations of the relative intensitics of the lnes 4363 A and N, + No. 


To derive the required formula, we denote the number of O II] atoms 
in the normal and two metastable states by x,, 2, and x, respectively. 
Sinee, in the case of the nebulae, we can negleet transitions from the 
excited states under the action of collisions, in comparison with the 
spontancous transitions, we obtain as the conditions for a steady state 


ny Oyo + Ny Ago = Ny Ag, , | (24.10) 
Ny bis = Ny (Ay) + Ago) . - 


It is found that for the O III ion the transition 3 > 1 is “forbidden” 
much more strongly than the transition 3 > 2, i.e. As; < Ag... Hence 
we have from equations (24.10) 


This gives for the required intensity ratio of the lines N, -+- N, and 
4363 A 


E " b 
E. =_ 2 (1 + i) . (24.11) 


Using now the relation (24.8) between the probabilities of collisions of 
the first and seeond kinds, we obtain instead of (24.11) 


Ey _ %e (1 4 92 an rete) (24.12) 


; 
Ey Veg 


Tn passing from formula (24.11) to formula (24.12) we have explicitly 
introduced the dependence of £,,//3. on the electron temperature, since 
the coefficients aj, and dg, are almost independent of 7', (because collisions 
of the second kind, unlike those of the first kind, ean be effected by an 
electron with any velocity). We can suppose that a,,/a3, ~ 1. We have 
also go/g, - 5. Hence we find approximately, instead of (24.12), 


x ,33,000/7 ‘ 
By. 4x,[Erggeg = 4:5 6900/7 e (24.13) 


This formula serves to determine 7, from the ratio Fy 4y,/E 4363 found 
from observation. 
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In the spectra of planetary nebulae, the ratio of intensities of the 
lines N, + N, and 4363 A varies within fairly wide limits. However, 
since 7’, enters formula (24.13) in an exponent, the values of 7’, found 
from this formula for different nebulae differ little among themselves. 
According to the determination by D. H. Menzer and his co-workers 
[$4], the clectron temperatures of the great majority of the planetary 
nebulae lie between 6000° and 10,000°. 


Another method of determining the electron temperatures of the 
nebulae is obtained from a consideration of the energy balance of the 
free electrons [152]. In photo-ionisation, the electrons acquire some 
kinetic energy. We know that they expend a considerable part of this 
energy on the excitation of atoms by collision. The other part is trans- 
formed into radiation im the continuous spectrum by recombinations 
and hyperbolic transitions. Since the nebulae are in a steady state, the 
kinetie energy of the electron gas should remain constant, i.e. the energy 
acquired by the electrons should equal the energy they lose. This con- 
dition determines the temperature of the electron gas. As an upper limit 
(taking into account collisions of the electrons with O III and hydrogen 
atoms). temperatures of the order of 9000° to 14,000° are obtained for 
a number of nebulae. 


Thus the clectron temperatures of the nebulae are much lower than 
the temperatures of the central stars. The cooling of the electron gas 
is chiefly due to collisions with atoms which have levels with low excita- 
tion potentials (particularly O IIT ions). It is these atoms which control 
the electron temperatures of the nebulae, operating as an unusual 
“thenmostat”’. 


4. The intensities of the Balmer lines. Formula (24.6), which determines 
the number of atoms in excited (not metastable) states in the nebulae, 
is only approximate, since we have assumed, in deriving it, that an atom 
has only three energy levels. However, the conditions in the nebulae 
are so simple that no difficulty is encountered in calculating the popula- 
tions of the excited levels for actual atoms. The chief reason for the 
easiness of such a calculation is the complete transparency of the nebulac 
to radiation in the lines of subordinate series. Because of this, the popula- 
tion of the excited levels is determined entirely by recombinations (or 
by collisions in the case of low energy levels). and by the subsequent 
cascade transitions of the electrons from level to level. 


The transparency of the ucbulae to radiation in the lines of subordinate 
series also makes it casy to determine the umount of energy emitted 
by the nebula in these lines. A comparison of the calculated line 
intensities with observation forms a good test of the correctness of 
the theory. 
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Let us ealeulate the population of the excited levels of a hydrogen 
atom. This enables us, in particular, to determine the relative intensities 
of the Bahner lines (the so-called Balmer decrement). 


We know that the hydrogen spectrum of the nebulae is due to 
reeombinations. Henee we must first of all obtain an expression for the 
number of recombinations. It is evident that this number is proportional 
to the coneentrations of ions and of free electrons, i.e. to the quantities 
nz and »,, and depends on the temperature 7’, of the free electrons. 
Consequently, the number of captures into the ith level is equal to 
nny Cy(T,). The coefficient Cy,(7,) is caleulated from (20.10). In 
doing so, we neglect the term c? 0,/8 2 hv? (i.e. the stimulated emission) ; 
we take the value of (f,), from (5.55) and the expression for k; from 
(5.24). For hydrogen, Z = 1, and the factor g’ can be taken as unity. 
The final result is 


3/2 yg fkT . 
Cy (Te) = enn mes (7) 2 eB, (4 ) , (24.14) 


(6 2)9/2 m3 h3 kT, 


where x; is the ionisation potential from the ith state, and the other 
symbols have their usual meanings. 


The ealculation of the population of the excited levels is based on 
the conditions for a steady state, which are that the number of atoms 
entering any given state must be exactly equal to the number of atoms 
leaving it. 

Let us write down the steady state conditions for the zth level of 
hydrogen. The number of atoms entering the ith state is the sum of 
three terms: (1) the number of captures directly into the ith level, 
n,n, C;(T.), (2) the number of spontancous transitions from higher 

[oe] 


diserete states, >’ », A,;, and (3) the number of transitions from the 
kaitl 

first to the zth state by the absorption of quanta in the Lyman lines, 

m, By; 0; (we recall that the nebulae are opaque to radiation in the 

lines of a principal series). Consequently, the total number of transitions 

to the zth state per unit time and volume is 


Lee) 
Ne My Cy (T.) + > Ny Ay + My B,; OW: 
k=i+1 


On the other hand, the nunber of atoms leaving the ith state is 


i! 


ny > Ax; 
k=] 
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since only spontancous transitions downwards are possible from the ith 
state. Equating the last two expressions, we obtain 


i-] 00 


mi 2 Ai =e M4 Cy (Te) + yn " - AQ + my BD, Pri 
t=] k 


(= 2,3,4,...). (24.15) 


We have seen, however, that all quanta in lines of the Lyman series 
that are emitted by the nebula are absorbed in it again. Consequently, 
the number of transitions 7 > 1] is almost exactly equal to the number 
of transitions 1 +7, i.e. 


ne Ay) = Ny By; Oi . (24.16) 


Hence we find, instead of (24.15), 


n; » Ay =n, 4 C. y+ s n, Ay (t=3,4,..-). (24.17) 
k=2 k=i+1 


Thus we have arrived at a system of linear algebraic equations for 
the numbers z, = 7,/n, 4. The solution of this system determines the 
population of the energy levels of hydrogen (starting from the third). 


If the numbers z, are known, it is easy to find the relative intensities 
of the emission lines. The energy emitted by the nebula in the line which 
corresponds to the transition k > 1 is 


By = Ag hry [mV , (24.18) 


where the integration is extended over the whole volume of the nebula. 
But n, =z, n,n4 and, if we suppose that the electron temperature is 
constant in the nebula, the numbers z can be taken outside the integral 
sign. We thus obtain 


By = 2% Ap hon [ ners dl . (24.19) 


For a given T,, the formula thus found gives the line intensities apart 
from a constant factor. In particular, for 1 = 2 it determines the Balmer 
decrement. 


The system of equations (24.17) has been approximately solved by 
G. G. CiLLifé, who used the first twelve equations (1 =3,4,...,14) and 
rejected the remainder. The nuinbers 107° z, which he obtained for 
various values of 7’, are given in Table 18. 
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Table 18 
—* 5000° 10,000° 20,000° 
k aw —_ 
| | 
3 O41 | 0-28 0-13 
4 0-59 0-33 0-17 
5 0-89 0-48 0-24 
6 1-29 0-68 0-34 
7 1-78 0-92 0-45 


More accurate solutions of the system (24.17) have been obtained by 
D. H. Menzev and J. G. Baxer [15]. In their tables the quantities 
b; are given, which are defined by a relation similar to (20.14): 
Ae xk ¢ 
Ny = Di Ne N+ (QamkT ye e ? 


i.e. they show by what factor the value of 2,/n, n, in the nebulae differs 
from its value in a state of thermodynamic equilibrium at temperature 
T,. It has been found that the values of the 0; are fairly close to unity, 
and b; > 1 as i> ox, as we should expect. For the lower levels, the 
results of MenzEx and Baker do not differ greatly from those of CILLIE. 

The Balmer decrement, caleulated by means of the numbers z, taken 
from Table 18, is given in Table 19. From this it is seen that the Balmer 
deerement depends very little on the eleetron temperature, and may be 
regarded as practically constant. 


Table 19 
T, 5000° 10,000° 20,000° observed 
H, 2-70 2-78 2-88 2-77 
He 1-00 | 1-00 1-00 | 1-00 
H, 0-51 0-50 0-48 0-50 
H, 030 | 0-29 0-27 0-26 
H 0-19 0-18 O-17 0-18 


A comparison of theory and observation at first showed some disere- 
paney between them. The observed Balmer decrement was steeper than 
the calculated values, and also varied markedly from one nebula to 
another. However. this discrepaney was later explained by the selective 
absorption of light in the Galaxy. This brings about a reddening of 
distant objects, owmg to which the observed intensity ratio of the 
lines H,/H, appears greater than it really is. G. A. Siaty [136] first 
pointed out the possibility of such an explanation; he had found a corre- 
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lation between the Balmer decrement and the galactic latitude of the 
nebula. Later a correlation was found between the Balmer decrement 
and the distanee of the nebula. 

After the absorption of light in the Galaxy had been taken into 
account, the Balmer decrement was found to be in good agreement with 
the calculated values. This is seen, for example, from Table 19, in the 
Jast column of whieh is given the observed Balmer decrement, taking 
account of the absorption of light, averaged over 17 nebulae. 

Tt must be remarked also that the ratio, obtained from observation, 
of the number of quanta in the Balmer continuum to that in the Hg line 
deviates from the obvious theoretical valuc 


Ne Ne Coy (T)/ng Ago 


in tlre saine sense as the ratio of the line intensities, i.e. the observed 
ratio is less than the theoretical. Here, of course, the selective absorption 
of light in space again plays some part. However, the observational data 
are as yet not very reliable. In particular, the problem is complicated 
by the presenee, at least in some planetary nebulac, of a continuous 
spectrum, of unknown origin, throughout the visible region*. 


5. Ilonisation in the nebulae. Having found the degree of excitation 
in the nebulae, let us now determine the degree of ionisation. To do so, 
we must use the condition of equilibrium between ionisation and re- 
combination. In the present section we shall suppose that the ionisation 
takes place only under the action of the radiation froin the central star. 
We shall later take into account the presence of the diffuse radiation 
of the nebula itself. 

Let us find the number of ionisations oecurring per unit volume and 
unit time. We may suppose that the ionisation in the nebulae takes 
place only from tle ground state. Hence, denoting by , the number 
of atoms in the ground state in unit volume, and by k,, the absorption 
coefficient referred to one atom, we obtain for tlre required number of 
ionisations 


* ALYa. Kivver, and L. Spitzer and J. L. Greensrern [162], have reeently 
put forward a new inechanisin to explain the origin of the continuons spectrum 
of planetary nebulae, namely the emission of two photons by hydrogen atoms 
in passing from the 2s to the Is state. Calculation shows that, of all the electrons 
captured into the second and higher levels, about 32%, should make the transition 
23 -- 1s (if collisions are not important). ‘The above authors have caleulated the 
frequeney distribution of the two-photon cmission, and find that, in the visible 
region of the spectrum, the intensity varies relatively little. The intensity of the 
two-photon emission is comparable in order of magnitude with that due to recom- 
binations and free-free transitions. 
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where 7, is the ionisation frequency and o, the density of radiation in 
the nebula, cqual to Wo,*. 

Recombinations take place to all levels. Hence the total number of 
recombinations is 


co 


Mg Ry 2) Cy (Ty) « 
I 


Since the number of ionisations must equal the number of reeombia- 
tions, we have 


~ * foe} 
ny W / ky 4, dy = yng Y Cy (Ty) - (24.20) 
1 


This is essentially the ionisation formula for the nebulae. However, it 
can be considerably simplified by using the relation which exists between 
the coefficients k;, and C,;,(7). The detailed derivation has been given 
in Chapter 5; here we shall recall the main idcas. 


To derive the relation inentioned, we consider the state of thermo- 
dynamic equilibrium. In this case, as is well known, we have detailed 
balancing. In particular, the number of ionisations which take place from 
the ith level by the absorption of quanta with frequencics from ¥ to 
y + dy must equal the number of captures, into that level, of electrons 
with velocitics from v to v + dv, where 


hy =itmv? + x. 


We denote by n, f(v) dv the number of free eleetrons with velocities 
between v and v + dv in 1 em, and by n, nz B;(v) v f(v) dv the number 
of captures of such electrons by ions, into the ith level, in 1 em? in 
1 second. Irom the above, we have 


n, n+ B;(v) v f(v) dv = 4 20; ky, (l—e*7) I, dv/hy, (24.21) 


where the factor | — e~""/*T takes account of negative absorption. 


In thermodynamic equilibrium, however, the funetion f(v) is deter- 
mined by Maxwell’s formula, the intensity of radiation J, by Planck’s 
formula, and the distribution of atoms among the states by Boltzmann’s 
and Saha’s formulae. Using these formulac and (24.21), we obtain 


Ary 9; 34086 
B: (v) = cham? v2 Qs ki, , (24.22) 


where g; is the statistical weight of the ith state of the atom concerncd, 
and gy that of the ground state of the ioniscd atom. 
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Formula (24.22) gives the required relation between the coefficients 
B,(v) and k,,. Although it has been derived on the assumption of thermo- 
dynamie equilibrium, it is, of course, always valid. 

It is evident that the coefficient C;(7’,) is [see (20.10)] 


C(1,) = f B;(v) v f(v) dv. (24.23) 
0 


Here /(v) is given by the Maxwellian law of the velocity distribution 
of free electrons, 
42m —mvf2kT, 
vj = ap e@ v. 24.24 
He) (2amkT PP ( ) 


We must now substitute the value found for C,;(Z',) in the relation 
(24.20). Before doing this, however, we rewrite it in the form 


yg ,* 
xn, W / ky, dy =n, n+ C,(T,), (24.25) 


hy 


ve 


where z is the proportion of captures into the first level. Substituting 
(24.23) in (24.25), we find 


oo 
, v? dy 
xn, W [ee pote = 
Ve 


oo 
—o Ne Ne mh 3h: / ky, v? e. Pare vdv. (24.26) 
I+ 2(22mkT,) P F 

The two integrals which appear in this relation are easily calculated if 
ky, ~ Hyv?. In actual fact, for hydrogen-like atoins k,, ~ 1/v3 (for other 
atoms the dependenee of ky, on » is imperfectly known). However, we 
shall nevertheless suppose that the absorption coefficient is inversely 
proportional to the square of the frequency, sinee the crror thereby 
committed is very slight. As a result we obtain 


T ot mm \3/2 —hvikT, —1 
nt = Me W Vr 22m ATs) Jog, (Ie y. (24.27) 
1 n1 x 


Formula (24.27) can be somewhat simplified by noticing that the 
factors g4/g,, 2x and } (7/7) do not differ greatly from unity, and 
morcover hi, > AT. Hence the ionisation formula for the nebulac 
takes the following approximate form: 


9 yr \3/2 —hAv/kT, 
n, M+ = WeaMhta)”” ¢ (24.28) 
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We see that formula (24.28) differs from the ordinary ionisation formula 
by the presence of the factor W on the right-hand side. This factor is 
very small for the nebulae (W ~ 10-43). This however, does not mean 
that the degree of ionisation, t.e. the quantity x,/n,, is also small. In 
fact. the degree of ionisation in the nebulae may be very considerable, 
since the smallness of the dilution factor W is balanced by that of the 
concentration 2, of free electrons. 

Strictly speaking, the approximate formula (24.28) is valid only 
when the optical thickness of the nebula beyond the limit of the principal 
series of the atom concerned is less than unity. Otherwise it is necessary 
to take account of the absorption of the radiation of the star, and also 
of the presence of the diffuse radiation of the nebula, which originates 
from recombinations to the first level. However, we shall show below 
that the diffuse radiation in the nebulae plays a very small part. It is 
therefore sufficient to take mto account only the attenuation of the 
radiation which comes dircetly from the star. It is evident that this can 
be done by introducing the factor e~* on the right-hand side of formula 
(24.28), where t is the optical distance from the nucleus beyond the 
principal series limit, which corresponds to some inean absorption 
coefficient. Thus we obtain, instead of formula (24.28). 


—hrof[kT. —t 


5 ap \3i2 
Me py (em ED” ee. (24.29) 


Me ny hi 

Let us assume that, for 7 < 1, the degree of ionisation is verv high, 
i.e. 24/n; > 1. When t becomes of the order of unity. the degree of 
ionisation rapidly decreases. In turn, owing to the increase in the number 
of neutral atoms, this leads to a rapid increase in t. Consequently, the 
transition from values of t <1 to values of t > 1, and therefore the 
transition from ni/n, > 1 to ny/ny < 1, takes place in a comparatively 
short geometrical distance. Thus the nebula can be approximately 
divided into two regions with respect to the atoms or ions of a given 
kind: the inner, in which the degree of ionisation is determined by 
formula (24.28), and the owfer, in which it is zero. The first region 
radiates in the lines of the atom concerned, while the second region does 
not. The boundary between these regions is where the optical distance 
from the nueleus, beyond the principal series limit, is of the order of 
unity. 

Jt is clear that, in the case considered, different atoms will emit, 
generally speaking, in different volumes, i.c. there should be a “strati- 
fication” of the radiation in the nebulae. This is indeed the ease: the 
images of the nebulae obtained by ineans of a slitless spectrograph are 
of different sizes in different lines. This indicates that, at least for some 
atoms, the optical thickness of the nebula, beyond the principal series 
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limit, exceeds unity. Hydrogen is perhaps an exception, since the dimen- 
stons of the images of the nebulae in the Baliner lines are usually the 
greatest, and consequently we have no certainty that beyond the regions 
of the nebulae which radiate in these lines there extend other regions 
which do not radiate in them. 


Observation also reveals the following interesting fact. The higher the 
ionisation potential of the atom, the smaller the dimensions of the 
images of the nebulae in the lines of that atom. Thus, for instance, the 
dimensions of the images in the lines of ionised helium are considerably 
less than in those of neutral helium. This is easily explained. As an 
example, let us consider a helium nebula. If the temperature of the 
central star is fairly high, then, in the regions of the nebula which are 
closest to the star, there must be mainly singly and doubly ionised helium 
atoms, and so the radiation will be in the lines of He II. This region 
terminates where the optical distance from the nucleus, beyond the princi- 
pal series limit of tonised helium, becoines of the order of unity. Beyond 
the boundaries of this region, the radiation from the star which is capable 
of doubly ionising helium does not penetrate, and only singly ionised 
and neutral atoms will be found there. This second region must radiate 
only in the lines of He I. It terminates, in turn, where the optical distance 
from the nucleus, beyond the principal series limit of neutral helium, 
becomes of the order of unity. The radiation from the star which is 
capable of ionising He I atoms will reach no further, and this outermost 
part of the nebula will not radiate at all. 


The considerations given above are applicable not only to helium, 
but to other elements also. However, in actual nebulae, which consist 
of many elements, the picture is somewhat more complex, since the parts 
of the star’s spectrum which are absorbed by various atoms and ions 
may overlap. 


6. The masses of the nebulae. The results given above enable us to 
apply simple methods to estimate the masses and densities of gascous 
nebulac. Turning to this question, let us assume that the most widely 
distributed clement in the nebulae, as in stellar atanospheres, is hydrogen. 
In other words, we shalt find the masses and concentrations of hydrogen 
in the nebulae. 


Yhe simplest, though a fairly crude, method of estimating the mass 
ofa planetary nebula is based on the supposition that its optical thickness, 
beyond the limit of the Lyman series, is of the order of unity. The fact 
that this optical thickness cannot be very small compared with unity 
follows from the fact that otherwise the temperatures of the stars, as 
found by ZANsTRa’s method, would have to be greatly increased. On the 
other hand, in the previous section we have expressed doubts that the 
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optieal thickness eoneerned ean considerably exeeed unity. Thus we are 
justified in assuming that 


THnmkr=l. (24.30) 


It is possible, of course, that our doubts were unfounded. If this is 
so, the equation (24.30) will refer only to the luminous part of the nebula. 
By using it we shall therefore obtain some lower limit to the required mass. 

In the relation (24.30), & is the absorption coefficient beyond the 
limit of the Lyman series, referred to one atom. It is equal to0-5 x 10-!, 
If we take for the radius of the nebula a value r = 13,000 astronomieal 
units = 2 x 10!? em, we obtain for the number of neutral hydrogen 
atoms in 1 em? », = 1. 

In order to find the number of ionised hydrogen atoms, we use formula 
(24.28). For hydrogen this ean be re-written in the form 


Ng Myr, = 2-44 X 1015 WW TY 3? e157 200/7 6 | (24.31) 


For an average nebula we take I¥ = 10-4, 7, = 40,000°. We shall also 
assume n, = n,. With the value n, = 1 just found, formula (24.31) gives 
for the number of hydrogen ions in 1 em? ny = 2000. 


We see that in the planetary nebulae hydrogen is predominantly in 
the ionised state. Hence the mass of the nebula ean be estimated from 


the formula 
M= jar nn, my, (24.32) 


where my, is the mass of a hydrogen atom. This formula gives 
M = 10% g = 0-05 Mo . 


Another, more exaet, method of determining the masses of the 
nebulae is based on the use of formula (24.19), which determines the 
amount of energy emitted by the nebula in the hydrogen lines. This 
formula ean be approximately written 


Ee; = op Ay h Vik nV . (24.33) 


From this we find for the coneentration of hydrogen ions 


Ny = YV (Epi [2 Ay hry V) ’ (24.34) 


and eonsequently for the mass of the nebula 


M = mr | (Fe: Vie, Ap hrz) . (24.35) 
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As before, if the optical thickness of the nebula, beyond the limit of the 
Lyman series, is large, formula (24.35) determines the mass not of the 
whole nebula, but only of its luminous part. 

Let us pass, in formulae (24.34) and (24.35), from the energy E,; to 
the total visual luminosity LZ of the nebula. We put 


E.; = dik L . 
Then we have instead of (24.34) and (24.35) 
0=Myn, =CY(LI/V), (24.36) 
M=CY(LV), (24.37) 
where 
C= my V (Aixlze Ani h re) - (24.38) 


Sinee the visual luminosity of the nebula is determined mainly by 
the N, and N, lines, the value of 2; is, roughly speaking, the ratio of 
the intensities of the given line and the N, + N, lines. For example, if 
the intensity ratio of the lines N,/H, is 3, the value of A,, is 1/12. In 
this case C = 1-5 x 10-!”. Of course, the value of /4,, varices somewhat 
from one nebula to another. However, this has little effect on the value 
of C, since 2; appears under the radical sign in formula (24.38). Hence 
the factor C, to a first approximation, may be regarded as constant 
for all nebulae. 

The calculation of the masses of planetary nebulae from formula 
(24.37) leads to values of the order of some hundredths of the Sun’s 
mass, and the ealeulation of the concentrations from formula (24.36) 
gives values of the order of some thousands of atoms per em}. These 
values do not differ, on the average, from those obtained above, M= 
0:03 Ms and 24 = 2000. The masses and densities of individual 
nebulae may apparently differ from the mean values mentioned by a 
factor of ten. This is chiefly caused by the dispersion of volumes, since 
the dispersion of the luminosities of the nebulae is very small. 

The fact that the masses of the planctary nebulae amount to only 
a fraetion of the Sun’s mass again emphasises their subordinate position 
with respect to the nuclei. This is the more important because, according 
to modern ideas, the planetary nebulae were produccd as a result of the 
ejection of matter from the central stars. 

Formula (24.37) can also be applicd to determine the masses of 
diffuse gascous ucbulae, whieh, as is well known, are luminous for the 
samic reason as the planetary nebulae. However, in this case the volumes 
and luminosities (especially the latter) are still imperfectly known. 
Nevertheless, it inay be asserted that the masses of the diffuse nebulae 
may reach hundreds or thousands of times the mass of the Sun. This 
fact also is undoubtedly of great cosmogonical significance. 
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7. The chemical composition of the nebulae. In the preceding section 
we have determined the concentration of hydrogen atoms in the planctary 
nebulae. Weshall now show how the concentration of other atoms (relative 
to hydrogen) may be found. Here we shall suppose known the ratios, 
obtained from observation, of the intensities of the lines of the given 
clement to those of the lines of the Balmer scries. 


Let us first assume that the lines of the (neutral or ionised) atom 
considered are formed as a result of recombinations. We construct, for 
each level of this atom, the equations of the steady statc, similar to 
the equations (24.17) for hydrogen. This system of equations gives us 
the quantities z,," = 7,,/n,n+', where a, is the number of atoms 
in the mth state and 7.’ is the number of atoms in the next ionisation 
state (per unit volume). Using the values of z,,’, we obtain for the 


energy emitted by the nebula in that line of the atom concerned which 
is formed by the transition m— | 


hn s ' , ,ye 
Eni = 2m An hii, Ne N+ J ’ 


where V’ is the volume which radiates in the line considered. We write 
the similar expression for the cnergy emitted by the nebula in the 
Balmer line corresponding to the transition k —> 2: 


Egg = 2p Apg hg, ne ny V 
From these two formulae we have 


Ena Zn Ang "on n4! Vv’ (24 39) 
Exp 2 Apo Mop Me VS — 
Since the ratio of intensities of the lines F),)'/E,. can be obtained 
from observation, formula (24.39) makes it possible to determine 
nz'/nz, i.e. the ratio of the number of atoms of the given element 
in some ionisation state to the number of hydrogen ions. 


In order to obtain the number of atoms in other ionisation states, 
the ionisation formula (24.28) must be used. We then find the ionisation 
state in which are the majority of the atoms of the clement concerned. 
The total concentration of this element in the nebula will thus be 
determined. 


The calculations described are most easily performed for ionised 
helium (and other hydrogen-like ions), since in this case the quantities 
z,,, ean be obtained from the z,, for hydrogen. Thus, if Z is the atomic 
number of the hydrogen-hke ion, its energy levels lie Z* times as deep 
as the hydrogen levels, and the expressions which determine the pro- 
babilities of recombinations and of spontancous transitions are obtained 
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from the corresponding expressions for hydrogen by multiplying by Z!. 
For this reason, we find, by considering equations (24.17) and formula 
(24.14), that the numbers z,,’ for ioniscd helium are one-eighth of the 
numbers z,, for hydrogen, if the temperature is taken at four times 
the value, i.e. 

zm (+7) = 2m (Te) . 


The calculation of the quantities z,,’ for neutral helium has been 
carried out by A. A. NikiTIn [114]. The relative intensities of the 
helium lines which he obtained were in satisfactory agreement with 
observation for both the singlet and the triplet series. Using formula 
(24.39), he found that the number of helium atoins in the nebulae is, 
on the average, one-tenth of the nuinber of hydrogen atoins. 

The deterinination of the concentration of other atoms in the nebulae 
offers considerable difficulties, since the probabilitics of spontaneous 
transitions and of capture are very imperfectly known for them. Further- 
more, there is some uncertainty connected with the transition from 
onc ionisation state to another by using the ionisation formula, because 
of the probable deviation of the radiation of the stars from Planck’s 
Law in the far ultra-violet region of the spectrum. However, approximate 
estimates are possible in these cases. 

Another possibility for determining the concentration of atoms in 
the nebulae exists by reason of the presence of forbidden lines in their 
spectra which are excited by electron collisions. Let us find, as an 
exainple, the conecntration of doubly ionised oxygen atoins, using the 
observed ratio of intensitics of the lines N, + N, and Hg. 

We denote by oy; the number of O LIT ions in 1 cm. These ions 
are predominantly in the first state. In collisions with free clectrons, 
transitions take place from the first state to the second. The number 
of such transitions occurring in 1 em in 1 second is written in the form 
Nom Ne ;9'(L,). Alinost all the atoms whieh have gone from the 
first state to the second later rcturn spontaneously, cmitting quanta 
in the N, and N, lines. Hence the total energy radiated by the nebula 
in the N, and N, lines is 


Y 1 f ‘ 
Ex ax, = Nom %e Oye(7'2) hoye' V', 


where V’ is the voluine of the nebula which radiates in these lines. 
On the other hand, we have for the energy radiated by the nebula in 
the H, line 

Ey, = 2, Ap hroyn, ny V. 


The last two formulae give 


Byay, 4 Ey, _ “oul Dy! (T.) mye) V" . (24.40) 


E ~~ " # n z,aA %, V 
Hg Ig + afty2 Pag 
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To find the ratio ro y)/n4 by means of this formula, it is necessary 
to know the ratios By /En, and V’/V from observation. In the spectra 


of planetary nebulac, the N, line is, on the average, three times as 
bright as the Hg line. and the images of the nebulae obtained by means 
of the slitless spectrograph are approximatcly the same size in these 
lines. We therefore take Ey, 4x,/Eit, =12, V/V =1. 


The quantity 3,,’(7,,) depends very strongly on 7. 
1 - 12 e . Lota e 


However, the 
electron temperatures of the nebulae are known to within fairly narrow 
limits. We shall take 7', = 8000°. For this temperature, bio’ =0-°5 x 1078. 
Next, from Table 18 we find, for the same temperature, z, = 0-4 x 107°. 
Finally, we have Ay = 8-37 X 108 and 449'/¥24 ~ 1 (since the Hz and N, 
lines lic close together). Using these data, we obtain from fromula 
(24.40) royyy/n4 = 10-4. Thus, in the planetary nebulae there are ten 


thousand hydrogen ions to every O IIT ion. 


It is important to notice that O LI lines arising as a result of recombi- 
nations are observed in the spectra of the nebulac. This makes it possible 
to esthnate the number of O IIT ions by the first of the methods described 
above also. Good agreement is obtained between the two estimates, 
which is an indication of their correctness. A similar test of the values 
found for the concentrations can be made for some other atoms also. 


The concentration of various atoms in the planetary nebulae has 
been determined by a number of authors, using the methods explained 
above. The results are given in Table 1 (see Section 5.1). 


Taking into consideration the inexactness of such determinations, 
we may conclude that there are no great differences in chemical compo- 
sition between the nebulae and stellar atmospheres. This conclusion 
can be formulated as follows: the outer layers of the Sun, if expanded 
to the dimensions of a nebula and irradiated by a hot star, should 
give exactly the same spectrum as is observed for the planetary nebulae. 


Chapter 25. Radiative equilibrium in 
planetary nebulae 


1. The Lyman continnuin radiation field. In determining the intensities 
of emission lines. we have assumed that the nebulae are transparent 
to radiation in these lines. Such an assumption is not suspect as regards 
the lines of subordinate serics, since only a negligible minority of the 
atoms are in the excited states. It is justified also as regards forbidden 
lines (even if the lower state is the ground state), since the absorption 
coefficient in these lines is extremely small. 


lL. The Lyman continuum radiation field 435 


However, the nebulae are not in general transparent to radiation 
in the frequencies of a principal serics. This greatly complicates the cal- 
culation of the radiation field in these frequencics, since it is then 
necessary to use the equations of radiative transfer. We shall now calculate 
the radiation field in the frequencies of the Lyman series of hydrogen. 
This problem was first considered by V. A. AMBARTSUMYAN [5]. Later, 
a number of authors refincd and generalised the solution which he 
obtained. 

In investigating radiative transfer in the nebulae, the geometrical 
model of the nebula is of great importance. We shall assume (as is 
usually done) that the nebula is bounded by two concentric spheres 
of radii r; and r,. The nucleus of the nebula is at the centre of these 
spheres. The thickness of the nebula is assumed sinall in comparison 
with its distance from the nucleus (i.e. 7, —7, < 7,). In this case the 
nebula can be regarded as consisting of plane-parallel layers, and the 
dilution factor is constant in the nebula. 

We first examine the radiation field in the Lyman continuum. When 
the L, quanta which come from the star to the nebula are absorbed, 
hydrogen atoms are ionised. In recombinations to the first level, the 
quanta are emitted again. We denote by x the proportion of recombi- 
nations which are to the first level. We can then say that a scattering 
of L, quanta takes place in the nebulae, the probability of “survival” 
of the quanta at each elementary scattering process being x. 

For simplicity, we shall consider the entire Lyman continuum as 
a single level. Let x be the mean atomic absorption coefficient in the 
continuum and 1 the corresponding optical depth, measured from the 
inner boundary of the nebula, i.e. 


Tr 
t= fn, xdr. 
m" 


We denote by 2S the number of quanta in the Lyman continuum 
incident from the star on I cin? of the inner boundary of the nebula. 
It is evident that. of these, n, x 2S e—' quanta are absorbed in | cin? 
at optical depth +. However, besides the radiation which comes directly 
from the star, there is absorbed in this volume also the diffuse radiation 
of the nebula itself, originating in recombinations to the first level. 
The number of quanta of diffuse L, radiation absorbed in | ci? is 
ny) x f K (r,0) dw, where A (r,0) hvy is the intensity of radiation at an 
angle 0 to the normal at optical depth 1, and the integration is taken 
over the whole solid angle. 


Of the total number of quanta 


npxauSe* tnx [ K(t,0) dw 
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which are absorbed in unit volume, a fraction x passes again into L, 
radiation. Hence, denoting by 41, C(t) the number of quanta 
emitted by this volume in the Lyman continuum, we obtain 


T 


oa [KOO Mee fe. (25.1) 


This is the condition of radiative equilibrium for L, radiation in a nebula. 


As well as by equation (25.1), the quantities C(r) and A(t,0) are 
related by the equation of radiative transfer, which, in the case of 
plane-parallel layers, has the form 


cos 0 dA (t,0)/dt = C(t) — K(t,6). (25. 


bo 
— 


The equations (25.1) and (25.2) are to be solved with the following 
boundary conditions: 


K (0,0) = K(0,1— 0), 


(25.3) 
K(t,0) = O0for0 > 32. 

The first of these conditions, which holds for the inner boundary of 
the nebula (where t = 0), means that the intcnsity of the radiation 
emerging from the nebula is equal to that of the radiation entering it. 
This is beeause the radiation leaving the nebula at any point on the 
inner boundary at an angle @ to the norinal 
is also the radiation which centers the nebula 
at an angle +—9 (Fig. 61). The second 
condition expresses the obvious fact that, 
at the outer boundary of the nebula (where 
T ==Tp,), there is no incident radiation. 


Thus our problem consists in solving the 
equations (25.1) and (25.2) with the boundary 
conditions (25.3). These equations can casily 
be solved by one of the approximate methods which are known in the 
theory of radiative equilibrium (by avcraging the intensity of radiation 
with respect to direction). However, we shall prefer to construct an 
integral cquation. Solving cquation (25.2) for A(z,0) with the con- 
ditions (25.3), and substituting the cxpression found for A(t,@) in 
equation (25.1), we obtain 





C(t) = 4 xf [A,\ (jr —v I) + Fy(t + 7')] C(t’) dr’ +4 2Se*, (25.4) 
if 
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where 


00 


, “ot dt 
E(t) = | € o>. 


It is clear that, the greater the optical thickness of the nebula, 
the greater the part played by the diffuse radiation in it. Since, however, 
our main purpose is to ascertain the importance of the diffuse radiation, 
we shall put t, = oo. In this case, equation (25.4) can be approximately 
rewritten in the form 


eo 


C(t) =32f BE, (|t—1' |) Clr) ar’, (25.5) 


-—0O 


and equation (25.5) determines the function C(r) the more accurately, 
the greater the optical depth t. 
Equation (25.5), however, has the exact solution 


C(t) = Ae", (25.6) 
where & satisfies the equation 
1+hk 
3 log, oy =, (25.7) 


and A is an arbitrary constant. We shall regard the function (25.6) 
aS an approximate solution of equation (25.4), and find the constant A 
from the condition that this equation is exactly satisfied on the average. 
We then obtain 


A=kazS/4(1—2z). (25.8) 
The values of k found from equation (25.7) are given below. 
x 0 0-5 0-6 0-7 0-8 0-9 1-0 
k 100 096 0-91 0-83 0-71 0-53 0 


For L, radiation the value of z is 
2 = Oy(PYY OT.) , 
where C,(7,) is determined by formula (24.14). Calculations from this 


forniula give 


T, 5000° 10,000° 20,000° 50,000° 
x 0-39 0-44 0-49 0-57 
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Since the electron temperatures of the nebulae are close to 10,000°, 
we obtain from the tables given above k = 0-97. We shall take simply 
k = 1. In this case we find for the function C (zr) 





C(t) = a, ne: (25.9) 

On comparing the expression obtained for C(r1) with (25.1), we see 
that the number of quanta of diffuse L, radiation is approximately 
equal to the nuinber of L, quanta coming directly froin the star, Thus 
it must be acknowledged that the diffuse radiation plays a fairly sinall 
part. 

This result is explained by the fact that the proportion of captures 
which are into the first level, i. ec. the value of 2, is eomparatively small 
(less than 3). If 2 were close to unity, the diffuse radiation would pre- 
dominate over the direct radiation. This would be particularly noticeable 
at large optical depths (in consequence of the sinall valuc of & in this case). 


2. The Lyman « radiation field. Mueh more interesting results than 
in the preceding case are obtained from an analysis of the Lyman a@ 
radiation field in the nebulae. We have seen above that, for every L, 
quantum that is transformed in the nebula, one Lyman « quantum 
is necessarily formed. These quanta then diffuse in the nebula, undergoing 
pure scattering. However, the optical thickness of the nebula in the 
Lyman «@ line is 104 to 10° times that in the Lyman continuum, i. e. 
it is very large. This has the result that each Lyman @ quantum, before 
leaving the nebula, must undergo a very large number of scattering 
processes. Consequently it can be predicted that the density of Lyman « 
radiation in the nebulae should be extremely high. 

Let s,. be the absorption coefficient in the Lyman a line, referred 
to one atom. We introduce the optical depth ¢ and the optieal thickness ¢, 
in this line, 


r rs 


t= { Ny So dr, ly = f Ny So dr. (25.10) 
nr rh 
We write 
t/t = lo[ty = S)9/% = 1fq. (25.11) 


As we have already said, this ratio is of the order of 104 to 10°. 


We denote by Ay,(t,0) hv. the intensity of Lyman @ radiation at 
an angle @ to the normal at optical depth ¢, and by 4 2 n, 8,2 Cy, (t) the 
number of Lyman a quanta emitted in unit time and unit volume at 
that depth. The quantities A,,(t,0) and C,(t) are related by the usual 
equation of radiative transfer 


cos OdK y(t, 0)/dt = Cyo(t) — Kyo lt, 0) . (25.12) 
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Let us now construct the equation of radiative equilibrium for the 
Lyman «@ radiation. Here we shall assuine that all the Lyman « quanta 
are formed from L, quanta, i.c. we neglect the radiation of the star 
in the Lyman lines (including the Lyman «@ line itself) in comparison 
with its radiation in the Lyman continuum. It is clear that this assump- 
tion is fully justified so long as tT, is not very small compared with unity. 

In the previous section we have scen that, as a result of the absorption 
of L, radiation, 4 tn, xC(r) recombinations to the first level take place 
in unit volume per unit time. It is evident that the number of recom- 
binations to all other levels is obtained from this by multiplying by 
(1 — x)/x. But each such recombination necessarily leads to the formation 
of a Lyman « quantum. Hence the number of Lyman « quanta originating 
from L, radiation is 


1— 
4a 2m #O(t). 


However. the volume element does not emit only these quanta in the 
Lyman « line. It scatters a much larger number of quanta. More exactly, 
it emits as many quanta as it absorbs from the diffuse Lyman @ radiation 
ficld. (It is clear that this diffuse Lyman @ radiation has also been 
formed from L; radiation. but has not yet succecded in escaping from 
the nebula.) Thus the total number of Lyman « quanta emitted by unit 
volume is 


| — 
mie | Kie(s0)do +4 my % C(t). 


This number of quanta was denoted above by 4 7 ny Sy. Cio (t). We 
therefore obtain, as the condition of radiative equilibrium, 


Cyo(t) = / Ko(t,0) te +4 io C(t). (25.13) 


The function C(t) which appears in this equation is given by formula 
(25.9). Using this, we finally have 


—q 
Cyo(t) = / Ky(t,0i®@+q5e.. (25.14) 


Let us solve equations (25.12) and (25.14) in Eddington’s approxi- 
mation. Let Ayo(t) hv, be the mean intensity of Lyman « radiation, 
and 4 2 f)9(t) hay, the flux of this radiation, i. ec. 


7 


R(t) = / Ayo (t, 0) de »MNe(t) = [ Kyo (t,0) cos 0 de . (25.15) 
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The equations mentioned give 


Ryo(t) = a — 3 bt — (3 S/4.q) e“* , | 25.16 
17, (t) =b—4 Se, | 


where a and 6 are arbitrary constants. 


To find these arbitrary constants, it is necessary to specify the 
boundary conditions. Here two cases must be distinguished. 


(1) The nebula is stationary (or is expanding with a velocity not 
exceeding the mean therinal velocity of the atoms). In this case the 
boundary conditions are the same as the eonditions (25.3) for L, radiation. 
In the approximation considered, they may be written 


Ay, (0) =0, 2 Ayo (to) = Bo (to) . (25.17) 


(2) The velocity of expansion of the nebula is large compared with 
the mean thermal velocity of the atoms. In this case the Lyman « 
quanta coming from one side of the nebula will not be absorbed by 
atoms on the opposite side, because of the Doppler effect. Hence the 
condition at the inner boundary of the nebula becomes similar to that 
at the outer boundary, i. ec. we have 


2 A, (0) = — Ky,(0), 2 Ayo (lo) = Kyo (ty) - (25.18) 


We shall assume for simplicity that the optical thiekness of the 
nebula in the Lyman continuum is considerably greater than unity, 
i.e. glg > 1. Then we obtain for the constants a and 8, in the first case 
mentioned, 


a=3St,b=458, (25.19) 
and in the second ease, 
a= }S/q, b=} S/qty . (25.20) 


By substituting the values found for @ and b in formulae (25.16) 
it is possible to calculate the density and flux of Lyman «@ radiation 
at any optical depth in the nebula. Let us find, for example, the density 
of Lyinan « radiation at the inner boundary of the nebula, in the first 
case considered above. It is evident that the number of Lyman « quanta 
in l cm is 4 a Ky, (t)/c. For ¢ =0 we obtain 


4a 3a 8 
Cc f,.(0) = c tg - 
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But a S/c is the number of L, quanta in 1 em? at ¢ = 0. Consequently, 
the density of Lyman « radiation at the inner boundary of the nebula 
is 3, times, i.e. some tens of thousands of times, the density of L, 
radiation. In turn, the density of L, radiation for a teinperature of 
the star of the order of 40,000° to 50,000° is approximately 5 x 104 
times the density of Lyman « radiation coming from the star. Hence 
the density of diffuse Lyman « radiation at the inner boundary of the 
nebula is 10° times what it would be if there were only the direct 
Lyinan « radiation of the nucleus. This density is very much greater 
than the density of radiation in all the other lines of the hydrogen 
spectrum. However, if JV is of the order of 10-13, the density is still 104 
times less than the density of Lyman « radiation at the surface of 
the star. 

The two following questions are of interest in connection with such 
a high density of Lyman « radiation in the nebula: (1) what is the 
mean time during which a Lyman a quantum reinains in the nebula 
and (2) what is the mean number of scatterings undergone by a Lyman « 
quantum ? 

In order to answer the first of these questions, we must know the 
total number of Lyman « quanta in the nebula, and the number ori- 
ginating from L, radiation (or leaving the nebula) per unit time. It is 
evident that the ratio of these two quantities gives us the required 
time during which a quantum remains in the nebula. As we have already 
remarked, there are 4 2 K,,(t)/¢ Lyman « quanta in 1 cm%. Hence the 
total number of Lyman « quanta in the nebula is 


t, 
4n dt 
0 


The number of Lyman « quanta originating in the nebula is simply 
equal to the number of L, quanta arriving from the central star. Thus 
4ar,22S Lyman « quanta are formed in the nebula in 1 second. 
Consequently, we obtain for the mean time during which a quantum 


remains in the nebula 
le 


1 4 dt 
1 =f ®t) Se. (25. 


U 
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To calculate the integral, we need an expression for K,, (t). Substituting 
the constants a and b, determined by formula (25.19), in the first of 
formulae (25.16), and omitting the last term (which is sinall by virtuc 
of our assumption gl, > 1), we find 


Rio (t) =2 S(t —f). (25.22) 
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For simplicity we shall assume that n, # = constant. The integration 
in formula (25.21) then gives 


T = 37/2 ¢ ny S19. (25.23) 


Having found the value of 7’, there is no difficulty in determining 
the mean number of scatterings undergone by a Lyman « quantum. 
It is evident that, to determine this number. we must divide 7 by the 
mean time interval between two successive scatterings. The mean path 
betwecn two scatterings is 1/n, s)5 (corresponding to unit optical distance). 
The mean time interval between scatterings is therefore I/e 7, sy. 
Dividing T by 1/e 7, s,., we obtain 


N= it)?. (25.24) 


Thus the mean number of scatterings of a Lyman « quantum is equal, 
in order of magnitude. to the square of the optical thickness of the 
nebula in the Lyman « hne. 


Let us find the numerical values of NV and 7. Since the optical thick- 
ness of the nebula for Lyman « radiation is 104 to 105, we find from 
formula (25.24) that each Lyman x quantum undergoes on the average 
some thousand million scatterings. To estimate the value of 7 from 
formula (25.23), we put ¢ = 3 x 10! em/sec, n, = 1. 54. = 107! em”. 
With these values, the mean time during which a Lyman « quantum 
remains in the nebula is found to be of the order of a thousand years. 


The values obtained are so large that they compel us to examine 
closely all the agencies whereby the process of multiple seattering of 
the Lyman « quanta may be curtailed. One of these is collisions of the 
second kind, which transfer the hydrogen atoms from the second state 
to the first without the emission of a Lyman x quantum. Let us consider 
whether collisions of the second kind can noticeably diminish the 
density of Lyman «@ radiation in the nebula. 


We have just seen that each Lyman « quantum undergoes 10° 
scatterings. i.c. brings atoms 10° tines from the ground state to the 
excited state. The lifetime of the atom in the excited state is 10-8 sec. 
Consequently, the Lyman « quantum is in the absorbed state for 10 sec 
in all. The number of collisions of the second kind which occur in this 
time is 

10x, eyo, 


where », is the number of free electrons in 1 em, v, is the mean velocity 
of the electrons, and o is the effective cross-section for the process 
considered. The most probable values of these quantities are n, = 104, 
v, = 10% em/see and o = 10-}%em*. Hence the required number of 
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collisions of the second kind is 10 x, ao = 10-3. However we alter the 
original data, this figure cannot approach unity. Consequently, the great 
number of scattcrings of Lyman « quanta will hardly ever be interrupted 
as a result of collisions of the second kind. 


Thus collisions cannot significantly diminish the density of Lyman « 
radiation. However, the results obtained in this section are not entirely 
applicable to actual nebulae. The reason for a considerable decrease 
in the density of Lyman « radiation in the nebulae will be demonstrated 
in the next section. 


3. Radiation pressure in the nebulae. Let us now consider the flux 
of Lyman « quanta. At an optical depth ¢, the flux is 427 A,.(t). Let 
us find the value of the flux at the boundaries of the nebula. To do so, 
we must substitute the values of the constants @ and 6 in the second 
of formulae (25.16) and put in it ¢ = 0 and ¢t = fy. If the nebula is sta- 
tionary, the flux is zero at the inner boundary and + 27S at the outer 
boundary. If the nebula is expanding with a high velocity, the flux is 
—aS [l—(1/gt,)] at the mner boundary and + 2S/qty at the outer 
boundary. Since we suppose that qt, > 1, in the second case nearly 
all the Lyman a quanta emerge from the nebula at its inner boundary, 
and the fraction of quanta that do so is the greater, the greater the 
optical thickness of the nebula. In both cases, as we should expect, 
the total number of Lyman a quanta emerging from the nebula is 
4 a7,2 a S. which is the number of L, quanta coming from the star. 


Thus the flux of Lyman a quanta in the nebulae is very large. We 
should therefore expect that the radiation pressure due to the Lyman @ 
radiation is also large. [t will at any rate be much greater than that 
due to the L, radiation, since the absorption coefficient in the Lyman a 
line is tens of thousands of times greater than that in the Lyman con- 
tinuum. 

Let us find the ratio of the radiation pressure caused by the Lyman 
a radiation to the force of gravity from the nucleus. We take a unit 
volume at one of the boundaries of the nebula (the outer boundary 
in the case of a stationary nebula and the inner boundary for an expand- 
ing onc). The radiation pressure in the Lyman « line acting on this 
volume is 


ns 2 oF 
R= Uv aS hy. (25.25) 


From the definition of 2 S, 
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We therefore obtain 


_ [ra \? 2a shy, ve dy - oF 
R= () Sn | ote (25.27) 





To find the force of gravity from the nucleus acting on the same 
volume, it is necessary to take into account the fact that there are 
ionised atoms of hydrogen as well as neutral ones. The force of gravity 
is therefore 


G = (* y Ja My (My + 14), (25.28) 


where g, is the acceleration due to gravity at the surface of the star. 
For the required ratio /G, we find 


wo 


Ro 21812 Ary. v dy - 
G Amy 9x (1 + 4/7) —1° (25.29) 


We put 7', = 40,000°, 4/2, = 5000. Then formula (25.29) gives 


RIG = 10°/g, . (25.30) 


It is difficult to suppose that the acceleration duc to gravity at 
the surface of the central] star is as much as 10° cm/sce?. In fact, if this 
were so, the mass of the central star would be several thousand times 
that of the Sun. In that case, however, we should observe a red-shift 
of the absorption lines in the spectra of the nuclei corresponding to 
velocities of the order of 10,000 km/sec. Observations seem to indicate 
such a red-shift in the spectra of the nuclei, but it does not exceed 
100 km/see. Henee the imasses of the nuclei cannot in reality exceed 
that of the Sun by a factor of more than ten. 


Thus we reach the conelusion that the radiation pressure due to 
the Lyman « radiation plays a much greater part in the nebulae than 
does the force of gravity from the nucleus. The radiation pressure must 
be especially great at the boundaries of the nebulae: at the outer boun- 
dary of a stationary nebula, where it is directed outwards, and at the 
inner boundary of an expanding nebula, where it is directed towards 
the star. In the latter ease, the radiation pressure must retard the inner 
parts of the nebula. The magnitude of this effect may be calculated. 
It is found that the retardation ainounts to 3 km/sec per century. 

The results obtained relate, however, only to a stationary nebula 
or to one expanding without a velocity gradicnt. But even if this were 
so at some moment, a difference in the expansion velocity would inevit- 
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ably occur by degrees, owing to radiation pressure. It is therefore 
necessary to considcr the Lyman « radiation field in a nebula expanding 
with a velocity gradient. 

It is clear that the appearance of a velocity gradient in the nebula 
should diminish the density of Lyman @ radiation. This is due to the 
fact that, for a nebula expanding with a velocity gradient, the radiation 
quanta are able to emerge not only from the boundary regions, but 
also froin the interior regions as a result of the Doppler effect. Thus, 
let us assuine that the outer parts of the nebula are expanding more 
rapidly than the inner ones. We consider an atom in the central parts 
of the nebula, having a large thermal] velocity component perpendicular 
to the layers. It is evident that the radiation quanta emitted by this 
atom in the direetion opposite to its motion will hardly be absorbed 
at all in the nebula, whilst the atom will absorb from all directions 
approximately as many quanta as do the other atoms. Hence the Lyman 
x quanta, wherever they are, have a considerable probability of emerging 
from the nebula as a result of scattering by rapidly moving atoms. 


A detailed analysis of the Lyman «@ radiation field in a nebula ex- 
panding with a velocity gradient has been carried out by V. V. SoBOLEV 
[153]. He has shown that the appearance of even a small velocity 
gradient leads to a very great diminution in the density and flux of 
Lyman «@ radiation, and therefore in the radiation pressure due to this 
radiation. It must be supposed that in actual nebulae the radiation 
pressure due to Lyman « radiation is comparable, in order of magnitude, 
with the force due to gravity from the central star. 


It should be mentioned that V. V. SoBoLrv’s work was based on 
the hypothesis of the complete frequency redistribution of the radiation 
in cach elementary scattering process (i. c. the hypothesis that scattering 
is eompletely non-coherent). Subsequently, H. Zanstra [183] discussed, 
on the same hypothesis, the problem of radiation pressure in a stationary 
nebula. He finds that, ina nebula whose optical thiekness in the Lyman 
continuum is of the order of unity, the force of radiation pressure for 
complete frequency redistribution is about 300 times less than the 
force when there is no frequency redistribution. V. V. Sosotev [161] 
has reeently considered the problem of radiation pressure in a nebula 
for three cases of diffusion of radiation: (1) without change of frequency, 
(2) with complete frequency redistribution, (3) with the actual frequency 
redistribution. The latter case is taken to be the diffusion of radiation 
with the frequency redistribution caused by the natural width of the 
atomic energy levels and by the Doppler effect from the thermal motion 
of the atoms. It was found that cases 2 and 3 are fairly similar, but are 
very different from case 1. This gives some support for the hypothesis 
of complete frequency redistribution that was used in previous work. 


446 Chapter 25, Radiative equilibrium in planetary nebulae 


4. The problem of the origin of the planetary nebulae. The results, 
given above. of the study of planetary nebulae compel us to suppose 
that there ts a genetic relation between the nebula and its nucleus. It 
is most natural to assume that the nebulae are the remains of matter 
ejected at some time from the central star. This hypothesis is supported. 
first of all, by the expansion of the planetary nebulae. Another con- 
firmation of this assumption is given by the results of the determination 
of the masses of the nebulae. It is clear that. if the masses of the nebulae 
were found to be greater than the masses of the nuclei, this hypothesis 
would become improbable. However, the masses of the nebulac, as we 
know, do not in reality exceed one-tenth of the Sun’s mass. 


It was thought not long ago that the planetary nebulae are formed 
in the eruptions of supernovae. As we shall see below, a mass of the 
order of the Sun’s mass is ejected in such a major catastrophe, and this 
is quite sufficient for the formation of a planetary nebula. However, 
this hypothesis must now be abandoned. One of the objections which 
may be raised against it appears when we consider the expansion velo- 
cities of the nebulae. It is known that these velocities are very small, 
about 10 to 20 km/sec, whereas in the eruptions of supernovae the 
velocities with which matter is ejected are some thousands of kilometres 
per second. It is impossible to explain this difference by a single gravita- 
tional retardation, and we can pomt to no other retarding forces. In 
particular, they cannot be the forces of radiation pressure in the Lyinan 
a line, since, as was established above, a velocity gradient arises as a 
result of the action of these forces, and the radiation pressure is then 
reduced. 

The results of observations of the Crab Nebula also contradict the 
above hypothesis. It can scarcely be doubted that this nebula was 
formed by the eruption of the supernova of 1054. However, this nebula 
is at the present time, 1. e. 900 vears after the eruption, expanding with 
a velocity of 1300 km/sec, and it can be shown that it has not undergone 
any considerable retardation. Furthermore, in its outward appearance 
the Crab Nebula is not at all similar to the planetary nebulae. 


Finally, the hypothesis of the origin of planetary nebulae in super- 
nova cruptions is also contradicted by statistical considerations. Statistics 
show that eruptions of supernovae oecur too rarely to bring about the 
observed number of planetary nebulae. We see more than 300 nebulae 
lying comparatively close to the Sun. Extrapolating, we find that there 
are approximately 10,000 nebulae in the entire Galaxy. The radn of 
the nebulae do not exceed F parsec, i. c. 3 x 10!8 cm. This means that 
at larger dimecusions the nebulae cease to be visible. Let a nebula be 
expanding with a velocity of 10 km/sec, so that its radius mereases 
by 3 x 10!3 em per year. Then the lrfetime of a nebula is 10° years. 
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It is evident that if a nebula exists for 10° years, and the total number 
of nebulae in the Galaxy is 10', then a nebula must appear every ten 
years. However, eruptions of supernovae take place much more rarely 
than once a deeade. In our Galaxy only three supernova outbursts have 
been observed during the last thousand years, and in other galaxies 
they occur on the average at the rate of two per millennium. It is hardly 
possible that a refinement of the data will remove the contradiction 
which we have obtamed. 


The possibility that the planetary nebulae are formed in eruptions 
of ordinary novae is refuted by the fact that the masses of the envelopes 
ejected by novae are very small (not more than 10~-* M,), and their 
velocities of expansion are comparatively large (of the order of several 
hundred kilometres per second). However, it must be noted that nova 
outbursts take place fairly frequently (approximately 30 per year in 
the Galaxy). Hence it would be sufficient to maintain the existing number 
of planetary nebulae if only one eruption in three hundred resulted 
in the formation of a planetary nebula. It is possible, for example, that 
the planetary nebulae are formed in the eruptions of particularly “slow” 
novae or in repeated eruptions in regions of the Galaxy where there 
is an increased density of interstellar gas, which retards the ejected 
envelopes. However, it is best to say at present that the problem of 
the origin of the planetary nebulae is still far from being solved. 


PART V. 
NOVAE 


Chapter 26. Nova outbursts and their interpretation 


1. Observational data. As is well known, novae is the name given 
to stars which suddenly inercase in luminosity by a factor of thousands 
or tens of thousands, afterwards slowly dying down. The flare-up of 
a nova usually takes place in the course of a few days, and it dics down 
over a period of several years. Finally, the star returns to a luminosity 
which differs little from the one it had before the outburst. At the time 
of maximum luminosity, the absolute magnitudes of novae are on the 
avcrage —6™. In its ordinary state, i. c. before the outburst and many 
years after it, a nova has an absolute magnitude of about +-5™ (with 
a fairly large dispersion). Thus the mcan amplitude of variation of the 
luminosity of novae is 11". Some observational data for a number of 
novae are given in Table 20. 





Table 20 

Amplitude of | Absolute Distanee Velocity 

Star luminosity | magnitude in . kmnjso 

change = fat maximum parsees in km/sce 

Nova Aurigae 1891 9 —53 800 

Nova Persci 190) 13 —S8-4 480 700 
Nova Aquilae 1918 12 —9°3 430 1300 
Nova Cygni 1920 13-5 —8-9 1470 400 
Nova Pictoris 1925 | 12 —73 | 500 70 
Nova Herculis 1934. 13 —55 ; 230 170 
Nova Lacertaec 1936 | 13 —86 | 1350 1300 
Nova Puppis 1942 | 16-5 —8-0 500 1100 








Besides the change in luminosity of novac, very great changes take 
plaec in their spectra. The spectroscopie history of a nova is bricfly as 
follows. 

No observations have been made of the spectrum of any nova before 
its eruption, since the stars which become novae are very faint and 
not at all noticeable. An cxecption is formed by the spectrum of Nova 
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Aquilae 1918, which was found on a plate taken with an objective 
prism. However, it has not been possible to draw any definite conclusions 
concerning this spectrum. For the time from the outburst to the time 
of maximum luminosity, the spectra of novae are imperfectly known 
because of the rapidity of the flare-up. Only in a few cases has it been 
possible to obtain spectrograms for a few hours before the time of 
maximuin, and, for some “slow” novae, for a few days before. These 
spectrograms show that, on the rising part of the luminosity curve 
shortly before maximum, novae have spectra which are usually of 
class A or F. The characteristic feature of these spectra is the displacement 
of all the lines towards the violet by an amount corresponding to a velocity 
of the order of some hundreds of kilometres per second. The velo- 
cities equivalent to the displacements of the lines for individual novae 
are given in the last column of Table 20. 


Immediately after maximum luminosity is reached, broad bright 
bands suddenly appear om the red side of the absorption lines, lying 
roughly symmetrically with respect to the central frequencies. Originally 
the bright-line spectrum corresponds to class A, and then changes to 
class B. Simultaneously, the structure of the bright bands changes, and 
new absorption lines appear at their violet edges. Subsequently, as 
the star’s luminosity decreases, the continuous spectrum and the ab- 
sorption lines become fainter, and the bright-line spectrum changes from. 
class B to class O. 


Some months after the outburst, bright forbidden lines characteristic 
of the spectra of gaseous nebulae (including the N, and N, lines of 
‘“nebulium”) appear in the spectrum of a nova. With the appearance 
of these lines, the nova enters the ‘“‘nebular stage” of its development. 
The subsequent disappearance of the nebular lines coincides with the 
return of the star to its original luminosity. The spectrum of the star 
at this point belongs to the Wolf-Rayet type. It is usually supposed 
that the Wolf-Rayet stage is the last in the history of a nova. However, 
observations made on a number of novae during some decades after 
their outbursts have shown that the Wolf-Rayet spectruin is subsequent- 
ly replaced by a spectrum of class O (somctimes with traces of emis- 
sion). 

During the first few years after the outburst, nebulae are visible 
around novae, similar in external appearance to the planetary nebulae. 
These nebulae expand with very high velocities and are then dispersed 
into space. The existence of such nebulac leaves no doubt that, in the 
eruption of a nova, the outer layers of the star are detached from it. 
We shall show below that the changes in the luminosity and spectrum 
of a nova are explained by the gradual movement of the detached 
envelope away from the star. 
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The stars which most resemble the typical novae are the recurring 
novae. Unlike ordinary novae, which, during the entire time they have 
been observed, have erupted only once, recurring novae erupt several 
times. A list of the recurring novae at present known is given in Table 21. 


Table 21 
Star Years of outbursts Limits of variation 
* ; of stellar magnitude 
N_ Orionis 1677, 1750, 1892 6™ to> 11" 

T Pyxidis 1890, 1902, 1920, 1941 6 14 
U Scorpii 1863, 1906, 1935 9 >17 
RS Ophiuchi 1898, 1933 4 12 
T’ Coronae Borealis 1866, 1946 2 ll 
N Sagittac 1913, 1946 7 15 
N Sagittarii 1901 ?, 1919 <7 14 


The outbursts of recurring novae are quite similar to those of typical 
novae, but are on a smaller scale. This leads us to suppose that the 
typical novae also erupt many times, but that the intervals of time 
between the eruptions considerably exceed the period during which 
observations have been made. This supposition is confirmed by the 
statistical results of the Moscow astronomers B. V. Kukarkry and 
P. P. Parenaco. Having compared the time intervals between eruptions 
with the amplitudes of luminosity variation for recurring novae and 
nova-like variables, these authors came to the conclusion that, the 
greater the former quantity, the greater the latter, on the average. 
Extrapolating to typical novae the dependence obtained, B. V. KuxKar- 
KIN and P. P. Parrenaco found that, for an amplitude of luminosity 
variation of 1]. the time interval between eruptions should be about 
3000 years. 

The spectra of recurring novae in the intervals between outbursts 
are of great interest, as being the spectra of these stars in their normal 
states (since the duration of the eruptions is considerably less than the 
interval between them). Unfortunately, the observational data on 
these spectra are few in number. Nevertheless, it can be asserted that, 
in the intervals between outbursts, the recurring novae are very hot 
stars, soinctimes with emission features in their spectra. It is important 
to notice that the spectra of recurrmg novae before and after eruption 
are not essentially different. Since the typical novae are not fundament- 
ally different from the recurring novac, this result can be extended to 
them. In other words, the spectra of the typical novae before eruption 
should be the same as they are many years afterwards, i. e. should belong 
to class O. This conclusion should be particularly emphasised, since it was 
thought until recently that cooler stars of class A are liable to become novae. 
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In turn, the noya-like variables are similar to the recurring novae; 
these are stars which resemble novae in their ehanges of luminosity 
and spectrum. The nova-like variables differ from the recurring novae 
not only in the smaller scale on which they exhibit the phenomena whieh 
characterise nova eruptions, but also by their less regular repetition. 
Among the nova-like variables are groups of stars of the types U Gemi- 
norum, Z Andromedae, ete. 

Much more violent catastrophes than the eruptions of typical novae 
take place in the eruptions of supernovae. The absolute magnitudes of 
supernovae at maximum luminosity reach —15™, and the amplitude 
of the change of luminosity apparently exceeds 20". The outbursts 
of supernovae are very rare phenomena. In the last thousand years, 
only three supernovae have erupted in our Galaxy: in 1054 in the 
constellation of Taurus, in 1572 in Cassiopeia, and in 160-4 in Ophiuchus. 
The Crab Nebula, whieh is the outcome of the eruption, is now observed 
in the position of the supernova of 1054. The very great luminosities 
of the supernovae at maximum, which are comparable with the lumino- 
sity of an entire galaxy, enable us to diseover supernovae in other 
galaxies without particular difficulty. The study of these supernovae 
has shown that their spectra consist of emission bands superposed on 
a continuous spectrum, the width of the bands corresponding to radial 
velocities of the order of a thousand kilometres per second. However, 
the identification of the bands is very uncertain, because of the great 
complexity of the spectrum. 

Thus all the “erupting” stars considered above can be divided into 
four groups — the supernovae, the ordinary novae, the recurring 
novae, and the nova-like variables. The seale of the eruptions of the 
stars in each group is less than in the preeeding one. In what follows, 
we shall be eoncerned mainly with the ordinary novae. 


2. The explanation of the observations. The attention of astronomers 
has long been attracted by nova outbursts, and many hypotheses have 
been advanced to explain the observational data. However, the corrcet 
solution of the problem — the ejection of an envelope of the star — 
was found only a quarter of a eentury ago. Here we shall show that the 
movement of the detached envelope away from the star should lead 
to just such changes in luminosity and spectrum as are actually observed 
in novae. 

At the moment of eruption, let an envelope be detached from the 
star whose optical thickness in the continuous spectrum is much greater 
than unity. As the envelope expands, its optieal thickness will diminish, 
but, until it becomes of the order of unity, the envelope will serve as 
both a reversing layer and a photosphere. In this case, the surface 
temperature being approximately constant, the expansion of the envelope 
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results in an increase in the star’s luminosity. In consequence of the 
approach of the part of the envelope that is towards the observer, the 
absorption lines will be displaced towards the violet end of the spectrum. 
Such a spectrum is in fact observed on the rising part of the luminosity 
curve of a nova. 


At the moment when the maximum luminosity is reached, the 
optical thickness of the envelope in the continuous spectrum becomes 
of the order of unity. At this time the radiation directly from the star 

begins to reach the outer layers of the 





j envelope, and bright lines appear in it. 
D 0 The reason for the appearance of these 
* > . . 
\ / lines is the same as in the case of gaseous 


nebulae, i.e. fluorescence. The radiation 

in the lines reaches the observer not 

_+c only from the part of the envelope 

which is approaching him, but also from 

that which is receding. It isnot absorbed 

\ in the envelope, because of the Dopp- 

B ler effect. The width of the bright lines 

therefore corresponds to twice the velo- 

city of expansion of the envelope. On 

the violet side ofa bright line there is an 

absorption line which arises in the part 

of the envclope which is approaching 

the observer and screens off the star. 

A diagram of the origin of the spectral 

Fic. 62 lines in the expanding envelopes of 
novae is given in Fig. 62. 
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After maximum luminosity, as the envelope expands further, its 
optical thickness in the spectral lines diminishes. As a result of this, 
the dark components of the bright lines become faint and then dis- 
appear. At the same time, the degree of excitation and ionisation of 
the atoms in the envelope increases, and owing to this the spectrum, 
as judged by its content of observed lines, passes from class A to class B, 
and then to class O. At some stage, the conditions necessary for the 
appearance of forbidden lines begin to be fulfitted in the envelope, i. e. 
the densities of matter and of radiation become fairly small. Beginning 
with the appearance of the forbidden lines, the “nebular stage” lasts 
for a fairly long time, until the brightness of the scattering envelope 
becomes less than that of the star itself. The spectrum of the star, which 
at this point is of Wolf-Rayet type, shows that the cjection of matter 
from the star is still continuing. When this process also comes to an end, 
the spectrum of the star becomes class O without emission lines. 
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It is clear that the continuous ejection of matter froin the star 
begins immediately after the detachment of the envelope. In soine 
eases further envelopes are detached from the star, and this leads to 
the appearance of secondary mmaxima on the falling part of the luminosity 
curve of the nova, and also to the appearance of additional systems of 
absorption lines. The process of ejection of matter from the star, which 
begins after the detachment of the :nain envelope, explains also a number 
of other features of the spectra of novae. 

The explanations given above of the phenomena which occur when 
a nova erupts are, in their general features, in good agreement with 
observation for every stage of development of the nova. However, 
E. R. Mustev’, who has studied in detail the observational data for 
the period around maximum luminosity, has recently come to the 
conclusion that two viewpoints (which he calls hypotheses 4A and J) 
are possible on the subject of the detachment of the envelope from the 
star. 

According to hypothesis A, which has already been explained above, 
the detachment of the envelope froin the star takes place at the time 
of the eruption. At first, the optieal thickness of the envelope in the 
continuous spectruin is much greater than unity; later, it decreases and 
becomes of the order of unity at the time of maximum luminosity (the 
existence of the maximum is really due to this). 


According to hypothesis B, an expansion of the entire star begins 
at the tine of the eruption. At the time of inaximum luminosity the 
envelope separates from the star, and the star itself begins to contract, 
in consequence of which its luminosity begins to decrease. The optical 
thickness of the detached envelope in the continuous spectrum is less 
than unity from the very beginning of the process. In other words, the 
detachment of the envelope takes place in the reversing layer of the 
star. E. R. Mustrew’ [96] gives many arguments against hypothesis A 
and in favour of hypothesis #8. Unfortunately it is not possible, within 
the scope of a textbook, to pause to discuss this important work by 
KE. R. Musrev’. It need only be remarked that at times long before 
or after the timc of inaximnum luminosity there is alinost no difference 
between the hypotheses A and B. 


The explanation given above of the cruptions of novae allows us 
to devise simple incthods of determining their parallaxes. The nnportance 
of these inethods Is the greater since the trigonometric parallaxes of 
novae are quite unreliable, because of their sinallness. 


One of the methods of determining the parallax of a nova, though 
not a very accurate one, is based on a comparison of the displacements 
of the absorption lines with the rate of inercase of the luininosity before 
maxiinum. From observation we can find, for two instants ¢, and fy, 
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the apparent magnitudes m, and m, and the temperatures 7’, and 7’, 
(from the spectral class). Using the well-known formula relating the 
absolute magnitude .1/ of a star to its temperature T and radius R: 


M = 29,500/T — 5 logy) R — 0-08 , (26.1) 


and the fact that the difference of the apparent magnitudes of the 
star is equal to the difference of its absolute magnitudes, i. c. m,-— m, = 
M,— M,, we obtain the following formula which determines the 
ratio of the star’s radii at the instants ¢, and f,: 


R, 5900 5900 My — mM, oR 9 
loo p= 7, — 7, TB (26.2) 


On the other hand, we have for the difference of the radii of the star 
at the moments ¢, and ¢, 


R,— Ry = v(te—t,) , (26.3) 


where v is the rate of expansion of the photospherc, found from the 
displacement of the absorption lines. Each of the quantitics #, and It, 
is determined separately from (26.2) and (26.3). This makes it possible 
to find the absolute magnitude of the nova from the relation (26.1), 
and then to find the parallax by comparison with the apparent inagnitude. 


Another method of determining the parallax of a nova is based 
on the measurement of the rate of expansion of its envelope. This 
rate can be measured, on the one hand, from the width of the bright 
bands in the spectruin and expressed in kilometres per second, and 
on the other hand, from the observed expansion of the nebular envelope 
and expressed in angular measure. A comparison of these quantities 
gives the parallax of the nova. This method is more exact than the 
previous one. The distances and absolute magnitudes at maximuin, 
given in Table 20 for a number of novae, were determined by this 
method. 

The parallax of Nova Persei 1901 was found in an interesting manner. 
The nebula observed around this nova was expanding so fast that it 
could not be regarded as an envelope cjected in the cruption. This 
suggested that Nova Persci crupted inside a dust cloud and.produced 
around itself an illuminated region which expanded with the velocity 
of light. This supposition was confirmed by the fact that the spectrum 
of the nebula obtained eighteen months after the outburst was the 
saine as the spectrum of the star at the time of inaximuin light. 

The parallax of Nova Persei 1901 was deterinined by the second 
of the incthods mentioned above, taking into account that the velocity 
of “expansion” of the illuminated region was equal to that of light, 
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i.e. 300,000 km/sec. Later, a second nebula was discovered around 
Nova Persei, expanding much more slowly than the first. This was 
the “true” envelope which was detached from the star in the eruption. 


3. The interpretation of the luminosity curve. Let us now consider 
the theoretical interpretation of the observational data. We shall 
first. calculate the luminosity curve of a nova, 
assuming that, at the time of the eruption, 
there separates from the star an envelope of 
very great optical thickness in the continuous 
spectrum (i. c. assuming hypothesis A). Such a 
calculation was first performed by V. A. AMBART- 

SUMYAN, and in greater detail by Su. G. GorvDE- ~~ 
LADZE [48]. 

The structure of the envelope of a nova is 
very complex, but as a first approximation we 
replace it by a homogeneous sphere with the same Kr) 
temperature throughout. The luminosity of such 
a sphere is very easily calculated. Since, according 
to our assumptions, 9 = constant and 7' = constant, we can suppose 
that the emission coefficient « and the absorption coefficient k are also 
constants. In this case, the intensity of radiation emerging at a distance 
r from the centre of the disc (Fig. 63) is 


Fic. 63 


+y¥(RI1) 
I(r) = ee VRE) —8) dg , 
—¥(R—2) 


or, effecting the integration, 


—2ky(Ue—r) 


I(r) = , Ue (26.4) 


The total amount of energy emitted by the sphere, i. e. its luminosity 
L, is obtained from (26.4) by integrating over the whole disc and imulti- 
plying by 42: 


R 
L=4a2nf I(rrdr. 
6 


The integration gives 


—2kR 


l—e ) 


ope © |] 1 —2kr 1 
baa (e+ pre  — aae nel 
Assuming that there is local thermodynamic equilibrium, we can 
put e/k = B, where B is the intensity of radiation from a black body 
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at the given temperature. Further, we note that k A is just the optical 
radius of the sphere. We denote it by zt). With this notation, we obtain 
L=42RBl1¢!} 6° ue) ]. (26.5) 

Tp) 2 T, 

Formula (26.5) determines the luminosity of the sphere as a function 
of the radius # and the optical radius t>. However, it is easy to establish 
the relation between R and ty. To do so, we must write down the ex- 
pression for the volume absorption coefficient &. We shall take it in 
the form 


k= Bp o?/T*, 
where f is a constant. For t) we have 
tT =kKR=fo? R/T", 
or, expressing the density g in terms of the mass M of the sphere and 
its radius R&R, 


T) = 9 B M2/16 2? T9? Re. (26.6) 


Substituting A from (26.6) in (26.5), we find 


9 2/5 nqsys . 
L = 4 nm? B (182.) prs f(T) , (26.7) 
where 
—2/5 1 —2r, 1 —~2r, 
f(t) = Tp 1 + T é —o,2(1—e ) . (26.8) 
0 ~T) 


let us now apply formula (26.7), which determines the luminosity 
of the sphere, to the envelopes of novae. Here we shall suppose that, 
when the envelope expands, its mass M and temperature 7’ remain 
constant. Hence the luminosity EL will depend only on the single vari- 
able to. At the start of the eruption, t, > 1. Later, R increases, and 
consequently t, decreases, by (26.6). For some value of ty, the luminosity 
L has a maximum. It is easily found that the inaximum of the func- 
tion f(t)) is reached for ty = 1-7, and the maximum value of this func- 
tion is 

fmax = 0°84. 


Hence we find for the luminosity of the nova at maximum 
96 \7/5 0.84 | 415 
16 .) pos Mo. (26 9) 


Linax = 4 7 ( 
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We see that, for a given temperature, the luminosity of a nova at 
maximuin is the greater, the greater the mass of the ejected envelope. 
We shall use this important result below in determining the masses 
of the envelopes. 


We can now rewrite formula (26.7) in the form 


L = 1:2 Linax f(T) » (26.10) 


The lummosity curve of the nova is determincd by this formula, if 
we take into account the fact that the dependence of t, on / is given 
by the relation (26.6), and that of # on the time ¢ by the relation R = vt, 
where v is the rate of expansion of the outer boundary of the cnvelope. 
We see from formulae (26.5) and (26.6) that, when ty > 1, the luminosity 
increases as R*, and when ty < 1 it decreases as R-3. This means that 
the increasc in luminosity occurs very rapidly, and the decrease consider- 
ably more slowly. Consequently the theoretical luminosity curve is 
similar in forin to the observed one. 


However, the above theory has some important defects. It cannot 
answer the following questions: (1) What is the source of energy whereby 
the ejected envelope radiates? (2) How does the transfer of energy 
through the envelope take place? These questions have been discussed 
by V. V. Sonotey [159], who considers two possible sources for the 
energy of radiation of the envelope: the energy in the envelope at the 
time when the eruption begins, and the energy emitted by the star after 
the envelope has broken away from it. The problem of the radiation 
of an expanding envelope with given sources of energy is then solved. 
This gives the variation in the luminosity and spectrum of a nova with 
time, in the interval between the beginning of the outburst and the 
time of maximun: brightness. It was found that the theoretical results 
are in general agreement with those of observation. In particular, the 
theory accounts for the delay in the increase in brightness that has been 
observed in several novae. 


4. The interpretation of the spectrum. We have already given a quali- 
tative explaination of the spectra of novae, based on the idea of the 
expansion of an envelope ejected froin the star. However, the quanti- 
tative interpretation of the speetra meets with great difficulties, in 
consequence of their extreme complexity. The spectra of novae in the 
nebular stage form an exception. In this case we can use the results 
obtained for the planetary nebulae. We shall therefore discuss here 
the spectra of novae in the nebular stage. 

The nebular stage of a nova begins when the envelope has moved 
to such a great distance from the star that the conditions uccessary 
for the appearance of forbidden lines begin to be fulfilled. It can be 
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shown that the condition concerning the density of radiation begins 
to be fulfilled sooner than that concerning the density of matter. 
Consequently, the beginning of the nebular stage is at the time when 
the density of free electrons in the envelope diminishes to such an 
extent that the spontancous transitions in the forbidden lines become 
as frequent as collisions of the second kind. This enables us to estimate 
the density of free electrons m the envclopes of novae at the time when 
forbidden lines appear in their spectra, if the corresponding transition 
probabilities are known. On the other hand, we ean estimate the volume 
of the envelope at the same cpoch from the velocity of expansion of 
the envelope and the time interval which has elapsed since the eruption. 
This gives an approximate detcrmination of the mass of the ejected 
envelope. It is found to be of the order of 10?’ to 1078 grams. We shal! 
later indicate more exact methods of determining the masscs of the 
envelopes. 


In the nebular stage of the nova, the electron temperature of the 
envelope can also be determined. This is most simply done by means of 
V. A. AMBARTSUMYAN’s method, i.c. from the ratio of intensities of 
the forbidden lines N, -+ N, and 4363 A, belonging to the O III ion. 
As is seen from formula (24.13), which determines the ratio of intensities 
of these lines, the former must always be brighter than the latter. 
We know that this is in fact the case in planetary nebulae. A similar 
ratio of intensities of the lines N, + N, and 4363 A is observed in the 
spectra of novae also, when the conditions in the envelopes become 
similar to those in the nebulae. The electron temperatures of the enve- 
lopes at this time are found to be of the order of 6000° to 10,000°, 
like the tempcratures of the nebulae. 


However, at the time when the lines N, + N, and 4363 A first appear 
in the spectra of novae, the ratio of their intensities is the reverse of 
what is observed in the spectra of the nebulae, i.e. the 4363 A line 
is brighter than the N, + N, lines, which contradicts formula (24.13). 
The explanation of this phenomenon is as follows. In the derivation 
of formula (24.13) it was assumed that the number of spontaneous 
transitions in the forbidden lines is much greater than the number of 
collisions of the sccond kind (which is quite correct for the nebulae 
and for the envelopes of novae in their later stages). At the time of the 
first appearance of the forbidden lines in the spectra of novae, however, 
the number of collisions of the second kind is still comparable with the 
number of spontancous transitions. Hence formula (24.13) is inapplicable 
at this time, and must be replaced by one which takes account of both 
spontancous transitions and collisions of the second kind. Let us 
consider, for simplicity, the case where the collisions of the second kind 
predominate over the spontancous transitions. In this case the transitions 
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of OIII ions from the lower to the upper states in collisions of the 
first kind are almost completely balanced by transitions from the 
upper to the lower states in collisions of the second kind. The distribution 
of O III ions ainong states is therefore close to the Boltzmann distribution 
for the electron temperature of the gas in the envelope. Consequently, 
we have for the ratio of the numbers of O III ions in the 18, and 1D, 
states 

My Jy 4 Pralk Te 

Ny 92 
This gives for the ratio of intensities of the lines N, -- N, and 4363 A 
Exvixy, — Aa Me I Ava/KT, 26.11 

Eysg, Age 105 Go . (26.11) 

For the OIII ion, the coefficient Aj. is more than 100 times A,,, and 
the ratio g,/g, is 5. In the case considered, the ratio E'y, 4 x,/E4g53 is therefore 
greater than unity if 7', < 10,000° and less than unity if 7, > 10,000°. 
Observation shows, as we know, that, at the time of appearance of 
the forbidden lines of the OIII ion, the line 4363 A is brighter than 
the N, + N, lines. Consequently the electron temperature of the envelope 
is comparatively high at this time. 


Since the radiation of the envelopes of novae in the nebular stage is 
quite similar to that of the planetary nebulac, it is possible to apply 
ZANSTRA’s method of determining the temperatures of the stars to 
novae also. This was first done for Nova Aquilae 1918. From the lines 
of He II it was found that three months after the eruption the temp- 
erature of the star was 65,000°. Subsequently ZansTra’s method was 
applied to novae in their carlier stages. However, where the envelope 
is close to the star, the assumptions underlying ZansTRa’s method are 
not well satisfied (sce Part VI). 


The results obtainable by studying the contours of emission bands 
in the spectra of novae are very valuable. Since the envelopes are 
ejected with very high velocities, the contour of an emission band is 
determined mainly by the Doppler effect. For this reason, the distri- 
bution of velocities in the envelope can be estimated from the forin 
of the contour. However, in the first period after maxiinum luminosity, 
when the envelope cannot yet be supposed transparent to the radiation 
in the lines, the theory of the contours of emission bands is very complex. 
It is considerably simpler in the subsequent period, when the absorption 
satellites of the emission bands disappear. The most reliable analysis 
is that for the forbidden lines, where self-reversal plays no part, since 
the absorption coefficient in forbidden lines is very small. 
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Let us assume that the envelope is transparent to radiation in a given 
line. If the envelope has spherical symmetry and all the layers are 
moving with the same velocity, the contour of the emission band will 
be flat, i.c. the intensity will be constant within the band. In some 
novae, the contours of the forbidden lines are in fact of this nature, 
at least to a first approximation. However, in other cases the bands 
seen to be doubled. This doubling was particularly marked in the 
spectrum of Nova Herculis 1934. The dispersion of velocities in a spheri- 
cally syminetrical envelope cannot explain the doubling of the emission 
bands. We must therefore assume that the envelopes of some novae do 
not have spherical symmetry, i.e. the ejection of matter docs not take 
place uniformly in different directions. 

In connection with this result, it must be pointed out that individual 
condensations of matter are observed in the expanding nebulae around 
novae. Such an observation was first made in the case of Nova Pictoris 
1925. At first it was interpreted as a division of the star into three 
components on eruption. These components moved in straight lines 
away from a single point, gradually diminishing in brightness. Six 
months after the outburst of Nova Herculis 1934, this star was discovered 
to be double. Later it was possible to obtain the spectra of cach of the 
components, which were found to be characteristic of gaseous nebulae. 
This fact allowed the conclusion to be drawn that in reality, when 
a nova erupts, there takes place not a division of a single star into two 
or three components, but the ejection by the star of several eonden- 
sations of matter, which radiate under the action of the star’s radiation. 
In the case of Nova Herculis, this conclusion is well confirmed by the 
spectral data, since the doubling of the cinission bands can be explained 
by the ejection of two condensations of matter from the star, which 
move with different radial velocities. 

As has been said above, we shall not concern ourselves here with 
a detailed consideration of the spectra of novac during the period from 
maximum luminosity until the nebular stage. These spectra are very 
complex. and even a qualitative interpretation of them meets with 
difficulties. We notice, however, that at present a great part in the 
formation of the spectrum is ascribed not only to the main envelope, 
but also to the matter which is ejected from the star after the separation 
of the envelope, and that not only fluorescence but also collisions 
between the separate parts of the ejected matter are regarded as inecha- 
nisms for the appearance of the bright lines. Very valuable results 
from the study of the spectra of novae during this period have been 
obtained by E.R. Muster’ [98, 99, 101]. 


5. Nova Herculis 1934. The pieture sketched above of the variation 
of the luminosity and spectrum of a nova is typical of the majority 
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of novae, but not all. Some novae show very considerable deviations 
from this picture. One of these “peculiar” novac is Nova Herculis 1934. 
The luminosity curve of this star is shown in Fig. 64. The luminosity, 
having first risen from 14" or 15™ to 1.3 (22 December), later decreased 
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slowly during a period of over three months. In April 1935 the luminosity 
of the nova suddenly fell rapidly to 13™.1, and then rose to approxi- 
mately 7™, after which it began to decrease slowly again. In the period 
of slow dying-down of the nova after the December maximum, its 
spectrin belonged to class F with emission lines of H, Fe II, Ca IJ, ete. 
The absorption lines were displaced to the violet by an amount corre- 
sponding to about 400 km/sec. After the April minimum, the spectrum 
of the nova became that typical of gaseous nebulae. The inerease of 
the line intensities in this spectrum brought about the inerease in 
brightness of the nova to 7™. 


The explanation of the changes in the luminosity and speetrum 
of Nova Hereulis is as follows [52]. Starting from the moment of cruption, 
a powerful ejection of matter from the star took place for over three 
months, which led to the formation of an extended envelope around 
the star. However, the outermost parts of the envelope were not luminous 
during this period, since the ultra-violet radiation of the star did not 
reach them. This radiation was absorbed by the parts of the envelope 
which were closer to the star and denser, and these re-einitted it in the 
continuous spectrum with an energy distribution corresponding to 
a lower temperature than that of the star itself. In other words, the 
parts of the envelope adjoining the star played, during this period, the 
part of an extended photosphere. In April the intensity of outflow of 
matter diminished very greatly, the extended photosphere was dispersed, 
and a very hot star (with a temperature of about 70,000°) was revealed. 
Owing to the dissipation of the extended photosphere, the lnninosity 
of the nova in the visible part of the spectrum decreased markedly. 
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Immediately afterwards, however, the outermost rarefied parts of the 
envelope began to radiate under the aetion of the ultra-violet radiation 
of the star, siinilarly to the radiation of the planetary nebulae, and 
for this reason the lummosity of the nova in the visible region of the 
speetrum began to ierease again. This proeess of inerease in luminosity 
continued until the intensity of the emission lines in the speetrum 
of the envelope eorresponded to that of the ultra-violet radiation of 
the star. The further slow deerease of the luminosity of the nova was 
due to the gradual dissipation of the nebular envelope. 

It is very interesting to eonsider the radiation of the envelope of 
Nova Hereulis after the April luminosity minimum. In _$theoretieal 
astrophysies, the assuinption is usually made that radiative equili- 
brium exists in stellar envelopes. Even in those eases where the ehange 
in the physieal eonditions in the envelopes takes plaee very rapidly, 
it is still supposed that radiative equilibrium is established. In other 
words, the development of the envelope is imagined as a passage through 
a sequenee of equilibriuin states. However, we ean now point to a 
series of examples of envelopes radiating in the absenee of radiative 
equilibrium. One sueh example is the envelope of Nova Herculis after 
the April luminosity minimum. We have seen that, although the ultra- 
violet quanta from the star reaehed the nebular envelope at the time 
of minimum luminosity, it did not as yet radiate. Radiative equilibriuin 
elearly did not exist at this time. In the following period, the development 
of the nebula was in the direetion of the establishment of radiative 
equilibrium. This proeess ean be regarded as having been eompleted 
only at the time of the seeondary luminosity maximuin. 

Let us eonsider the theoretieal interpretation of the radiation of the 
envelope of Nova Hereulis after the April luminosity minimum [158]. 
For simplieity, we shall diseuss a hydrogen envelope of eonstant density. 
We assume that the envelope has spherieal syminetry, and that its 
thiekness is eonsiderably less than its distanee from the star (rz —71r, € 1). 

Let 2, (r,t) and n4(r,t) be respeetively the number of neutral and 
ionised atoms in 1 em? at a distanee r from the star at time t. Let n 
be the total nuinber of hydrogen atoms in 1 em, so that 


my (r,t) + ns(7,t) =n. (26.12) 


At the initial instant, whieh we take as the instant when the temperature 
of the star suddenly increases, all the atoms in the envelope are neutral, 
i.e. 7, (7,0) =n, ny(7,0) = 0. 

Subsequently, ionisation of the atoms takes place by the absorption 
of quanta emitted by the star beyond the linit of the Lyman series. 
The number of sueh quanta ineident on 1 em? of the inner boundary 
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of the envelope in 1 second is denoted by H. If we denote by & the 
absorption coefficient, referred to one atom, the total number of ioni- 
sations occurring in 1 second in 1 cm? at a distance r from the star at 
time ¢ is 

ny (7,8) & eT) , 


where t(r7,é) is the optical distance of the point conecrned from the inner 
boundary of the envelope, i. e. 


t(r,t) = [| ny(rt) kdr. (26.13) 


Besides ionisations, the converse processes, I. ¢. recombinations, also 
take place in the envelope. The number of recombinations to the ith 
level occurring in 1 second in 1 em’ at a distance r from the star at 
time ¢ is 

Ne (r, t) 4 (7,t) Cy (Le) ’ 


where 2,(7,¢) is the number of free electrons in 1 em3, and Cy(V,) is 
the function determined by formula (24.14). 


Since the variation in the number of ions is equal to the difference 
between the numbers of ionisations and recombinations, we have 


Lec) 


ans Et =n, k Het — n, nz >) Cy. (26.14) 


i=? 


In equation (26.14) we have not taken into account recombinations 
to the first level or ionisations under the action of the diffuse radiation 
of the envelope, since these processes balance each other. 


Thus the problem of determining the variation in the number of 
ionised atoms in the envelope reduces to the solution of equation (26.14) 
with the conditions (26.12) and (26.13). The solution of this equation 
will be found in the work of V. V. SopoLev [158]. Here we shall give 
one result which will be needed in what follows. 

Let the optical thickness of the envelope beyond the limit of the 
Lyman series, at the initial instant, be nuch greater than unity, i. ¢. 
T(ro,0) > 1. Next, let the radiation of the star be so intense that it 
can produce in the nebula a degree of ionisation considerably greater 
than unity (v4/n, > 1). In this case the envelope can be divided. at 
any time, into two regions: an “ionised”’ region (where n4/n, > 1) and 
an ‘‘un-ionised” region (where n4/n, < 1), with a very sharp boundary 
between them, and the process of the gradual increase in ionisation 
in the envelope can be regarded as a movement of the boundary between 
these regions. This boundary lies approximately where t ~ 1 at the 
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time considered (Fig. 65). This result is quite evident, sinec, so 
long as t > 1 for a given layer, the ionising radiation of the star docs 
not penetrate to it. Only when, owing to the ionisation of the part of 
the envelope towards the star, its optical 
thickness beeomes of the order of unity, does 

ionisation begin in the layer considered. 
This result enables us to find without 
diffieulty how the total number of ionised 

NW atoms in the envelope, i. e. 


Ny= [ngdV, 


varies with time. We integrate both sides 
Fie. 65 of equation (26.14) over the whole volume 
of the nebula. Denoting by A the total nuin- 
ber of quanta emitted by the star beyond the limit of the Lyman series 
in 1 seeond, we obtain 
oO 
dN ,/dt = A—Nin Dd Cy. (26.15) 


i=2 


The last term in equation (26.15) is obtained using the relation 
[nr nedV =n Ny. (26.16) 


This follows sinee for the ionised region n, ~ n, and for the un-ionised 
region n, ~ 0. 

The solution of equation (26.15) which satisfies the initial eondition 
Ni(0) = 0 has the form 


N,(t) = A [1 — exp (—in x Cy) }{n S Ciy « (26.17) 
ia 


t=2 


A very important result follows from formula (26.17). The time 


oo 
te =1fn > Cy (26.18) 
i=? 
can be regarded as the time taken to establish radiative equilibrium 
(or the relaxation time of this proeess). We see that it is the greater, 
the smaller the density of matter in the envelope. 


In order to estimate the relaxation time, we notiee that for hydrogen 
oo 


» Cy x 8 x 10- (for 7, = 10,000°). This means that when 2 ~ 101° 


a 


the relaxation time is of the order of several minutes. In the envelopes 
of novae in the first period after maximum luminosity, » > 10!°. We 


in 
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can therefore suppose that the establishment of radiative equilibrium 
in this case follows immediately upon a change in the physical conditions 
in the envelope. However, in the case of Nova Herculis 1934, the tem- 
perature of the star suddenly increased when the density of matter in 
the envelope was very small. For this reason the time for the establishment 
of radiative equilibrium in the envelope of Nova Herculis was prolonged 
to approximately a month. 


Using formula (26.17), we ean find the variation in the total amount 
of energy emitted by the envelope in any spectral line. We have for the 
energy emitted by the envelope in a line of frequency vz 


Ey = A, hvy, Zh f Ne N+. dV ) (26.19) 
where z, = n,/n,n4. Using formulae (26.16) and (26.17), we obtain 


Ey, = Ag hv, z, [1 — exp (tn yo NDC (26.20) 


For Nova Herculis, formula (26.20) can be compared with observation, 
It is found that the observed variation in the intensities of the Balmer 
lines is fairly well represented by formula (26.20). Here it is necessary 
to take the valuc n = 3 x 10% for the concentration of atoms in the 
envelope. 


Using the formulae given above, we can also explain an interesting 
fact in the spectroscopic history of Nova Herculis. The red components 
of the emission lines were, at the time when they appeared after the 
April luminosity minimum, much fainter than the violet components, 
and the two were approximately comparable in intensity only at the 
time of the secondary luminosity maximum. To explain this phenomenon, 
it was previously assumed that, in the space between the star and the 
envelope, there was absorbing matter, which caused the red components 
of the emission lines to become fainter. Now, however, it can be more 
naturally explained in terins of the radiation of the envelope in the 
absence of radiative equilibrium. 


It follows from the observations that the intensity of the red com- 
ponent increased more slowly than that of the violet component. On 
the above view regarding the radiation of Nova Herculis during this 
period, this means that radiative equilibrium was established more 
slowly in the receding part of the envelope than in the approaching 
part. For this to be so, we need only assume that the density of matter 
in the receding and approaching parts was not the saine. The pheno- 
menon is described approximately quantitatively by the above formula 
(26.20). 
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This conclusion that the envelope of Nova Herculis was inhomo- 
geneous is confirmed by observational results. It is well known that 
there were visible in the envelope two well-defined concentrations of 
matter, one receding and the other approaching. This, indeed, would also 
explain the two-component structure of the emission lines in the spee- 
trum of this nova. If we started from the presence of two concentrations 
of matter and supposed that in this period the envelope was not in 
radiative equilibrium, we should have to conclude that the intensities 
of the red and violet components of the emission lines would vary differ- 
ently, since it is difficult to imagine that the two concentrations would 
be completely similar. 


Chapter 27. The part played by the ejected 
envelopes in the evolution of novae 


1. The masses of the envelopes. The subject of the masses of the 
envelopes ejected in the eruptions of novae is of great interest. Firstly, 
from the masses of the envelopes we can obtain information about the 
layers in which the detachment of the envelope from the star takes 
place, and about the forces which cause this detachment. Secondly, 
a knowledge of the masses of the envelopes allows us to draw conclusions 
about their cosmogonieal significance. If the mass of the envelope is 
comparable with that of the star, the eruption must bring about a 
radical change in the entire star. On the other hand, if the mass of 
the envelope is small compared with that of the star, the ehange in 
the star occurring as a result of the eruption is evidently restricted 
to the surface layers alone. 

Several methods have been proposed to determine the masses of 
the envelopes. We shall give three of these. 


(1) Determination of the mass of the envelope from the maximum 
luminosity. This method is based en formula (26.9), whieh was obtained 
in interpreting the luminosity curve of a nova. Formula (26.9) asserts 
that, the greater the mass of the ejected envelope, the greater the 
maximum luminosity of the nova. Converting the luminosity of the star 
in formula (26.9) to the absolute magnitude, and putting 7’ = 10,000°, 
we obtain 

Minax = — V2 — 2 logy (M/Ma) . (27.1) 


where Mz is the mass of the Sun. Since the absolute magnitudes of 
novae at maximum are in the neighbourhood of —6™, the masses of 
the envelopes, calculated by formula (27.1), are of the order of 1076 
to 10-4 M5. 
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(2) Determination of the mass of the envelope from the luminosity 
and volume in the nebular stage. When the envelope of a nova is in the 
nebular stage, its mass can be determined by the same method as is 
used to determine the masses of planetary nebulae. The mass of the 
envelope is approximately 


M=CY(LV), (27.2) 


where C is some constant, J is the luminosity, and V is the volume of 
the envelope. The determination of the masses of the envelopes of 
novae from formula (27.2) again leads to values of the order of 10-§ 
to 10-4 Mg. However, for individual novae this method gives more 
exact results than the previous one. 


(3) Determination of the mass of the envelope from the relaxation time. 
This method can be applicd only to novae which are similar to Nova 
Herculis 1934. We have already seen that in this case the radiation 
of the envelope before the secondary luminosity maximum takes place 
without the establishment of radiative equilibrium. Having found, 
from the luminosity curve, the time for the establishment of radiative 
equilibrium (the relaxation time), and using formula (26.18), we can 
determine the density of the envelope. On the other hand, a knowledge 
of the rate and duration of the outflow of matter from the star enables 
us to estimate the volume of the envelope. The mass of the ejected 
envelope is thus obtained. 


In order to avoid having to estimate the volume of the envelope, 
which involves some uncertainty, we can proceed as follows. We rewrite 
the relation (26.18) in the form 


fore) 
bs m 2, Cry = 1 
ti=2 


(we have replaced » by »,, since n, = nz @& n). Multiplying both sides 
of this equation by n, and integrating over the whole voluine of the 
envelope, we obtain 


ty | Me re > Cy dV = | ne dV. 
af eM o, f for. 


The integral on the right-hand side of this equation, however, is the total 
number of hydrogen ions in the envelope, and that on the left-hand 
side is the total number of recoinbinations to all levels from the second 
upwards. The latter number is equal to the number of Balmer quanta 
emitted by the envelope in 1 second. Consequently we have 


ty Ny = Ng. (27.3) 
30* 
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Formula (27.3) holds for any time before the secondary hnninosity 
maximum, From the relaxation time f, and the number Vg of Balmer 
quanta emitted by the envelope, it gives the number of hydrogen ions 
AV, in the luminous (i. ec. the ionised) region. Sinee, in the ionised region, 
n/n, > 1, V4 is almost the same as NV, i. c. the total number of hydrogen 
atoms in this region. In the course of time, the dimensions of the ionised 
region inerease, and become a maximum when radiative equilibrium 
is established. The number N, determined for this time from formula 
(27.3), signifies cither the total number of hydrogen atoms in the envelope 
(if the latter is completely ionised) or a lower hinit to this number (if 
the envelope is only partly ionised). For Nova Herculis 1934. at the time 
of the secondary luminosity maximum, formula (27.3) gives V =1-4 x 1057, 
and therefore M = my, N = 2:3x10°8 g. 

Thus we see that all these methods lead to values for the masses 
of the envelopes of novac of the order of 10-® to 10-4 times the Sun’s 
mass. The different values which are obtained for individual novae 
by using the different methods are explained not only by the inexactness 
of these methods, but also by the fact that they are applied to different 
times. In the course of time, however, owing to the continuous ejection 
of matter from the star, the mass of the envelope inereases. Hence 
the second and third of the methods given above should give higher 
values for the masses than the first. 

However, it is neeessary to remark that none of the above methods 
gives a complete idea of the total amount of matter ejected as a result 
of the eruption of a nova, sinee the outflow of matter from the star is 
continuing even when the nova has reached its minimum fluiminosity. 
We deduce this from the fact that at this time the nova has a spectrum 
of the Wolf-Rayet type. The time during which the nova remains in the 
Wolf-Rayet stage may be estimated as some decades. The amount of 
matter ejected by the star in this time is approximately equal, in order 
of magnitude, to that which it loses during the eruption itself. 

Thus we find that the amount of matter ejected as a result of the 
eruption of a nova is a very sinall part of the mass of the star. This 
means that the eruption of a nova does not bring about any noteworthy 
changes in the structure of the star. At the same time, the smallness of 
the mass ejected in the cruption is in agreement with the hypothesis 
that some stars undergo eruption many times. 

It is also very important to estimate the amount of matter ejected in 
the cruption of a supernova. The immense brightness of supernovae 
at inaximum compels us to suppose that in this case a mass is ejected 
which much exceeds that ejected in the eruption of an ordinary nova. 
Formula (27.1) gives some idea of the masses of the envelopes of super- 
novae. Substituting in this formula the value .V,,, = —15™ for the 
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absolute magnitude at maximum, we find that the mass of the envclope 
is M = 0:1 My. However, there is no certainty that formula (27.1) is 
applicable to supernovae. 

We can more reliably estimate, from formula (27.2), the mass of 
the Crab Nebula, which, as is well known, was ejected in the eruption 
of the supernova of 1054. However, it must be borne in mind that the 
spectrum of the Crab Nebula is rather different from those of the 
planetary nebulae and of the envelopes of novae in the nebular stage. 
The emission lines of hydrogen are very faint in it, but the continuous 
background, on the other hand, is strong. It seems that in this case 
some peculiar mechanisin of excitation is involved. For this reason, 
the value of the constant C in this case will be somewhat different from 
its value for the planetary nebulae. With this reservation, we find 
from formula (27.2) that the mass of the Crab Nebula is of the order of 
two solar masses. 

The estimates given show that, in the eruption of a supernova, a 
mass is ejeeted which comprises a considerable part of the mass of the 
star. 


2. The dynamics of the envelopes. Observation shows that the displaee- 
ments of the absorption lines in the spectra of novae undergo considerable 
changes in some cases. This fact, interpreted as a change in the rate of 
motion of the envelope, enables us to draw conclusions concerning the 
forces which act on it. 

However, it must be remarked at once that the acceleration or 
retardation of the envelopes is not the only possible explanation of the 
observed changes in the displacement of the absorption lines. Another 
similar effeet is due to the variation in the effeetive level of the absorbing 
inaterial in an envelope moving with a velocity gradient. Let us assume, 
for instance, that the outer layers of the envelope are expanding with 
a greater velocity than the inner ones. In this case, as the outer layers 
become dispersed, the effective level of the absorbing matter will 
approach the inner boundary of the envelope, and the displaccinent 
of the absorption lines will deerease. Yet another cause of this effect 
may be the influence of the matter ejected from the star after the 
luminosity maximuin, since the rate of motion of this matter is, generally 
speaking, not the same as that of the main envelope. These facts compel 
us to proceed with caution in drawing conclusions regarding the dynamics 
of the envelopes from the observed displacements of absorption lines. 


In the period froin the time of eruption to the time of maximum 
luminosity, a decrease in the displacement of absorption lines has been 
observed in the spectra of some novae. A number of authors have 
explained this effect by the retardation of the envelopes under the 
action of gravity from the star; this enables us to determine the masses 
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of the novae. The most coinplete investigation of this topic has been 
given by £. R. Muster’ [101]. He has found that the masses of a number 
of uovae lie between 70 Mg (Nova Cygni 1920) and 1800 Mz (Nova 
Aquilae 1918). Such large masses are not found in any of the classes 
of star known to us. Of course, it may be that such unusual stars as 
novae have unusually large masses. However, it is not impossible that 
the decrease in the displacement of the absorption lines in this case 
is in part due to the phenomenon, mentioned above, of a change in 
position of the effective level of the absorbing matter. 

Concerning the question of the masses of novae, it must be remarked 
that the conclusion that the masses are very large is an inevitable 
consequence of “hypothesis B”, proposed by E. R. Muse.’ (see Chap- 
ter 26). As we know, according to this hypothesis an expansion of the 
entire star begins at the moment of the eruption, and the outer layers 
of the star are separated from it at the time of maximum luminosity; 
the photosphere remains with the star. Consequently, at the time of 
maximum tuminosity the rate of expansion of the photosphere must 
be less than the parabolic velocity at a distance from the centre of the 
star equal to the radius of the photosphere at that time. 


In other words, we must have 


Up < 1 (2G M,/Tp) ’ 
whence 
My, > Vp" r,[2 G. (27.4) 


Having determined v, and r, by the same method as in finding the 
parallax of a nova, we can obtain from the inequality (27.4) a lower 
limit to the mass of the star. E. R. Muster’, using the inequality (27.4), 
found the same large values for the masses of the novae as from the 
decrease in the displacement of the absorption lines. For instance, the 
mass of Nova Aquilae 1918 was found to be 1700 Mz. 

The most serious argument agamst large masses for the novae has 
been given by E.R. Musrev’ himself. As is well known, novae have 
very small radii (of the order of one-tenth of the Sun’s radius) at the 
time of minimunr luminosity. We should therefore observe a red-shift 
in the spectra of novae, if their masses were large. However, observation 
does not reveal this. Thus the extremely important problem of the 
masses of the novae cannot yet be regarded as solved. 

Immediately after the luminosity maximum, the displacements of 
the absorption lines in the spectra of novae greatly inerease (for example, 
from 70 to 285 kin/sec in the spectrum of Nova Pictoris 1925). At 
first, additional lines appear, displaced to the violet of those observed 
before the luminosity maximum, The intensity of the new lines gradually 
increases, and that of the old lines decreases, until they finally disappear 
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completely. This gives the impression that the seeond spectrum is 
formed at the expense of the first one. E.R. Mustev’ explains this 
transformation of one spectrum into another by the action of selective 
radiation pressure. He thinks that, immediately after the luminosity 
maximum, atoms in the layers of the envelope nearest the star begin 
to absorb the photospherie radiation in the spectral lines, and this 
causes an increase in the velocity of these atoms. Owing to the Doppler 
effect, the layers of the envelope nearest the star become transparent 
to the photospherie radiation in these frequencies, which is then absorbed 
by the atoms in the next layers of the envelope. This process continues 
until the whole envelope acquires an increased velocity. Other hypotheses 
also have been proposed to explain the merease in the displacement 
of absorption lines in the spectra of novae after the luminosity maximum, 
but that of E.R. Musrew’ is the most plausible. 


It is certain that the two forees mentioned above (the attraction of 
the star and the foree of radiation pressure) play a large part in the 
dynamics of the envelope when it is close to the star. At a later stage, 
however, the retardation of the envelope by the resistance of the inter- 
stellar medium may be of importance. Let us briefly consider this effect. 


We assume that the nova has erupted in a homogencous inedium 
of density 9. As the envelope expands, particles of this medium will 
be ineident on it, and its mass will increase. If the mass of the envelope 
at the tine of the eruption was M, at a distanec r from the star it will 
become 

3 aro+thM. 


From the law of conservation of momentum, we can write 


(;ar0+ M)v=Mz2,, (27.5) 


where vy is the velocity of the envelope at the initial instant and v ts 
its velocity at a distance 7 froin the star. Substituting dr/dé for v in 
equation (27.5) and integrating, we obtain 


LarlotMr=Mvrgl, (27.6) 


where ¢ is the time sinee the eruption. The relation (27.6) determines 
the radius r of the envelope as a function of the time ¢. 

In order to find how the rate of expansion of the envelope varies 
with time, we must use the relations (27.5) and (27.6). Let us find, 
for instance, the time during whieh the velocity decreases by a factor 
of two. We have from (27.5) 


rf[ty = M/(4arFo+ M). (27.7) 
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It is evident that v will be equal to 3 vq when 
,aro=M. (27.8) 


Substituting (27.8) in (27.6), we obtain for the required time 


5 (3M\18 oF 
t= 4, (2M) . (27.9) 


Table 22 gives the tine intervals during which the velocity of the 
envelope diminishes by factors of 2 and of 100, and also the radii of the 
envelope when these velocities are reached. For the density of the 
interstellar medium we take its mean value 9 = 3 xX 1074 g/cin3, and 
for the initial velocity of the envelope vy = 1000 km/sec; ¢ and r are 
calculated from formulae (27.7) to (27.9). The table has been compiled 
for two values of the mass of the envelope, namely 10-5 and 10-4 solar 
masses. 


Table 22 


M= 10°Mp M = 10-4 Mo 





vty = 1/2 | vive = 1/100 v[vg = 1/2 v/v == 1/100 


tin years 48 4500 102 9800 
r in parsees 0-04 | 0-18 ! 0-08 0-38 


We sec that the retardation of the envelopes of novac should become 
noticeable after some decades. However, this is not generally observed. 
For example, the envelope of Nova Aquilae 1918 has been expanding for 
over 30 years without any retardation. The absence of any noticeable 
retardation in this case is apparently explained by the comparatively 
large mass of the envelope of this nova (equal to 10-4 Ms). Another 
possible explanation is that, during the time interval between eruptions, 
the nova does not succeed in leaving the region from which the inter- 
stellar matter has been removed by the previous eruption. 


If the eruption of a nova took place at a point where the density 
of interstellar matter is increased, the discovery of a retardation of the 
envelope would become more probable. In this respect Nova Persei 
1901 is very interesting. It erupted, as we know, inside a dust cloud 
and illuminated it. J.H.OortT has compared photographs of the 
envelope of this nova taken in 1917 and 1934, and has discovered that 
during this time the motion of the envelope became slower, and at 
some points it was deformed. He explains this latter fact by an inhomo- 
gencity of the dust cloud. It is interesting that the deformed edge of 
the envelope is very bright. Oort thinks that its radiation is due to 
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collisions between the atoms in the envelope and the particles in the 
dust cloud. Oorr sees in this an additional confirmation of the retar- 
dation of the envelope. 


3. The energy evolved in the eruption. We have already determined 
the mass ejected in the eruption of a nova. Let us now calculate the 
energy evolved in the eruption. This energy is composed of three parts: 
(1) radiant energy, (2) the kinetic energy of the envelope, and (3) the 
energy of separation of the envelope from the star. We shall consider 
each of these parts separately. 


The radiant energy is determined from the formula 
E, = | Lit)ae, (27.10) 


where L(¢) is the luminosity of the nova, and the integration is extended 
over the entire period of the eruption. The integral (27.10) can be 
calculated for each nova by means of the luminosity eurve. It is found 
that 

E, = 10* to 10* ergs. 


The kinetic energy of the envelope is 
E, =} Mv?. (27.11) 


Assuming that the masses of the envelopes lie between 1078 and 10” g, 
and that their velocities are of the order of 1000 km/sec, we find that 
E,, = 10* to 10% ergs. 

To calculate the energy of separation of the envelope from the star, 
we must use the formula 


E,=GM, M/R. (27.12) 


For the masses of the novac, we take values of the order of several 
solar masses. The radius of a nova at the time when the envclope is 
separated will be taken equal to the radius after cruption,i.c. R =0-1Rp. 
In this case, formula (27.12) gives E, ~ 10** to 10% ergs. 

Thus we find that the total energy evolved in the eruption of a nova 
is 10% to 10 ergs. For comparison, it may be mentioned that the Sun 
emits this amount of energy in 10° to 108 years. 


It is very important to know in which layers the release of energy 
takes place im the cruption of a nova. Two hypothescs may be advanced: 
(1) the energy is evolved in the deepest layers of the star and trans- 
mitted to the exterior in some manner, (2) the energy is evolved in the 
surface layers of the star, lying directly beneath the ejected layers. 
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It is casy to show that, in the first case, the transfer of energy cannot 
take place by radiation. For, if this were the case, at least a million 
years would be required for the energy to traverse the whole thickness 
of the star. Furthermore, the whole process of the emergence of the 
energy to the exterior would also be extended to a time of the order of 
a millon years. Consequently, an explosion taking place in the central 
regions of the star would be observed as a very small increase in the 
luminosity over anextremely long period of tine. None of the phenomena 
which characterise the outbursts of novae would, of course, be observed 
here. 


For this reason, another mechanism of transfer of explosive energy 
from stellar centres to the exterior has been closely considered, namely 
the propagation of a shock wave. L. E. Gurevich and A. I, Lene- 
DINSKIT [54] have shown that, in this case, the transfer of the energy 
of the explosion to the surface of the star takes only about half an hour. 
A shock wave which is propagated in a medium with decreasing density 
moves with an acceleration, and may emerge at the surface with a 
velocity of some thousands of kilometres per second, though its velocity 
was originally much sinaller. 


However, the second hypothesis mentioned above appears more 
probable, namely that the explosion takes place where the envelope 
is detached from the star. If we were well acquainted with the structure 
of the star’s photosphere before the eruption, we could use the known 
mass of the envelope to determine the physical conditions at the place 
of its detachment. Unfortunately, our knowledge of the state of novae 
before eruption is still insufficient for such calculations. 


4. The part played by the cruption in the evolution of the star. The 
hypothesis was advanced by E. A. MILNE that the eruption of a nova 
indicates the transformation of an ordinary star into a white dwarf. 
The basis for this hypothesis was the fact that a nova after eruption 
is a dwarf star (with an absolute magnitude of about + 5™) of Wolf- 
Rayct spectral type. However, if the transition is actually made, in 
the cruption of a nova, from one equilibrium configuration (an ordinary 
star) to another (a white dwarf), a very large amount of energy would 
have to be released in the process, approximately equal to the difference 
of the gravitational energies of these configurations. In order of magnitude 
this energy ts 

AE =GM,2 (2, _— i) (27.13) 
where My, is the mass of the star, and #, and R, the initial and final 
radii of the configuration. For a mass of the nova equal to several 
solar masses, formula (27.13) gives J ~ 10°° ergs. However, we have 


4. The eruption as part of the evolution of the star 475 


seen that, in the eruptions of ordinary novac, an amount of energy of 
the order of 10* to 108 ergs is liberated, i. e. 10* to 10° times less than 
would be required on MILNE’s hypothesis. This contradiction could be 
removed by making the assumption that the gravitational energy 
released goes to increase the other forms of energy in the star (for 
example, to increase the temperature of its interior, etc.). However, 
such an exact balance of these energies, as a result of which only a 
negligibly sinall part of the energy liberated is actually evolved, appears 
very improbable. 


Another objection to MILNE’s hypothesis follows from the statistics 
of novae. It is known that, on the average, 30 novae erupt every year 
in the Andromeda Nebula. The number of novae erupting every year 
in our Galaxy is apparently still greater, but an exact estimation of this 
number is hindered by the fact that only those novae are observed 
which erupt in the neighbourhood of the Sun. Assuming that the mean 
age of the stars is 10! years, we find that at least 3 x 10" novae have 
erupted in the Galaxy during its lifetime. The total number of stars 
in the Galaxy, however, is approximately 3 x 10! Consequently, 
each star has erupted, on the average, at least 10 times. On the other 
hand, we know for certain that the Sun has not undergone such a 
catastrophe in 2 x 10° years, since this would have led to the fusion 
of the Earth’s crust, which has not occurred during that period. lt may 
be supposed that other stars similar to the Sun have also not undergone 
eruptions during a time of the samme order. This increases the number 
of eruptions occurring in each of the remaining stars. These facts compel 
us to suppose that there is a special class of stars, each of which erupts 
« very great number of times. We recall that the same conclusion was 
drawn above, on the basis of the similarity between typical and re- 
currlg novae. 


These considerations, which disprove MiLNr’s hypothesis, have led 
to its replacement by the hypothesis that an ordinary star is trans- 
formed into a white dwarf not as a result of one nova eruption, but by 
means of several such eruptions. This hypothesis was developed, in 
its most general form, by B. A. Vorontsov-VEr’yaminov [173]. 


First of all, B. A. Vorontsov-VEL’YAMINOV pointed out that dif- 
ferent novae have very different luminosities in the intervals between 
eruptions (i.e. in their normal state); in the spectrum-luminosity 
diagrain, they oceupy the region between the Wolf-Rayet stars and 
the bluc and white dwarfs. A more detailed consideration of the question 
led to the discovery of a new continuous sequence in the spectruin- 
luminosity diagram, ealled by 8. A. Vorontsov-VEL’yaminov the 
white-blne sequence. This sequence begins at the O and B-type stars, 
passes through the Wolf-Rayet type stars and the recurring and ordinary 
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novaec, and ends with the blue and white dwarfs. Since the masses 
of stars of elass O are about 40 Mo, those of Wolf-Rayet stars of the 
order of 10 Mg, and those of the white dwarfs of the order of Ms or 
less, B. A. Vorontsov-VEL YAMINOV made the assumption that the 
white-blue sequenee has an evolutionary significance; the most massive 
stars, in losing their mass, move during their evolution along the sequen- 
ee, ultimately becoming white dwarfs. The loss of mass takes place 
initially in the form of a continuous outflow, and later as a result of 
explosions, the intervals between whieh gradually inerease. 


The very fact of the existence of the white-blue sequence in the 
spectrum-luminosity diagram is undoubtedly of great interest. However, 
the hypothesis of the evolutionary signifieanee of this sequence cannot 
be aecepted at present. The following objections have been raised 
against it [102]: 


(1) Let us assume that stars of class O are transformed into Wolf- 
Rayet stars, then into novae. and finally into white dwarfs. Sinee the 
Wolf-Rayet stars and the novae lose mass very rapidly, their lifetime 
must be eomparatively short (of the order of 10° to 108 years for Wolf- 
Rayet stars, and of the order of 10’ to 108 years for novae). It is elear 
that in such a short time neither the distribution of the stars in space 
nor their velocity distribution ean notiecably change. Consequently, 
all the objeets which appear in the white-blue sequence should have 
approximatcly the same spatial and kinematic eharaeteristies. Obser- 
vation, however, eontradiets this conclusion. 


(2) Let us consider the eompanions of stars appearing in the white- 
blue sequenee. It is well known that O and Wolf-Rayet stars are very 
often found to be double, their companions being hot giants. Novac 
either do not have companions at all, or the latter are very faint stars. 
The white dwarfs are companions of very varied stars (for example, 
one of them is the companion of Sirius, another the companion of the 
long-period variable Mira Ceti, and so on). It is clear that, if we assume 
that the stars appearing in the white-blue sequenee evolve along it, 
it becomes very difficult to explain the evolution of their companions. 


Thus we ean at present say nothing definite eoneerning the part 
played by eruptions in the evolution of the star. We merely emphasise 
once more that the stars whieh are subjeet to cruptions are markedly 
different in nature from the other stars. For example, stars like the 
Sun cannot crupt. 


We shall also say a few words on the cruptions of supernovac. 
Applying to this case the formulae of the preecding seetion, we find 
that an amount of cnergy of the order of 105° ergs is evolved in the 
eruptions of supernovac. This energy is comparable with the gravitational 
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energy of the star (if, of course, the mass of the supernova is not many 
times that of the Sun). Furthermore, the mass ejected in the cruption 
of a supernova is comparable with the mass of the star (again assuming 
that the mass of the supernova is of the order of the Sun’s mass). Henee 
it may be supposed that, when a supernova erupts, a transition of the 
star takes place from one equilibrium configuration to another which 
differs considerably from the former. For example, it is not impossible 
that the eruption of a supernova signifies the transition of an ordinary 
star into the white dwarf state. However, supernova eruptions occur 
too rarely for all the white dwarfs in the Galaxy to be formed in this 
way in 10! years. 


PART VI. 
STARS WITH BRIGHT SPECTRAL LINES 


Chapter 28. The formation of emission lines 


1. Stars of the Wolf-Rayet, P Cygni and Be types. This part will be 
devoted mainly to stars of early classes with bright spectral lines, i. e. 
stars of the Wolf-Raycet, P Cygni, and Be types. At present, the stars 
of these types have been studied more fully than those of other types 
having emission lines in their spectra. This is largely explained by the 
fact that the physical processes occurring in the atmospheres of the 
former stars are less complex. 

Stars of the Wolf-Rayet type correspond to the spectral elass O 
as regards the degree of excitation and ionisation of their atoms. Their 
spectra consist of broad bright bands of H, HeI, Hell, CII, N ITI 
and other atoms with very high ionisation potentials, superposed on 
a continuous background. Faint absorption lines are visible to the 
violet side of some of the bright bands. The width of the bright bands 
is some tens of angstréms, and the intensity within a band is sometimes 
10 to 20 times greater than that of the eontinuous spectrum. In eonse- 
quence of this, 
thecnergy cmitted 
HO.168673 He by a star in the 

nS _ NN, bright lines iseom- 

W yencty parable with that 

emitted in the eon- 
tinuous spectrum 
(in the visible or 
the photographic 
region). Miero- 
photometer — tra- 
eings of the spec- 
tra of individual 
Wolf-Rayet stars 
are givenin Fig.66. 


HD. $0896 
N 
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An mnportant property of the spectra of Wolf-Rayet stars is their 
division (adimittedly not very rigorous) into two sequences, the nitrogen 
and the carbon sequences. In the spectra of the first sequence there 
are bands of nitrogen in various states of ionisation, but there are no 
bands of carbon or oxygen; in the spectra of the second sequence there 
are bands of carbon and oxygen in various states of ionisation, but 
none of nitrogen. The two sequences are similar as regards the degree 
of excitation and ionisation of the atoms. It seems that im this case 
there is an actual difference in the chemical composition of the stars. 


In the last decade some spectroscopic binary systems with Wolf- 
Rayet-type components have been discovered. One of these systems 
(HD 193576) has been found to be an eclipsing variable also. The study 
of these systems has furnished much valuable information concerning 
Wolf-Rayet stars. In particular, it has been established that their 
masses are of the order of 10 solar masses. 


The absolute magnitudes of Wolf-Rayet stars are of the order of 
—3™. These stars are among the brightest objects in the Galaxy. 
However, as we know, spectra of the Wolf-Rayet type arc also possessed 
by novae some years after eruption and by the 


nuele: of some planetary nebulae. These stars 
are considerably faimter than “ordinary” Wolf- 
Rayet stars. Their absolute magnitudes are on 


the average 3™. 

The stars of P Cygni type, which belong 
to the spectral class B, resemble the Wolf-Rayet 
stars. In the spectra of these stars, as m those —~ 
of the Wolf-Rayet stars, bright lmes are visible (b) 
which lie approximately symmetrically relative ~~ 
to the central frequencies, and are bounded 


to the violet by absorption lines (Fig. 67a). [Ve 
However, the widths of the bright lines in this 

case are not so great as in the Wolf- Rayet spectra, 

while the absorption lines, on the other hand, Fic. 67 
are much more intense. 

Stars of P Cygni type are not the only B-type stars which have 
emission lines. A much greater number of these stars (called simply 
Be-type stars) have the line contours shown im Fig. 67 (1) and 67 (c). These 
eontours ean be described as follows: on a broad and shallow absorption 
line, a narrower emission line is superposed; the latter in some cases 
is single, but in others is double. The spectra of Be-type stars undergo 
eonsiderable changes in the course of time. For example, the relative 
intensities of the components of the bright lines vary. Sometimes the 
bright lines disappear altogether, and the Be-type star becomes a normal 
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B-type star. As well as changes in the spectrum, small variations in 
the star’s luminosity are observed. 


2. The outflow of matter from the stars. The observational data on 
Wolf-Rayet and P Cygni stars lead to the conclusion that a continuous 
outflow of matter from these stars is taking place [18]. We shal] enumer- 
ate the main facts which confirm this view. 


Firstly, the line contours in the spectra of P Cygni and Wolf-Rayet 
type stars have the form shown in Fig. 67(a). Such contours are most 
naturally explained by supposing that the lines are formed in envelopes 
ejected from the stars. Owing to the Doppler effect, the emission lines 
are broadened, and the absorption lines, which are formed in the part 
of the envelope approaching the observer, are displaced to the violet. 


Secondly, lines in the spectra of novae have similar contours, and 
novae are objects which undoubtedly ejeet matter. However, unlike 
the spectra of novae, those of Wolf-Rayet and P Cygni type stars do 
not markedly change in the course of time. This compcls us to suppose 
that we are here concerned not with the detachment and removal of 
envelopes, but with a eontinuous outflow of matter from the surfaces 
of the stars. Owing to this process, extended envelopes are formed 
around the stars, and the matter in them is continuously renewed. 


Thirdly, if the broadening of the emission lines is caused by the 
Doppler effect, the width of the line should be AA = 2 v A/c, where 
v is the velocity of outflow of matter and ¢ the velocity of light. This 
relation between the width AA of the linc and the wavelength 4 is in 
fact satisfied for the spectra of Wolf-Rayet and P Cygni type stars. 
This makes it possible to determine the rate of outflow of matter from 
the stars. It is found to be of the order of 1000 kin/see for Wolf-Rayet 
stars and of the order of 100 km/sec for P Cygni type stars. 


Fourthly, some Wolf-Rayet stars are components of close binaries. 
In such eases, to explain the spectroscopic and photometrie phenomena, 
it is necessary to suppose that the companions of the Wolf-Rayet 
stars move in extended atmospheres which envelop these stars. 


The existence of extended envelopes of Wolf-Rayet and P Cygni 
type stars makes it quite natural to assume that the emission lines in 
the spectra of these stars are formed as a result of fluorescence occurring 
in the same general way as in the planetary nebulae. As is well known, 
to bring about fluorescence the dilution factor must be small. This 
condition is in fact fulfilled in the extended envelopes. However, it 
must be notieed that the dilution factor in these envelopes is by no 
means so sinall as in the nebulae. We shall see below that, owing to this 
fact, the radiation processes in the extended envelopes are considerably 
more eomplieated than those in the nebulac. 
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It is very mmportant to aseertain whether there is a noticeable 
aceeleration or retardation of the atoms ejected from the stars. Some 
mformation on this pomt can be obtamed from an analysis of the 
contours of speetral lines (see the next section). Another method of 
resolving this question is as follows. Since the radiation processes in 
these envelopes do not differ fundamentally from those in the planetary 
nebulac, there must exist in the envelopes the same stratification of 
the radiation as is found in the nebulae. In other words, the lines of 
atoms with high ionisation potentials must be formed in deeper layers 
of the envelopes than those of atoms with low ionisation potentials. 
For this reason, if a velocity gradient is present in the envelope, the 
emission lines of various atoms should be of different widths. It is 
evident that the widths of the lines will inerease with the ionisation 
potential if the atoms are retarded in the envelope, and will decrease 
if they are accelerated. The observational data on the widths of emission 
lines of He 1 (4.5876) and He II (2 5411) in the speetra of some Wolf- 
Rayet stars are given in Table 23. It is seen from this table that the 
lines of neutral helium have greater widths than those of ionised helium. 
According to the interpretation we have just given, this indicates an 
accelerated motion of the atoms in the envelopes of Wolf-Rayct stars. 





Table 23 
Star ' Hel He II 
HD 192163 1815 1550 
177230 7185 520 
192103 1290 975 
184738 1075 540 








It is important also to estimate the amount of matter cjeeted by 
the star in unit time. It is evident that, in time dé, an amount of matter 
o(r) e(r) dé flows ont through unit surface area at a distance r from the 
centre of the star, where o(r) and v(r) are respectively the density and 
the velocity at the point in question in the envelope. The amount of 
matter flowing out through the whole spherical surface of radins r in 
time dé is 

dM = 4 2Pr? o(r) v(r) de. (28.1) 


In order to estimate dM/dé, we take for r the radius of the photosphere, 
and for o(r) the value of the density at the inner boundary of the 
reversing layer, i.c. a density of the order of 107?! g/em? (this value 
of @ will be refined later). We find from formula (28.1) that a star of 
Wolf-Rayet or P Cygni type loses cach year a imass equal to approxi- 
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mately 10-5 times the mass of the Sun. Such an immense quantity 
of mass lost annually by the star is evidence, above all. of the brevity 
of a star's existence in the Wolf-Rayet or P Cygni stage. 

The idea that matter is ejected from Be stars and that thev have 
extended envelopes is based both on the fact that emission lines are 
present in their spectra and on a number of peculiarities in these spectra. 
At present we shall mention only one of the peculiarities of Be star 
spectra. Judging from the contours of broad absorption lines. Be stars 
are among those which rotate rapidly. Their velocities of rotation at 
the equator reach some hundreds of kilometres per second. The matter 
ejected from the star, which forms the extended envelope, also takes 
part in the rotation. of course. This explains the broadening of the 
emission lines formed in the envelopes as a result of fluorescence. How- 
ever. the rate of rotation of the ejected matter decreases as it moves 
away from the star (because of the conservation of angular momentum). 
For this reason the emission lines have smaller widths than the absorption 
lines on which they are superposed. 

The rapid rotation of the Be stars apparently makes possible the 
ejection of matter from them. However, it cannot be supposed that the 
rotation itself is the cause of this ejection. This follows from the fact 
that the emission spectra of Be stars undergo irregular variations in 
the course of time (and sonictimes disappear altogether). Consequently. 
the ejection of matter from Be stars is also irregular, which would be 
impossible if the matter were ejected as a result of the rotation. 

The outflow of matter from Be stars is comparatively feeble. This 
is indicated by the fact that the presence of the envelope, except in 
particular cases, has little effect on the energy distribution in the con- 
tiluous spectrum of the star. In the first approximation, the spectrum 
of a Be star can be regarded as the result of the superposition of emission 
lines on a more or less normal spectrum of class B. Consequently, the 
envelope of a Be star plays the part of the upper layers of the atmosphere. 
In this respect Be stars differ from Wolf-Rayet and P Cygni type stars, 
whose envelopes render the star itself completely invisible. The e1velopes 
of stars of these latter types are so large that they serve not only as 
the atmospheres, but also as the photospheres of the stars. However, 
in speaking below about the envelopes of Wolf-Rayet stars, we shall 
have in mind only those parts in which the spectral lines are formed, 
ic. the atmospheres. In Chapter 29 we shall discuss the envelopes of 
Wolf-Rayet stars as the photospheres in which the continuous spectrum 
is formed. 


3. The emission-line contours. Valuable information on the nature 
of the motion of the matter ejected from a star can be obtained from 
a study of the emission-line contours in its spectrum. 


‘ 
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In general, the theoretical determination of line contours formed 
by moving envelopes presents great difficulties. However. in the ease 
where the rate of motion of the envelopes is considerably greater than 
the mean thermal velocity of the atoms, the line contours can be calculated 
fairly easily. This is due to the fact that, in this case, we can neglect all 
the factors affecting the contour of a line, except one: the motion of the 
envelope. In this case only, moreover, can the converse problem be 
solved with fair reliability: to find, from the observed lne contours, 
thé parameters which characterise the motion of the envelope. It may 
be supposed that this case occurs, to a 
very good approximation, in the envelopes 
of Wolf-Rayet, P Cygni and Be-type stars 
(and also of novae). For this reason we 
shall consider it in what follows. 


Let us take a co-ordinate system X YZ, 
with the origin at the centre of the star 
and the z axis directed towards the obser- 
ver. In order to determine the contour of 
an emission line. formed by the transition 
of an atom from the sth to the ith state, Z 
we calculate first the intensity of radiation Fic. 68 
Ti. (x. y.v) coming from the point of the 
star’s dise with co-ordinates x. yin a frequency v within the line (Fig. 68). 
The total energy emitted in the frequency y in the direction towards the 
observer (in unit solid angle) is then determined by the formula 





Iyylsyy) 


Eulv) =f Tlaery,r) da dy. (28.2) 


We shall not decide beforehand whether the envelope is transparent 
or opaque in the given line. Hence, besides the volume emission coef- 
ficient e,.(v—v,'), we introduce the volume absorption coefficient 
ai, (¥— %4y'). Here »,’ denotes the central frequency of the line emitted 
by the clement of volume concerned, which will in general be moving 
relative to the observer. This frequency is displaced, relative to the 
central frequency ¥, of a line formed in a volume stationary with respect 
to the observer, by an amount 


Vin — Vie = Mae tfe. (28.3) 


where tv, is the projection of the rate of motion of the element. of volume 

considered on the z axis. We notice that the quantity ej, is proportional 

to the number of emitting atoms n,(z, y,z) in 1 em3, and the quantity 

2;, 18 proportional to the number of absorbing atoms n;(z,y,z) in 1 em?. 
31* 
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We have for the intensity of radiation J,,(z, y,¥) 


love) 


Tn (Zy,v) = / Ein (V— Mix) exp [— f in (¥— 4) dz] dz. (28.4) 


z 


In writing formula (28.4), no assumptions have been made concerning 
the velocity field in the envelope. Now, in aeeordance with what was 
said above, let us assume that the rate of motion of the envelope con- 
siderably exceeds the thermal velocities of the atoms. In this case. 
without much loss of accuracy, we can replace e, and a ,, which are 
complicated functions of », by simpler ones. We shall suppose, in fact, 
that the quantities e, and «,, differ from zero, and are constant, in 
the frequency interval from ,’-—} dvr, to vy’ +3 Ary, and are 
zero outside this interval, whilst 


Aviz =2 Vip ule ; (28.5) 


where w is the mean thermal velocity of the atoms. 


It is clear that, on the assumptions made, the radiation of frequeney ¥ 
will be emitted to the observer not by the whole envelope, but only 
by some region of it lying on both sides of the surface of equal radial 
velocities eorresponding to the frequency v. The equation of this surface 
has the form 

Y= VE b Vip O2(Z,Y,2)/C « (28.6) 


It is easy to see that the boundaries of the region mentioned will lie 
at a distance from the surface (28.6) along the line of sight (i. e. along 
the z axis) which corresponds to a change in frequeney by 4 4¥,. Thus 
we obtain, instead of formula (28.4), 


24 


Ta (Zysv) = f &, exp (— f a, dz) dz, (28.7) 


cat 


where the limits of integration z, and z, are deterinined from the con- 
ditions 
vy — 


Avie = Vip + Mi re(Z 5%) [Cs | 
VAS Avip = Me + Vix Ur (Z, Ysa) /C, J 


tom 


(28.8) 


or from conditions differing from (28.8) by the sign of 3 Ary. 

It is elear, moreover, that, on the assumptions made, the “thickness” 
of the layer which gives radiation in the frequency 1 (i. ec. the difference 
Zy—z,) Will be comparatively small (except at particular points). This 
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enables us to assume that the values of «,; and ¢,; are constant in this 
layer and equal to their values on the surfaec (28.6). Effecting the 
integration in formula (28.7), we find 


Tay, y,») = (44/4) [Le 220] (28.9) 


The differenee z,—z, can be found from the relations (28.8). 
Subtracting one of these relations from the other and taking 


vz (2, Y; 29) — U, (2%, ¥,2) = (22— 2,) (dv,/6z) ’ (28.10) 
we obtain 
A viz = Vix | Ov,/2 | (223—2) [ €. (28.11) 


From (28.5), this gives 
Zy — 2, = 2 u/| Gv,/d2z | . (28.12) 


We must now substitute the expression obtained for Jj,(z,y,v) in 
formula (28.2), which determines the total energy &,(v) emitted by 
the envelope in the frequeney v. Taking aeeount of (28.12), we find 


Lua! Orz/dz 


7 “en, 
fal?) = [fe [l—e dx dy. (28.13) 
Jt ix 
Here the integration is extended over the surface (28.6). 
The quantities ¢, and a, which appear in formula (28.13) are 
expressed in the following well-known manner in terms of the con- 
centrations of absorbing and emitting atoms n; and n,: 


Ejp = Ny Api hij /4 x Zi Ver > (28.14) 
_ By hy, 9, % IO 1K 
Gir =>- vs Av, ] —_ % n, > (28.15) 


where A,; and By, are the Einstein transition eoefficients. Taking into 
aceount the relation between A,; and By,, we obtain 

2? 1,3 
ik 2 hy, 1 


re 28. 
arts ce (9, n,19; n,) —1° ( 8 16) 


We notice that the relation (28.16) becomes Planek’s formula, as it 
should, when 2,/n; is determined by Boltzmann’s formula. 
Thus, to calculate the eontour of an emission line, i. e. the quantity 


Ex (¥), it is necessary to know both the velocity distribution in the 
envelope and the distribution of absorbing and emitting atoms. In the 
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next section we shall show how the degree of excitation of the atoms 
in various parts of the envelope can be determined. The problem of 
calculating the contours of the emission lines will then be completely 
solved in principle. Here we shall give some further general considerations 
which hold for any envelopes. 


lirst of all, it must be noted that the envelope can gencrally be 
divided into two regions: one opaque to radiation in the line concerned, 
and the other transparent to this radiation. In the first region the 
quantity 2 wogj,/| €e,/éz | exceeds unity, whilst in the second it is less 
than unity. According to this. the integral (28.13) which determines 
fx() can be approximately divided into two parts: firstly, the integral 
over that part of the surface (28.6) which lies in the opaque region: 


fix (") = 


2h PL 
Ms | dz dy (28.17) 


ce 9, N19; Mp) — 1 


and, secondly, the integral over that part of the surface (28.6) which 
lics in the transparent region: 


Ahr fy 
En’ () = wii | Np ° ioe dady. (28.18) 


It is evident that for some frequencies inside the given line the quantity 
&x' (vy) may predominate, and for others the quantity 2,” (7). 


The following question is of great interest. Is it possible. from 
observed line contours, to draw any conclusions about the total trans- 
parency of the envelope to radiation in these lines? It is easy to see 
that this can certainly be done if we have contours of two lines formed 
by transitions of an atom from the same upper level to two different 
lower levels. If the envelope is completely transparent to radiation in 
the lines concerned, it follows from formula (28.18) that the intensities 
within the lines. taken at corresponding points [i. e. for the same value 
of (v—9,,)/14.]. will be proportional. On the other hand. if absorption 
of radiation in the lines takes place in the cnvelope, formula (28.17) 
shows that this proportionality will not hold. Consequently, from the 
fact that this proportionality is present, the conclusion follows that the 
envelope is completely transparent to radiation in the lines concerned. 


However, it is not always possible to observe two lines with a common 
upper level, and it is found that this is not necessary. To solve the 
problem in question, it is sufficient to have contours of several lines 
of the saine atom. If the envelope is completely transparent to radiation 
in the lines of the subordinate series of the atom concerned. the radiation 
of the envelope in the lines of this atom will be formed in the same 
way as the radiation of the nebulae in those lines, i.e. as a result of 
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photo-ionisations from the first state and subsequent recombinations. 
Here the ratio of the number of transitions in any Hine to the total 
number of recombinations will be the same at every point in the envelope, 
In other words, the quantity n, can be represented in the form ny, = 2, , 4. 
where z, does not vary in the envelope. Owing to this circumstance. 
the intensities within the lines, for an envelope completely transparent 
in the lines of the subordinate series, will again satisfy the proportionality 
condition mentioned above. 

Let us now consider one particular case which is important in 
applications. We assume that an outflow of matter from the star takes 
place with the same intensity in all directions. We denote by u(r) the 
rate of motion of the matter at a distance r from the centre of the star. 
and by @ the angle between the direction of motion of the matter and 
the direction of the observer. Then the projected velocity in the line 
of sight Is v, = v(r) cos 6, and we easily obtain 


eu d 


7 — “" cos? 6 + " sin? 6. (28.19 
cz dr r 


Instead of formula (28.13). we have in this case 


Eng ‘ - Atty ae (piplet 
Lin () =_? a / _ (] __ ee ik: (dvdr) cos? 0 +- (r’r)sin® 0 Ja da , (28.20) 


ik 
where 
a=rsin@. (28.21) 


The integration in formula (28.20) is taken over the surface of equal 
radial velocities 


v = iy + re [v(r){e] cos 6. (28.22) 


If the velocity of the matter does not vary within the envelope, 
formula (28.20) takes the form 


Eu (v) = 2 asin? 6 / ve (1 — em? erik sin?) » dy , (28.23) 
. tk 


where 
ec Up 


cos 9 = , 


(28.24) 


We find from formula (28.23) that. in the case of a completely trans- 
parent envelope, 


Lgl”) = 42 (ule) f ei r2 dr. (28.23) 
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and in the case of a completely opaque envelope 


Lule) = 2 asin? Of (ejloug) rr. (28.26) 


J —— 4h. 2 . 
i ( cl “| | / Esp vdr. (28.27) 
vo He, Can 


Thus a completely transparent envelope gives an emission line with 
a rectangular contour (a) and a completely opaque one gives an emission 
line with a parabolic contour (b). Both these contours are shown in 
Fig. 69. 

It may be thought that a continuous ejection of matter with the 
same intensity in all direetions takes place from Wolf-Rayet type stars. 
A detailed study of emission-line contours m the spectra of these stars has 
shown that in one case (the star HD 193793) 
the line contours have a rectangular form. 
This indicates the complete transparency of 
the envelope to radiation in the lines, and 
the absence of an appreciable velocity gra- 
dient in the envelope. Usually, however. the 

f_4__\ emission-line contours are rounded; this can 

be explained either by an acceleration or 

Yo (b) retardation of the atoms ejected from the 

Fie. 69 star, or by the opacity of the envelope to 

radiation in the lines. A comparison of the 

contours of the ionised helium lines 24686, 5411 and 4339 A in the spectrum 

of the star HD 192163 has shown that the ordinates of the contours at 

corresponding points are proportional; consequently, in this case we 

must take the former of the two possibilities mentioned. For this star 

the velocity distribution in the envelope has been calculated from the 
form of the contour. 


or, using (28.24), 


Lx (vy) = 22 





However, for some lines the envelopes of Wolf-Rayet stars are 
certainly opaque. Among these are, first of all, lines whose lower state 
is metastable. As an example we may give the line 4 = 3889 A of 
neutral helium. Its lower level 23S has, as is well known, an extremely 
long lifetime. The great optical thickness of the envelopes of Wolf- 
Rayet stars in the line 3889 A can be seen from the fact that, in the 
spectra cf all Wolf-Rayet stars, the corresponding emission band is 
bounded on the violet side by a broad and deep absorption line. 

Using formula (28.13), we can determine the emission-line contours 
in the case where the ejection of matter takes place from rapidly rotating 
stars. It is found that, in this case, the emission line contours have the 
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same form as those of lines in the spectra of Be-type stars (see Fig. 67 b, 
67¢c). These ealeulations confirm the view that the Be-type stars are 
rapidly rotating stars from which matter is being ejceted. The irregular 
variations, observed in the spectra of these stars, in the intensities and 
shapes of the spectra] lines are then explained by variations of density 
and velocity in the envelope, i. c. irregularities in the ejeetion of matter 
from the star. 

Let us calculate the total energy emitted by the envelope in a given 
line. To do so, we must integrate the quantity &,(v) over all frequencies 
and directions, i. e. ealeulate the integral] 


kn = ff Lin (v) dy dw . (28.28) 


Using the expression (28.13) for 2, and changing from y to z as variable 
of integration by means of the relation (28.6), we obtain 


Fig = 40 Ania [Lf ie Bix Ax dy Az, (28.29) 
where we have put 


; dv 
Bix = f (1 — e WP! tial drz'02 } " da (28.30) 


2 ua; ez jaa . 


The quantity fj, has a simple physical signifieance. Sinee 4 7 Ary, & 
is the total energy emitted in the given line by unit volume, fy, is simply 
the fraction of this energy which emerges from the envelope. If the 
envelope is opaque in al] directions at the point coneerned, 


1 dv, 98 3] 

Bit =o ing 1 a gy? (28.31) 
where | év,/éz |,y is the value of | év,/éz | averaged over all directions. 
If the envelope is transparent in all direetions at the point concerned 
(i.e. 2 way) | €v,/éz | < 1), then 


Bu =1, (28.32) 
as it should. In the next scetion we shall discuss formula (28.30). 


4. The emission-line intensities. We have previously ealeulated the 
intensities of the emission lines for the planetary nebulae. There it was 
assumed that ionisation of the atoms from the ground state takes place 
in the nebulae under the aetion of the radiation from the central star; 
then there follow captures of the electrons by the ions, and then tran- 
sitions of the cleetrons from higher to lower levels, aeeompanied by 
the emission of quanta which leave the nebula unhindered (exeept for 
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quanta of the principal series). This latter circumstance. i.e. the com- 
plete transparency of the nebula to radiation m the lines of the sub- 
ordinate series, considerably facilitated the determination of the emission 
line intensities. We recall that this determimation reduced to the solution 
of a system of linear algebraic equations (expressing the steady-state 
condition for each energy level of the atom concerned). 


Let us now consider the calculation of the intensities of bright 
lines formed in the envelopes of Wolf-Rayet. P Cygni and Be-type 
stars (and also of novae). The radiation of these envelopes is produced 
in fundamentally the same way as that of the nebulae. However. the 
degree of excitation of atoms in these envelopes is by no means so low 
as in the nebulae. For this reason, ionisation may occur in them not 
only from the ground state. but also from excited states, and the en- 
velopes may be opaque to radiation in the lines of the subordinate 
series. In such conditions, the quanta formed in the central parts of 
the envelope (after ionisation and recombination) can leave the envelope 
only by coming close to its outer boundary, having undergone on the 
way a large number of processes of scattering, partition. etc. It is 
therefore clear that the problem of calculating the intensities of the 
bright lines reduces in this case to the solution of a very complex system 
of integro-differential equations, consisting of both the conditions of 
the steady state for each level and the equations of radiative transfer 
for each line and each continuum, This system of equations was first 
considered by V. A. AMBARTSUMYAN [8]. 


If the motion of the envelope is taken into account, the problem 
is still further complicated. However. if the velocity gradient in the 
envelope is fairly large (as is in fact the case in the stellar envelopes 
concerned), the theory is simplified. When a velocity gradient is present 
in the envelope, the quanta in the lines can emerge not only from its 
boundary regions, but also (owing to the Doppler effeet) from its internal 
regions. For a fairly large velocity gradient, therefore, the solution of 
the problem of the radiation in a line at some point in the envelope 
will depend only slightly on what is radiated in that line at other points 
in the envelope. If this is true, the problem of finding the bright-line 
intensities again reduces approxiinately to the solution of some system 
of algebraic (though not linear) equations [154]. 

Let us consider this problem in more detail. Let 1; B;. oj. be the 
number of ionisations from the ith level, m,n. Cy(7,) the number of 
captures into the ith level, and n, ay; the number of spontaneous 
transitions from the Ath to the ith level. taking place at some point 
im the envelope in 1 em? in 1 second. 

If there were no velocity gradient in the envelope. the transitions 
from the kth to the ith level taking place in the central parts of the 
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cnvelope would be balanced by the transitions from the 7th to the kth 
level, since almost all quanta emitted in the spectral lines would be 
absorbed in the envelope itself. However, if a velocity gradient is 
present, the number of transitions from the Ath to the ith level will 
be greater than the number of converse transitions, since some fraction 
of the quanta in the line eoncerned leave the envelope because of the 
Doppler effect. We denote this fraetion by By. Then the excess of the 
number of transitions & 7% over the number of converse transitions 
is ny Age Pip. 

In the steady state, the number of transitions of atoms from the ith 
state to all others must equal the number of transitions to the 7th state. 
Hence we obtain 


i-l oo 
ni (DX Aix Bai + Bic Qie) = D Me Ani Bie + Ne M4 Cy(T.) (28.33) 
k=] k=i+l 


In these equations, the quantitics o;, are supposed known and equal to 
oie = Wok, (28.34) 


where o% is the density of radiation beyond the limit of the ith series 
at the surface of the star, and W is the dilution factor. 


The quantities B;, have already been calculated in the preceding 
seetion, in determining the contours of emission lines formed by moving 
envelopes. However, we prefer not to use these results, but to calculate 
the quantities £, afresh, by a direct method. Here, as before, we shall 
suppose that. both the absorption eoefficient «, and the emission coef- 
fieient e,, in a line of frequency +, are constant and non-zero in an 
interval 49; = 2 wv,,/c, and are zero outside this interval. Furthermore, 
weassume that the region of the envelope in which radiation in the 
given line is absorbed is comparatively small (beeause of the large 
velocity gradient), so that the density of matter and the velocity gra- 
dient in this region ean be regarded as constant. 


Let us consider the fate of quanta in a line of frequency », which 
are emitted by some element of volume in the z direction within a solid 
angle dw. It is evident that between 2 and z + dz a fraction 


3542 Me —Viyp 7 
e (1 — '  Y ogy, dz (28.35) 


of these quanta will be absorbed. Here the factor e~7i%* takes aecount 
of the absorption of quanta between 0 and z, and the factor 
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takes account of the change in frequency of the radiation as a result of 
the Doppler cffect; 
Vee — Vip = (1p 2/C) Cv,/€z - (28.36) 


It is clear, moreover, that the radiation in the given line will be ab- 
sorbed only between 0 and z,, where z, is determined from the condition 


Avi, = (Mn2,/€) | Cv,/Ez |. (28.37) 
Using (28.36) and (28.37). the expression (28.35) takes the form 
ek? (1 — z/z,) ay, dz. (28.38) 


Multiplying the expression (28.38) by 1/4 2 and integrating it, first 
over z from 0 to z, and then over the solid angle, we obtain the fraction 
that are absorbed in the envclope out of the total number of quanta 
emitted in the given volume. With the above notation, this fraction 
is ] — B,. Hence we find for By, 


Opes 1 dw . 
Bux = [ —e ) cat $a" (28.39) 


if we substitute the value of z, determined by the condition (28.37) in 
formula (28.39), we again reach the formula (28.30) previously obtained. 


Thus, to determine the degree of excitation and ionisation of the 
atoms in the envelope, we have the system of equations (28.33) together 
with the relations (28.30). The absorption cocfficients a, which appear 
in these relations are determined by formula (28.15), given in the pre- 
eeding section. 

If the equations (28.33) are solved for various parts of the envelope, 
we are enabled to determine the total amount of energy cimitted by 
the envelope in any spectral line. The following obvious formula serves 
for this purpose: 


Ey = Ay hay, f np Bip AV , (28.40) 


where the integration is extended over the whole voluine of the envelope. 
It is casy to see that formula (28.40) is the same as formula (28.29) 
obtained in the preceeding section. 

Since the conditions are not the same at different points in the 
envelope, the equations (28.33) will have different forms at such points. 
The conditions are simplest in the outermost. parts of the envelope, 
where they are similar to those in the nebulac. We can suppose that 
these parts of the envelope are completely transparent to radiation 
in the lines of the subordinate series, and hence we can put in equations 
(28.33) 

Be ~ 1 (6 = 2.3.4, ...). 
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Neglecting also the ionisation from excited states, we obtain instead of 
equations (28.33) 


— 


(Ay Big + 24 Ay) =D ny Ape trne Cy (L,) (§=2,3,4,...). (28.41) 
k=i+1 


2 


In the lines of the principal series, the envelope is highly opaque, i. c. 
By < 1. As is seen from equations (28.41), we can assume f,; = 0 for all 
levels except the second, without great error. Hence we have for the 
outer parts of the envelope 


i-l 
n; Y Ag = Yn Ag tm ny Cy(T',) (¢ =3,4,5,...). (28.42) 
k=2 k=it+l 


The equations (28.42) have already been considered in Part IV. The 
solution of these equations was given there for the hydrogen atom, 
and the Balmer decrement was ealeulated. We reeall that it was found 
to depend very little on the electron temperature (H,/H, = 3, H,/H, = 
0-5). 

Another hmiting ease is obtained for those parts of the envelope 
where it is opaque to radiation in the lines of all series. In this ease 
we can take the expression (28.31) for the value of By. Substituting this 
expression in the equations (28.33) and using the fact that 


(92/91) — 2 (Vxi\° 
Ag; Bu = (9./9,) at, (3) Any Piz ’ (28.43) 


we obtain 


nN; 


a) (J2l9i) 1 — Mo (24) Bec Cie” 
gar GilIE) EE % 





S (92/91) 21 — Re (; a nen, Cy 98.44 
ze me (9,/9;)%—"e \Mre + ’ (28.44) 


where we have put 
x= f,/W. (28.45) 


We have arrived at a system of algebraic equations in the unknowns 
njfny and n,ny/Wn,. The parameters appearing in these equations 
are, besides the quantity 2, the temperature of the star (which enters 
through B,.9%) and the electron temperature of the envelope (which 
enters through Cj). The system of equations (28.44) can easily be solved 
numerieally. As an example, we give below the Balmer decrement 
ealculated from the solution of this system for the hydrogen atom 
(for the ease 7’, = 20,000°, 7', — 20.000°). 


494 Chapter 28. The formation of emission lines 


Table 24 
x 0 0-01 0-1 1-0 
H, 0-67 0-98 2-0 5-20 
H, 1-00 1-00 1-00 1-00 
H,, 0-97 0-79 O-44 0-21 
Hs 0-87 0-58 0-22 0-06 


Let us turn now to the observational data. The Bahner decrement 
in the speetra of Wolf-Rayet type stars can be determined, though 
with some diffieulty. since the hydrogen lines in these spectra coalesce 
with those of ionised helium. Some difficulties arise also in finding the 
Balmer decrement in the spectra of Be-type stars, because in this 
ease the bright lines are superposed on absorption lines. Nevertheless. 
it may be asserted that the Balmer decrement in the spectra of Be-type 
stars differs markedly from that in the spectra of the planetary nebulae. 
For example, the ratio of mtensities of the H, and Hg lines in the 
spectra of different Be stars is both greater than 3 and less than 3 (on 
the average, for a group of stars, H,/H, = 2-25). Morcover, the Balmer 
decrement varices not only from one star to another, but also in the 


a 


spectrum of a single star in the course of time. 


The explanation of this behaviour of the Balmer deerement in the 
spectra of Be stars consists in the fact that the envelopes of these stars 
have not only parts transparent to radiation in the lines of the sub- 
ordinate series, i.e. similar to the conditions of radiation in a nebula, 
but also parts not transparent to radiation in the lines of some sub- 
ordinate scries. The radiation in the lines which reaches the observer is 
composed of the radiation from the various parts of the envelope (in 
proportions which vary in the course of tine). 


The Balmer decrement is similar in the spectra of novae at times not 
very far from the moment of maximuin luminosity. For example. in 
the spectrum of Nova Herculis 1934 during the first: three months 
after the outburst, the ratio of intensities of the H, and Hg lines was 
on the average 1-9. 


It is interesting to notice that, in the spectra of some novae several 
months after the outburst. a very large ratio of intensities of the H, and 
H; lines has been observed. Thus, in the spectrum of Nova Lacertae 1936 
this ratio was between 5 and 6, and in that of RS Ophiuchi 1933. it 
reached 10 or 12. This phenomenon is apparently explained by the fact 
that, in the periods when the observations were made, considerable 
parts of the envclopes of these stars were not transparent to radiation 
in the lines of the Lyman and Balmer scries. but were transparent 
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to radiation in the lines of other series. It is found that in this case the 
solution of equations (28.33) does in fact lead to such large values of 
H,/H;. 

From a detailed comparison of the theory explained above with 
observation, we can find a number of important characteristics of 
stellar envelopes. As an example, let us compare the theoretical and 
observed values of the line intensities of hydrogen and ionised helium 
in the spectra of Wolf-Rayet stars. Here, for simplicity (and also taking 
account of the inexactness of the observational results), we shall suppose 
that the envelopes of Wolf-Rayet stars are completely transparent in 
the lines of the subordinate series of these atoms. 

If the envelope is transparent to radiation in the lines of the sub- 
ordinate series of a given atom, the total energy emitted by the envelope 
in any of these lines, according to formula (28.40) (with fy = 1), is 


Ein =4a2 A,; hry f{ np re dr : (28.46) 


To 


where ry is the radius of the inner boundary of the envelope and r, the 
radius of the outer boundary of that part of the envelope which radiates 
in the lines of the atom concerned. In this case the equations (28.42) 
serve to determine the values of n,. From them we can find the values of 
Z, = n,/n, nz, Which depend only on 7,. Assuming that 7’, docs not 
vary in the envelope, we obtain instead of formula (28.46) 


ry 
By = 4 ct Alyy AE Zp | nner? dr. (28.47) 


Po 


In calculating the integral (28.47), we assume that the atoms ejected 
from the envelope move with constant velocity. Then, according to 
the relation (28.1), the density in the envelope deereases inversely as 
the square of the radius, and we can write 


ne = nO (rofr)? ne = 42 (rQ/r)?, (28.48) 


where n,° and n4° are the values of », and nz at the inner boundary 
of the envelope. Substituting the expressions (28.48) in formula (28.47), 
and taking for simplicity r; = oo, we find 


Big = 4 0 Agy hoy 2 nO n49 193 - (28.49) 


A very interesting result is obtained on applying formula (28.49) 
to determine the relative content of hydrogen and helium in the atmos- 
pheres of Wolf-Rayet stars [4]. Applying formula (28.49) to the line 
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2 = 4686 A of ionised helium (transition 4 + 3) and to the Hg line of 
hydrogen, we obtain from these two formulac 


al f f f , 
Ex _ Aggy Vyy0 Zp NG 


a My 


Boy Age Voy 2 a (28.50) 
where the primed quantities refer to ionised helium, and the others 
to hydrogen (that is, n4° is the number of doubly ionised heltum atoms 
in 1 em? at the inner boundary of the envelope). For the star HD 192163, 
the ratio of intensities of the lines 7 = 4686 A and Hg is approximately 20 
[18]. We also have Ajy’/Aqg = 16, 1'54'/t'9y 1, 24//zy 4 (for 
T, =50,000°). With these data, we find from formula (28.50) 24° /n,° = 2-5. 
Thus we reach the conelusion that, in the atmospheres of Wolf-Rayet 
stars, the number of helium atoms is approximately 2-5 times the 
number of hydrogen atoms. This result deserves considerable attention 
beeause, in the atmospheres of other stars and in the planetary nebulae, 
the ratio of the numbers of hydrogen and helium atoms is about 10. 
Consequently, the atmospheres of Wolf-Rayet stars have a ehemical 
composition which differs from that of the atmospheres of other stars. 
This fact is undoubtedly very important for an understanding of the 
nature of Wolf-Rayet stars, especially when we recall that, according 
to present-day views, the souree of stellar energy is formed by nuclear 
reactions which convert hydrogen into helium. 





However, it must be remarked that the estimate made above of the 
relative abundance of hydrogen and helium in the atmospheres of 
Wolf-Rayet stars is rather rough, since it does not take account of the 
possible opacity of the envelopes of Wolf-Rayet stars to radiation in 
the lines of the subordinate scries of the atoms concerned, or of certain 
other faetors. 


Using formula (28.49), we can also estimate the concentration of 
free electrons at the inner boundary of the envelope (i. e. at the surface 
of the “photosphere”). Taking into account the facts that the most 
abundant element in the atmospheres of Wolf-Rayet stars is helium, 
and that the helium atoms are predominantly in the doubly ionised 
state, we ean take n, = 2 n,’. Hence we obtain, on applying formula 
(28.49) to the line 4 4686 A of ionised helium, 


Egy) = 4 ct Ags’ hg, 24° & (n.®)? 19° (28.51) 


On the other hand, the cnergy emitted by the envelope in the line 
4 = 4686 A ean be expressed in terms of the quantity Ajggg found 
from observation: 


E ' 8 a r? h (1'5,’)4 | 4 (: 8 52) 
“34 c* ott TikT, —] +" 4686 ° aiid 
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The relations (28.51) and (28.52) give 


4 (¥3,/)° I DQ Fe 
ec chvsJIKT. 7 A gese - (28.53) 


A yg! 24' (n°)? 79 = 
To determine »,° from formula (28.53), we must know from observation, 
besides the value of A yggg, the radius 7) of the photosphere and the 
temperature 7, of the star. Unfortunately these quantities are imper- 
fectly known for Wolf-Rayet stars. However, sinee »,° enters as a 
square in formula (28.53), the exaet values of these quantities are 
unnecessary for an estimate of ,°. We shall take ry = 5 te, Ly = 50,000°. 
For Wolf-Rayet stars, the quantities Ajgg, have values of the order 
of some hundredths (for example, for the star HD 192163 A gg, = 0-047). 
With these values, we obtain from formula (28.53) »,° = 1:5 x 1012. 
This value has already been used above in determining the amount of 
matter ejeeted eaeh year by a Wolf-Rayct star. 


Chapter 29. Problems of the physics of stars 
with bright spectral lines 


1. The temperatures of the stars. To determine the temperatures of 
stars with bright lines in their speetra, we ean use the method proposed 
by H. Zanstra for determining the temperatures of the nuelei of planet- 
ary nebulae. This method is based on the hypothesis that the radiation 
of the nebula in the lines of any atoin is produeed at the expense of the 
energy from the star beyond the limit of the prineipal series of this atom. 
To determine the temperature of the star, we have the equation 


oo 


2 i 
/ edz yy ME (29.1) 


* , 
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where a = hiy/kT 4. 2 = hv{kT4, v9 is the ionisation frequeney of 
the atoin, 7; is the frequeney of an observed line, and 4; A; is the ratio, 
obtained from observation, of the energy emitted by the nebula in the 
line to that emitted by the star in unit frequeney interval of the eon- 
tinuous speetrum near the line. 

This method has several times been applied to determine the tempe- 
ratures of stars of the Wolf-Rayet, P Cygni, and Be types. Reeently, 
B. A. Vorontsov-VEL’YAMINOV [172] has determined the temperatures 
of six Wolf-Rayet type stars, and C.S. Bears and R. D. Hatcnrr [19] 
those of 52 stars, of speetral elasses A 4 to 06, having emission lines 
in their speetra. 
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The results of B. A. Voronrsov-VeEL YAMINOV are given in Table 25. 
The first column gives the number of the star in the Henry Draper 
catalogue, and the other columns give the temperatures of the stars 
(in thousands of degrees) found from the lines of various ions (the ioni- 
sation potentials in clectron-volts are shown below the symbols of the 
ions). The last column will be explained later. 


Table 25 


Star Hel ClllorNII Hell Cl NIV . 
Oe 24-5 47-4 54-2 64-2 77-0 ¢ 
HD 192163 32 G5 73 84 15 
191765 35 62 69 1 45 15 
193077 29 51 59 74 13 
193576 29 48 60 62 14 
192103 33 64 63 69 12 
192641 59 55 70 7 


| 
| 


The results of Beats and Hatcwrer are shown in Fig. 70. On the 
axis of abscissae are plaeed the spectral classes, on the axis of ordinates 
the temperatures of the stars, as found from lines of H, He I, Fe II, 
He II, N III and CII. The continuous line shows the dependence of 
temperature on spectral class which, in the opinion of these authors, 
is the most probable. 
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It is seen from the observational data that the temperature of the 
saine star, as found from the lines of various atoms, has very different 
values. Here it is immediately obvious that the temperature inereascs 
with the ionisation potential of the atom from whose lines it is deter- 
mined. It is possible that this differenee is to some extent explained 
by the deviation of the star’s radiation from Planek’s Law. On the other 
hand, there are a number of factors which bring about large errors in 
the. temperatures of the stars when determined by this inethod. We 
shall enumerate the most important of these factors. 


(1) In the derivation of equation (29.1) it was assumed that the 
envelope absorbs all the radiation from the star beyond the limit of 
the principal series of the atom, i.e. that its optical thickness beyond 
this limit is greater than unity. In general we have, instead of equation 
(29.1), 


2 —)(teiz)* oA; 
/ eae de a EE (29.2) 
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where t, denotes the optical thickness of the envelope immediately 
beyond the limit of the principal series of the atom, and it is assumed 
that the absorption coefficient is inversely proportional to the eube 
of the frequeney (k, ~ 1/¥3). If t <1, the use of equation (29.1) 
instead of equation (29.2) will clearly lead to too low a temperature 
for the star. This effeet should be important for atoms with compara- 
tively low ionisation potentials, in consequence of their high ionisation 
in the atmospheres of hot stars and the resulting small value of Tp. 
For example, the optical thicknesses of the atmospheres of Wolf-Rayet 
stars, beyond the limit of the Lyman series, are much less than unity. 
As a result, their temperatures as found from hydrogen lines are of 
the order of 20,000°, which is very low for Wolf-Rayct stars. 


(2) Strictly speaking, the swnmimation on the right-hand side of 
equation (29.1) should be extended over all the lines in the seeond 
series of the atom (ineluding the continuum). In praetiec, however, 
one line, or at most a few lines, of the second or other series are observed. 
Henee, to find the exaet value of the temperature, it is necessary to: 
know the ratio of the number of quanta emitted by the envelope in the 
second scrics to the number emitted in the observed line. Since the number 
of quanta emitted in the sceond series is equal to the number of eaptures 
into all levels from the seeond upwards, this ratio is, for lines formed 
by the transition from the kth to the 7th level, 


q — mere [ DX Cyl An - (29.3) 
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The ratio g can be calculated by means of the quantities z, = n,/n, 24. 
determined from the equations of the steady state for the energy levels 
of the atom. For example. we find for the Hg line of hydrogen that q¢ 
is approximately equal to 9 (depending very slightly on the electron 
temperature 7',). Almost the same value of q¢ is obtained for the brightest 
of the observed lines of jonised helium, 2 = 4686 A, since the H and 
He If atoms are similar, and the transition probabilities Aj. and Ay, 
are nearly the same. 

If the ratio ¢ is known, the temperature of the star can be determined 
from the equation 


3 
| a dx = 2" Ay, (29.4) 


where a, and 4d, refer to the line concerned. However, the values of ¢ 
are not known at present for all atoms. Hence the factor g in equation 
(29.4) is usually either omitted or chosen arbitrarily. The error arising 
from this may be considerable. Thus, for instance, taking q = 2 for 
the line 2 = 4686 A of ionised helium, instead of the correct value 
q = 9, we obtain a temperature of 60,000° instead of the more correct 
value of 70,000°. 


(3) In the derivation of equation (29.1), it was assumed that the 
envelope radiates in the lines of the atom concerned only at the expense 
of the energy from the star beyond the limit of the principal series of 
this atom. However, in some cases the radiation of the envelope in the 
lines of one atom may be excited by the radiation of the envelope in 
the lines of another atom, as a result of the chance proximity of the 
frequencies of particular Hines of these atoms. Owing to the presence 
of a velocity gradient in the envelope, the probability of such processes 
is considerably increased. As an example, we may indicate the possibility 
of transitions of He IT ions from 
the second state to the fourth 
under the action of the radiation 


4 
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of hydrogen atoms in the Lyman 
1215-184 


¢ line (the corresponding wave- 
2 lengths are 2 = 1215-18 A and 
2 = 1214-68 A). Later, the He II 
ion may spontaieously pass from 
the fourth state to the third, 
giving theobserved line A= 4686 A 
(Fig. 71). Another such example 
1 is the possible excitation, by 
Fic. 7 radiation in the resonance line 
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of He Il 4 = 304 A. of one of the levels of the O III ion; the cascade 
transitions of the electrons from this level are aeeompanied by the 
emission of quanta in the visible part of the spectrum. It is of mterest 
that the return of the electron to its previous level in the O III ion 
is accompanied by the emission of a quantum in the line 4 = 374 A, 
which in turn may excite one of the levels of the N III ion, thereby 
bringing about the appearanee of a number of observed lines of this 
ion (Fig. 72). 

If these factors are in operation, the temperatures of the stars, as 
determimed from the Imes of He JI and NIII, will evidently be too 
high. BeaLs and HatTcueEr think that this is indeed the case for Wolf- 


NO ol 3 He II 
Lines POF 2p 
from 3025 to 376Q- ~ 


A J73spp 
Z 








Lines 
from 4097 to 4642, 
A 2p ma 






'303:799 A 303-780 A 
303-6934 

25 374-434 8 
374-442 A 


° 374-4368 
4522 


2p 3p 25 


Fia. 72 


Rayet stars, an opinion whieh is reflected in the curve given by them 
in Fig. 70. The temperatures found from the lines of other atoms are 
predominantly too low, in consequence of the effect of the first factor 
mentioned (the incomplete absorption by the envelope of the energy 
from the star beyond the limit of the principal series of the atom). 


However, even when the factors enumerated above have been taken 
into aceount, we cannot be sure that it is sufficiently justified to apply 
this incthod to determine the temperatures of Wolf-Rayet, P Cygni 
and Be stars (and of novae in their early stages). As we know, the 
envelopes of these stars have comparatively small radii, and the dilution 
factor in them ts much greater than in the nebulae. For this reason, 
the radiation of these envelopes is due to more complex processes than 
that of the nebulae. Bearing in mind the application of this method 
to the problem of determining the temperatures of stars, we shall now 
consider more closely the radiation of envelopes of small radtus. 


502 Chapter 29. The physics of stars with bright spectral lines 


Let us assume that the envelope consists of atoms having only three 
energy levels. Under the action of the radiation from the star, the atoms 
make both cyclic transitions of the kind 1 + 3 ~ 2 — 1 and the converse 
transitions of the kind 1+2—>3-—1. In discussing the nebulae, 
it was shown that the number of transitions of the first kind is approxi- 
mately 1/1’ times the number of transitions of the second kind. However, 
the diffuse radiation of the envelope itself was not taken into account. 
Nevertheless, the density of the diffuse radiation in the frequency 7,5 
(i.e. in the Lyman « line, if we consider the hydrogen atom) is very 
high. For this reason, the number of transitions of the kind 1 > 2 > 3 +1 
is greatly increased. In the nebulae, however, because of the extreme 
smallness of IW, the number of these transitions was many times less 
than the number of transitions of the kind 1 > 3 > 2—> 1. Since, in 
envelopes of small radius, the dilution factor is not so small as in the 
nebulae, transitions of the kind 1—>2—-3-—1 are made in thein 
approximately as often as those of the kind 1>3—+42-—>1. 


When applied to the hydrogen atom, this neans that, in envelopes 
of small radius, besides the processes of transformation of L, quanta 
into quanta of lower frequency, the converse processes, 1. e. the pro- 
duction of L, quanta from quanta of lower frequency (for instance 
Lyman « + Balmer continuum — IJ,, ete.), occur also. The possibility 
of such processes is due to the fact that, because of the high degree of 
excitation of the atoms in the envelopes, their optical thicknesses, 
beyond the limits of the subordinate series, are comparable with unity, 
and the optical thicknesses in the lines of the subordinate series exceed 
unity. 

It is clear that such a complication of the process of radiation of 
the envelopes, in coimparison with the process of radiation of the 
nebulae, requires a considerable modification in ZANsTRA’s incthod. 
For simplicity, let us consider the case where the optical thickness of 
the envelope beyond the limit of the Lyman series is much greater than 
unity. In this case we can suppose that, froin every L, quantum emitted 
by the star, there is formed in the envelope, sooner or later, a Balmer 
quantum, whicli leaves the envelope. It is evident that the ionisation 
of the atom from an excited state and the subsequent appearance 
of L, quanta can only postpone the formation of the Balmer quantuin, 
since al] lL, quanta formed in the envelope will be absorbed in it again. 
However, an atom which is in the second state after emitting a Balmer 
quantum inay be again transferred into the ionised state by the radiation 
of the star (immediately after emitting the Balmer quantuin or after 
a nuuiber of scatterings of Lyman « quanta). It is casy to see that this 
leads to the emission of another Balmer quantum by the envelope. 
This process may be repeated several times, until finally a Lyman « 
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quantum, which escapes from the envelope, is formed by a transition of 
the atom from the second state to the first. ‘Thus we reach the conclusion 
that Balmer quanta can be formed in the envelope not only from 
quanta in the Lyman continuum from the star, as in the nebulac, but 
also from those quanta in the Balmer continuum from the star which 
are absorbed by the envelope. 


Taking these considerations into account (they refer, of course, 
not only to hydrogen atoms, but to other atoms also), we must write, 
instead of equation (29.1), 


fee) 


r 2 _ «A, 
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where V,/N, is the ratio of the number of quanta beyond the limit 
of the second series of the atom, emitted by the star and absorbed 
by the envelope, to the number emitted by the star beyond the limit 
of the principal series, 

It is fairly difficult to estimate the ratio V,/N,. This was first done 
by Su. G. GORDELADZE on the basis of the theory of the excitation and 
ionisation of atoms in envelopes of small radius, developed by V. A. 
AMBARTSUMYAN [6]. SH. G. GoRDELADZE [47] has found that, when 
equation (29.1) is used instead of equation (29.5), temperatures con- 
siderably higher than the true values may be obtained, and the error 
is the larger, the higher the ionisation potential of the atom. However, 
V. A. AMBARTSUMYAN’s theory refers only to stationary cnveclopes or 
to those moving without a velocity gradient. If a velocity gradient is 
present in the envelope, the ratio N,/N, is greatly decreased, and 
therefore the effect in question is less important. 


2. The continuous spectrum. In characterising the radiation of Wolf- 
Rayet, P Cygni and Be-type stars, not only the temperatures found from 
the bright lines, but also the colour temperatures which represent the 
relative distribution of energy in the visible part of the star’s speetrum, 
are of great importance. Since these stars are very distant from us, the 
galactic absorption of light has a great effect on the energy distribution 
in their speetra; as is well known, it causes a “reddening” of objects. 
The problein of taking into account this effect forms a serious difficulty 
in the determination of the colour teinperatures of the stars. 

The colour temperatures of Wolf-Rayet stars have been determined 
by B. A. Vorontsov-VEL’ YAMINOV [172]. He found that, in the range 
3800 to 4800 A, the incan temperature of six Wolf-Rayet stars is 8400° 
in the scale where 7' = 12,000° for stars of elass A 0. After correcting 
for the absorption of light in space, the mcan temperature was found 
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to be 13,000°. The temperatures of the individual stars (in thousands 
of degrees) are given in the last eolumn of Table 25. 


The speetrophotometrie gradients of 39 Wolf-Rayet. O, and B-type 
stars have been determined by W. PETRIE [122]. To aseertain the effeet 
of interstellar reddening, the gradients were eompared with the inten- 
sities of interstellar absorption lines. After eorreeting the gradients for 
interstellar reddening, the following results were obtained for four 
‘groups of stars. The last two columns in Table 26 give the mean eolour 
temperatures of the stars, temperatures of 18.000° and 15,000° respeeti- 
vely being taken for stars of type A 0. 


Table 26 
Group Gradient Ty T', 
WR5— WR8 —0-05 19,000° 16.000° 
05— 06 —0-42 90,000 39,500 
07—O9 —0:37 58,000 32,500 
BO — B2 —0:14 24,000 18,500 





A speetrophotometrie investigation of B-type stars has been earried 
out by D. Barpier and D. CHALONGE [16]. They reaehed the eonelusion 
that B-type stars with emission are, on the average, redder than B-type 
stars without emission. 


Two important results follow from the work diseussed above: 


(1) Stars with bright lines in their speetra have lower colour tem- 
peratures than stars of the same speetral elass without bright lines. 
This differenee is small for stars of elasses Be and B, but very large for 
stars of Wolf-Rayet type and those of elass O. 


(2) The eolour temperatures of stars with bright speetral lines are 
lower than their temperatures as found from the bright lines. This 
diserepaney is smal] for Be stars, but very large for Wolf-Rayct stars. 

The explanation of these observational results is based on the 
presenee of envelopes in Wolf-Rayet and Be stars. The transformation 
of high-frequeney radiation from the stars into quanta of lower frequen- 
eies, whieh takes plaee in these envelopes, leads to the eimission by 
the envelope not only of energy in spectral lines, but also of energy in 
the continuous speetruin. Here the energy emitted by the envelope in 
the visible part of the eontinuous speetrum is eomparable with the 
energy emitted by the star itself in that part of the speetrum. Sinee 
the radiation of the envelope eorresponds to a lower temperature than 
does the radiation of the star, the colour temperatures of stars with 
envclopes will eonsequently be found to be lower than those of stars 
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without envelopes. On the other hand, the temperatures found from 
the bright lines are fairly elose to the temperature of the star itself. 
This explains the diserepancy between the eolour temperatures and 
Zanstra temperatures of stars with envelopes. It is clear that this 
diserepaney will be the greater, the thieker the envelope. This is why 
it is so marked in Wolf-Rayet stars, but less marked in Be stars. 


Let us consider the more detailed interpretation of the eontinuous 
spectrum of a Be star [46]. As has been said above, the presence of 
envelopes in these stars does not prevent our seeing the absorption 
lines formed in the reversing layer of the star itself. This indieates the 
almost eomplete transpareney of the envelopes of Be stars in the visible 
part of the spectrum. Sinee the absorption in the envelopes of Be stars 
is mainly due to hydrogen atoms, we may suppose that the optieal 
thieknesses of these envelopes, beyond the limits of the subordinate 
series of the hydrogen atom, do not exceed unity (though they may 
be a eonsiderable fraction of unity). 


Thus the following proeesses oeeur in the envelopes of Be stars. 
Under the aetion of the radiation from the star, ionisation of hydrogen 
atoms takes place, both from the ground state and from exeited states. 
The envelope thereby absorbs almost completely the radiation of the 
star beyond the limit of the Lyman series, and some of that beyond 
the limits of the other series. After the ionisation, there follow eaptures 
of eleetrons by protons and free-free transitions of eleetrons in the 
fields of protons. The quanta beyond the prineipal series limit, formed 
in these proeesses, are again almost eompletely absorbed in the envelope. 
However, the majority of the quanta beyond the limits of the subordinate 
series leave the envelope unhindered. 

Let n, n+ €;,, dv be the amount of energy emitted in the frequency 
interval from » to »y + dy in 1 em? and | second by eaptures of eleetrons 
by protons into the ith level. Next, let n, 4 6,” dv be the amount of 
energy emitted in the frequeney interval from » to » + dy in 1 em? 
and 1 seeond by free-free transitions of electrons in the fields of protons. 
Quantum incehanies gives the following expressions for the quantities 
€;, and e,”: 


' 29 35 m \3/2 elo 1 (eg AnyAT, agar 
fj, = (6 2)? (, 7 | mick h2 73 é , (29.6) 
n 97 3 6 m \1i2 —hy[kT, onc 

fe = (Gays me (aT) © , (29.7) 


where x, is the ionisation potential from the ith state, and 7’, is the 
temperature of the eleetron gas. Formula (29.6) is valid for frequencics 
satisfying the eondition hy > z;. It is evident that the total amount 
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of energy emitted in 1 em? and 1 sccond in the frequency interval 
from » to » + dy is 
oo 


n, na €,dy =n, nye,” + Y e,') dy. (29.8) 


_ 


i=j 


By means of formulae (29.6) and (29.7), we find for e, 


27 53 m \12 68 2h SS 1 mIKTe)  — hv kT 

— y 2 

°y = 6 an)8/2 (, ) ct m2 (1 Tier, 2. ie - (29.9) 
i=j 

Here we must take j = 2 in the frequency interval from the limit of the 

Balmer séries to that of the Lyman series, 7 = 3 in the frequency interval 

from the limit of the Paschen series to that of the Balmer scries, etc. 


Since the envelope is supposed transparent to its own radiation 
beyond the limits of the subordinate series, the amount of energy emitted 
by the entire envelope in the frequency r is 


ise) 
7 


4y,envy — 4a Ey / Ne Ne r?dr ; (29.10) 


Te 


where ry is the radius of the inner boundary of the envelope. In formula 
(29.10) it is assumed for simplicity that the cnvelope is spherically 
symmetrical and the electron temperature does not vary within it. 

In order to calculate the integral (29.10), we must know the degree 
of ionisation of the atoms in the various parts of the cnvclopc. We 
assume at first that the optical thickness of the envclope, beyond the 
limit of the Lyman serics, is less than unity, i. ¢. 


fens) 


t =k,, {mar <). (29.11) 
To 


In this casc, we can use the ionisation formula derived for the case of 
the nebulac: 


nn T PamkT,. YP —hve{kT, 
= Ww p/ | ae (29.12) 


where W = } (r/r)? and 7 is the proportion of eaptures into the first 
level. Using formula (29.12), we find for t, 


oo 
k T h3 AvglkKT, 4 
=" * 2 2 
To p \/ T. QamkT,r ° A fm ner?dr. (29.13) 


Te 
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wo 
We ean now substitute the value of the integral f n, n+7? dr from the 


relation (29.13) in formula (29.10). Using the fainiliar expressions for ¢, 
and k,,, we obtain 


—hyefk ro) (kT. —hv/kT 
Qhys —helkPs KT, hv, ov ere 
_ Pp Qe HM v 
Ey eny = 42? 16? T, ae his ee kT. + 3 e : 


(29.14) 


Formula (29.14) has a simple physieal signifieanee. It is easy to see 
that the quantity 
9 2hy? —helkKT. KT, 
ae © h 


is that part of the energy from the star, beyond the linit of the Lyman 
series, which is absorbed by the envelope, and the quantity 


dy hey <1 */RTe\ heh 
Pp , (3 + k . pe é ) é 
et=j 


is the ratio of the energy emitted by the envelope in the frequency 
interval from » to v + dy to the total energy emitted by the envelope 
(to the same aeceuracy as that of the derivation of the ionisation formula). 
But the total energy emitted by the envelope must be equal to the 
part of the energy from the star in the Lyman eontinuum that is absorbed 
by the envelope. Henee, by multiplying these two quantities, we obtain 
E,, env dy. 

If the law of variation of density in the envelope is known, the 
quantities ty and #, .,y ean be expressed in terms of the density at the 
inner boundary of the envelope. Let us assuine, for instanec, that the 
density in the envelope deereases inversely as the square of the distanec 
froin the centre of the star. Then, taking into aeeount the faet that the 
envelope is eoinpletely ionised for t, < 1 (i. e. the inequality n4/n, > 1 
holds throughout the envelope), we have 


Ny =n, = P(r, /r)* . (29.15) 
Substituting », and n, from the relation (29.15) in formulae (29.13) 
and (29.10), we obtain 


/ T, hy kT. 
T= p | T, Gams? ysre © 
and 

Ey envy = 47 €, (n°)? 19°. (29.17) 
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The case where t) > 1 is more difficult to examine. In this case. 
the degree of ionisation of the atoms in the envelope is determined 
from the theory of radiative transfer in the envelope. However, this 
theory is more complex than that of the transfer of L, radiation in the 
nebulae, since, in envelopes of smal] radius with tg > 1, ionisation 
from excited states is important. We shall not pause to consider this 
theory here. We shall merely emphasise the faet that, in the ease men- 
tioned, the energy emitted by the envelope may be considerably more 
than that given by formula (29.14) with 1, = 1. 


According to what was said earlier, the speetrum of a Be star ean be 
regarded as the result of the superposition of the spectrum of the envelope 
on that of a B star; thus the energy emitted by a Be star in the fre- 
queney v ean be ealculated from the formula 


E, = Ey « + Ey env ? (29.18) 


where E,, is the energy emitted by a B star in the frequeney ». We 
shall suppose that a B star emits like a black body of temperature 7',, 
i.e. 

9h ] 


Ey, =42? roe a SWIBT sy (29.19) 


Comparing formulae (29.14) and (29.19), we find that, for a temperature 
of the star of the order 20,000° to 30,000°, and for values of ty not 
much less than unity, the ratio Fy, on./H,,,. in the visible part of the 
speetrum will be of the order of 0-5 (smaller in the violet part of the 
speetrum and greater in the red). As has been said already, for t, > 1 
this ratio may become quite considerable. Consequently, the energy 
distribution in the speetrum of a Be-type star may differ quite markedly 
from that in the speetrum of a B-type star. 


From the formulae given above we ean confirm that, as the intensity 
of ejeetion of matter from the star increases, the following changes 
should be observed in its radiation. 


First of all, the apparent brightness of the star should increase. 
This is seen from formulae (29.17) and (29.18). Applying these formulae 
to the radiation of wavelength 4 = 5550 A, to which our eyes are 
most sensitive, we ean approximately ealeulate the increase in the 
brightness of the star as 7,° inereases. 


Next, the colour temperature of the star should decrease. As we 
know, the eolour temperature 7’, is determined from the condition 


3 A 1 


d | k= 
dy O8e “y= 4 Peo y eT hike * 


(29.20) 
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where the value of d (log, F,)/dv is found from observation. If we suppose 
that the radiation of the envelope in the visible part of the spectrum is 
considerably stronger than that of the star, then, substituting F 


yenv 
for E, and taking into account the fact that 
By, env eh kT ) 
we find for the determination of 7, 
he fl 1 ‘ 
k (r —_ T ) = 3 (29.21) 
c e€ 


(we have neglected the term e—"”/*Te in comparison with unity). It is 


seen from formula (29.21) that the colour temperature of the envelope 
is much lower than its electron temperature. For example, for 7',= 20,000° 
we have 7, = 6700° in the region of the Hg line. This means that, 
as the part played by the radiation of the envelope increases, the colour 
temperature of the star will decrease from the value 7, = 7, to the 
value given by formula (29.21). 

Finally, as the outflow of matter from the star becomes more in- 
tense, the intensity discontinuity at the limit of the Balmer series 
should decrease. We have supposed above that the energy distribution 
in the spectrum of the star is given by Planck’s formula. In reality 
this is not so. As we know from the theory of photospheres, the energy 
distribution in the spectrum of a B-type star differs very markedly 
from the Planckian distribution, its characteristic feature beimg the 
intensity discontinuity at the limit of the Balmer series. Since the 
absorption coefficient of the hydrogen atom beyond the limit of the 
Balmer series (i.c. for v > v9) is greater than it is up to that limit 
(i. c. for » < 95), the intensity of radiation in the star’s spectrum beyond 
the limit of the Balmer series is less than it is up to that limit. The quantity 


D = logy (Bves,fE vs») (29.22) 


is usually found from observation; it is positive for ‘normal’ B-type 
stars, in agreement with what we have just said. However, the radiation 
of the envelopes has the opposite property; for them, the quantity 
Deny. determined by the formula 


envs 


Avy <a exilkTe ht wa exilkTe 
Deny = logyy (1 +2 KT. 2, 3 ) (1 +2 KT, Py e )|. (29,23) 
is negative. Hence the superposition of the radiation of the envelope 
on that of the star leads to a deerease in the intensity discontinuity 
at the limit of the Balmer series. As the radiation of the envelope be- 
comes more intense, the value of D for a Be star may even change from 
positive to negative. 
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It must also be remarked that, as the energy radiated by the envelope 
in the continuous spectrum increases, the energy radiated by it in the 
spectral lines must increase also. If the same conditions existed in the 
envelopes of Be stars asin the nebulae, then, for a given electron temp- 
erature, the ratio of the intensity of any line to that at any point 
in the continuum (excepting the lines and continuum of the principal 
series) would always remain constant. However, envelopes of small 
radius, unlike the nebulae, are opaque to radiation in the lines of the 
subordinate series, and ionisation from excited states may occur in them. 
This leads to a redistribution of energy between the lines and the con- 
tinnum, whereby, as is easily seen, the radiation in the continuum is 
strengthened in comparison with that in the lines. The corresponding 
calculations can easily be performed by using the theory given in Sec- 
tion 28.4, and the formulae in the present section. 


The theoretical conclusions just give concerning the properties of 
the spectra of Be stars are in good agreement with observation. This 
is most obvious from the work of V. G. GorBaTskII on one of the most 
remarkable of the Be stars, y Cassiopeiae [45]. This bright star (of the 
second magnitude) exhibits irregular variations of brightness and 
spectrum. Particularly violent changes occurred in the period from 
1936 to 1941. The study of extensive observational data concerning 
this star has led to the conclusion that, in the period mentioned, the 
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the star is 34,000°, the number of free eleetrons in 1 em® at the star’s 
surface is 10)? to 1038, and the mean electron temperature of the envelope 
is 15,000° to 20,000°. 

Let us now turn to Wolf-Rayet type stars. The radiation of the 
envelopes of these stars is produced in fundamentally the same way 
as that of the envelopes of Be-type stars. However, Wolf-Rayet stars 
are much hotter than Be stars. For this reason. not only hydrogen 
atoms but also those with higher ionisation potentials take part in the 
formation of the continuous spectrum of Wolf-Rayct stars. 

Another important characteristic of the process of radiation by the 
envelopes of Wolf-Rayet stars is the large part played by the scattering 
of radiation by free electrons. In order to demonstrate this, let us 
calculate the optical thickness of the “atmosphere” of a Wolf-Rayet 
star due to electron scattering (we recall that the envelope of a Wolf: 
Rayet star can be artificially divided into a “photosphere” and an 
“atmosphere’’). Denoting this thickness by t,, we have 


oo 

Te = Go / n, dr, (29.24) 
To 

where g, is the seattering coefficient referred to one electron, and 75 

is the radius of the photosphere. Let us assume, as before, that the 

density of matter in the envelope of a Wolf-Rayet star diminishes 

in inverse proportion to the square of the distance from the centre 

of the star. Then we find, instead of (29.24), 


Te; = Oy Ne Wy - (29.25) 


To estimate t,, we take ry = 57ro, n° = 15 x 10!%. It is known that 
Gy = 0°67 x 10-74. The formula (29.25) gives tr, = 4. We sec that the 
optical thickness of the ‘‘atmosphere” of a Wolf-Rayet star due to 
electron seattcring is very large. The lower limit of the ‘“atimospheres” 
of these stars is apparently determined, in fact, by the condition that t, 
is of the order of unity there. 

For comparison, we may calculate the optieal thickness of the 
“atmosphere” beyond the limit of the Lyiman series. We use formula 
(29.16) for this purpose. Taking ry = 5 ro,” = 1-5 x 10', T, = 50,000° 
and using the fact that k,, = 0-5 x 10-1’, we obtain 1, = 0-03. Conse- 
quently t, > Tp, i. e. in the atinospheres of Wolf-Rayet stars the scatte- 
ring of radiation by free eleetrons plays a greater part than the absorp- 
tion by hydrogen atoms. As we penctrate into the photosphere, the 
electron seattering gradually becomes less important in comparison 
with atomic absorption. This is duc to the fact that the volune coefficient 
of scattering by free electrons is proportional to »,, whilst the volume 
coefficient of absorption by the atoms is proportional to n, n4. 
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Because of the large part played by electron scattering in the envelopes 
of Wolf-Rayet stars. the radiation of these stars has a number of 
interesting properties. The most important is the polarisation of the 
star’s radiation. Of course, this property is found not only in Wolf- 
Rayet stars, but also in other stars with a fairly high temperature 
and a fairly low density in the outer lavers. To ascertain the degree 
of polarisation of stellar radiation, the problem has been solved of the 
transfer of radiation in a pure electron photosphere composed of plane- 
parallel layers [30, 156]. It has been found that the degree of polari- 
sation of the radiation from a star having such a photosphere increases 
from zero at the centre to 12-5 94 at the limb, the radiation being pola- 
rised along the radius. It is evident that the radiation coming from 
the whole disc of a spherically symmetrical star will be unpolarised. 
Hence, to reveal the effect in question, it is necessary to observe eclipsing 
variables, one of whose components is a hot star and the other a cool 
star. In this case, when the hot star is obscured by its cool companion, 
the radiation of the system will be polarised to some extent, though 
only very slightly. This effect, predicted by the theory, was actually 
discovered in subsequent observations on a number of eclipsing variables. 

It is particularly interesting that in these observations a completely 
new phenomenon was discovered also, namely the polarisation of the 
light of the stars outside eclipse and even the polarisation of the light 
of single stars [38, 39, 56, 60). The greatest degree of polarisation (of 
the order of 6%) is shown by some Wolf-Rayet stars. The explanation 
of this phenomenon has not yet been found. It is possible that it is 
partly due to the scattering of light by free electrons in envelopes not 
having spherical symmetry. It has also been suggested that the light 
of the stars becomes polarised in passing through the interstellar medium. 


3. Stars of late types with bright lines. Besides Wolf-Rayet, P Cygni 
and Be-type stars, which belong to the early spectral classes, emission 
lines are also found in the speetra of stars of late types. Among these 
are, first of all, the long-period variables, the majority of which show 
in their spectra bright lines of hydrogen, ionised iron (near maximum 
light) and neutral iron (near minimum light). Other such stars are those 
of the Z Andromedae type. Their spectra consist of a combination 
of late-type continuous and absorption spectra and a bright-line spec- 
trum belonging to atoms with very high ionisation potentials (for 
example, He TI). 

The Balmer decrement in the spectra of the long-period variables 
is very interesting. The appropriate data are given in Table 27. We 
see that the Balmer decrement in the spectra of Me-tvpe stars is very 
anoinalous. However, this is not due to the operation of some mecha- 
nism, unknown to us, for the excitation of atoms. As G. A. Suaty [137] 


3. Slars of late types with bright lines 513 





Table 27 
Type Me Se | Ne 
- . ! _— _ I a 
H, 2 15 10 
H; 2 12 10 
H, 20 5 5 
H, 30 3 2 


has shown, the cause of the anomaly in the Balmer decrement is the 
absorbing action of titanium oxide. In the spectra of Se and Ne-type 
stars, the titanium oxide bands are absent, and the Baliner decrement 
is quite normal. It is also of interest that, in the spectra of the long- 
period variables, the bright hydrogen lines are divided into a number 
of componcnts. It has recently been shown that this unusual structure 
of the bright lines is again explained by the screening of the hydrogen 
radiation in the atmospheres of the stars, due this time to atoms of 
un-ionised metals. From these facts, the conclusion can be drawn that 
the emission lines are formed mainly in deeper layers of the atmosphere 
than are the absorption lines. 


Very valuable information can also be obtained by considering the 
radial velocities of long-period variables. As is well known, a variation 
takes place in the displacements of spectral lines in these stars, besides 
the oscillation in their brightness. It is interesting that the displacements 
of the emission and absorption lines are not the same. This again indicates 
that the emission and absorption occur in different layers of the star’s 
atmosphere. A statistical discussion of the radial velocities of long- 
period variables leads to the following results: 


(1) the difference of the radial velocitics found from bright and from 
dark lines is always negative (v,—v, < 0); 


(2) the K-term determined from the bright lines is about —15 kin/sce; 
(3) the K,-term determined from the dark lines is about zero. 


Tt follows from these data that the layer in which the bright lines 
are formed is moving in the direction of the observer. In other words, 
an outflow of matter takes place from long-period variables. This 
conclusion was first reached by G. A. Suain [140]. Some doubts are 
occasioned here by the fact that A, ~ 0. However, for a number of 
reasons, this value of 4, sccms to be too large. If this is so, the hypothesis 
that matter is ejected from long-period variables is fairly plausible. 
Here the process of cjection of matter must be not steady but variable. 
The ejected matter itself must undergo a considerable retardation. 
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The results mentioned are very important for an understanding of 
the nature of late-type stars with bright lines. In particular. they are 
very useful in resolving the following important question which occurs in 
connection with these stars: what is the reason for the appearance of 
bright lines in the speetra of sueh cool stars? The ultra-violet energy 
from a star whose temperature is of the order of 2000° to 3000° is 
clearly insufficient for bright lines to be formed from this energy. 


In order to solve this problem, we rephrase it as follows: Ict there 
be a hot star surrounded by an extended and rarefied envelope, in which 
bright lines are formed as a result of the transformation of ultra-violet 
energy from the star. The question is whether the envelope can give 
under these conditions, besides the bright lines, a continuous and line 
spectrum of late type. 


We have previously shown that, as the optieal thickness of the 
envelope increases, the colour temperature of the object decreases. 
This explains the discrepancies between the Zanstra and colour tem- 
peratures of Be and Wolf-Rayct type stars. In essentials we are con- 
cerned with similar diserepancies, although these are even more strongly 
marked, in the case of late-type stars with bright lines. It may therefore 
be supposed that late-type stars with bright lines differ from carly-type 
stars with bright lines by the even greater optical thickness of their 
envelopes. In other words, late-type stars with bright lines should 
apparently be regarded as hot stars surrounded by very extended 
envelopes of great optical thickness in the continuous spectrum. The 
processes occurring in such envelopes can be briefly described as fol- 
lows. The inner parts of the envelope completely absorb the radiation 
of the star and transform it into quanta of low frequency. A late-type 
eontinuous spectrum is thereby formed, and bright lines of various 
atoms also appear. The outer parts of the envelope are scarcely reached 
by the radiation of the star, and they eome under the action of the 
low-temperature radiation of the envelope itself. In these parts there 
are un-lonised inetal atoms and molecular compounds. The late-type 
absorption speetrum is formed here. 


It is correct to say that the hypothesis given above is eonfirmed 
in its gencral outlines by the observational data. For exainple, the 
fact that the bright lines observed in the spectra of long-period variables 
are formed in deeper layers of the envelope than the absorption lines 
and bands is in eomplete agreement with this hypothesis. We recall 
that this is shown by the fact that the bright lines are sereened by 
moleeular bands and the lines of un-ionised inetals. Further, it must 
be remarked that, at the time near maximum brightness, i.e. when 
this sercening is least, the emission spectra of long-period variables 
are very similar to those of Be-type stars, and novac at the time when 
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the bright lines appear. This fact may be regarded as a direct indication 
of a common mechanism of the excitation of emission lines in all the 
cases mentioned. 


The changes in the spectra of Z Andromedae type stars are also 
in favour of the hypothesis mentioned. These changes are so marked 
that a late-type star is converted into an early-type one. This happened 
to the star Z Andromedae itself in 1939. These conversions can be 
explained by a great change in the force of ejection of matter from the 
star, and a consequent change in the thickness of the envelope. The 
spectra of these stars are sometimes a combination of two continuous 
spectra, one early and the other late. In such cases, according to the 
proposed interpretation, the spectra of the star and of the envelope 
are comparable in brightness. Here, roughly speaking, the red end of 
the combined spectrum belongs to the envelope, and the violet end 
to the star. 

According to the hypothesis in question, late-type stars with emission 
lines may be converted into late-type stars without emission lines by a 
further increase in the optical thickness of the envelope. The ‘‘typical”’ 
cool supergiants are apparently formed in this way. In this connection 
it must be pointed out that the masses and luminosities of M-type 
supergiants are the same as those of O and B-type stars. This compels 
us to suppose that there is no essential difference in the internal structure 
of these stars. 


For the sake of completeness, we may say that other hypotheses also 
have been advanced to explain the origin of late-type spectra with 
emission lines. The hypothesis deserving most attention is that of 
L. BerMAaN, who regards Z Andromedae type stars as double stars 
consisting of a blue and a red component. However, no convincing 
proof has yet been obtained that any of these stars is actually double. 


4. Stellar associations. All the stars with bright spectral lines discussed 
above have very high luminosities. However, besides these, dwarf 
stars with bright lines in their spectra have also been revealed by 
observation. The most remarkable of these are the T Tauri type variables. 
These stars mainly belong to the spectral classes G to M and have bright 
lines of H, Ca IJ, Fe II, etc. In some cases, absorption lines are seen 
on the violet side of the bright lines. This compels us to suppose that 
an ejection of matter is taking place from T Tauri type stars, as it is 
from other stars with similar line contours. 


The spatial distribution of T Tauri type stars is very peculiar. The 
consideration of this distribution was the starting point for V. A. 
AMBARTSUMYAN’S discovery and study of a new kind of stcllar system, 
the stellar associations [10]. 

33* 
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V. A, AMBARTSUMYAN pointed out that almost all T Tauri type 
stars known (up to 1947) are found in two very smal] regions of the sky. 
In one of these regions, in Taurus and Auriga. there are concentrated 
eight T Tauri type stars and about 40 other dwarf stars with emission 
lines in their spectra. As was subsequently shown by P. N. KHOLopoy, 
the majority of the latter stars are also T Tauri type variables. The 
distance of this group of stars is of the order of 100 parsees, and the 
diaincter of the group ts of the order of 25 parsees. Another group of 
T Tauri type variables, numbering seven objects, is located in the 
constellations of Aquila and Ophiuchus; it is apparently further from 
us than the first group. 

V. A. AMBARTSUMYAN next noticed the fact that hot stars (of 
types O and B) also have a tendency to congregate. He and his colla- 
borators have discovered more than 20 groups of such stars. It is parti- 
cularly interesting that the majority of the Wolf-Rayet and P Cygni 
type stars, and many Be stars also, appeared in these groups. A character- 
istic example of a group of hot stars is the system surrounding the 
double cluster x and h Persei. This system includes some tens of B-type 
supergiants, among them five P Cygni type stars. The cluster is the 
nucleus of the system. The diameter of the system is of the order of 
170 parsees, and its distance is about 2000 parsecs. 

These groups of stars were called by V. A. AMBARTSUMYAN stellar 
associations (the T and O associations respectively). It inust be emphasi- 
sed that there is a great difference betwecn associations and clusters. 
Whereas the density in a cluster considerably exceeds the mean density 
of the star ficld surrounding it, the density of an association is small 
compared with the ficld density. However, associations are clearly 
distinguished by their partial density, i.e. the density due to stars 
of a definite class (dwarf stars with bright spectral lines in one case, 
O and B-type supergiants in the other). It is for this reason that the 
associations were discovered as a result of observation. 


The conclusions drawn by V. A. AMBARTSUMYAN from the very 
fact of the existence of stellar associations are extremely important. 
It is utterly improbable that the associations were formed by chance 
encountcrs of stars. Consequently, we must suppose that the stars forming 
an association have been related during their entire existence. However, 
calculation shows that this relation is very insecure, and the associations 
should rapidly disperse owing to the tidal action of the general gravi- 
tational ficld of the Galaxy. Nevertheless, they have not yet dispersed. 
This evidently indicates that the associations, and therefore the stars 
in them, were forined comparatively recently. According to estimates 
which have been made, their age docs not execed 10? years, whereas 
the inean age of the stars is known to be 10° to 10!® years. Hence 
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the stellar associations must be acknowledged to be very young forma- 
tions. 

This conclusion, that the stellar associations are extremely young, 
which was derived from dynamical considerations, is confirmed by 
astrophysical data. As we have already said, there are in the associations 
Wolf-Rayet. P Cygni, Be and other types of stars which eject matter. 
The amount of matter ejected by each such star per year is 10-® to 10-5 
times the Sun’s mass. It is clear that this process cannot continue for 
more than 10° to 107 years. Consequently the stars which eject matter 
must pass very rapidly from one stable state with a large mass to another 
stable state with a smaller mass. However, we know that stars with 
masses exceeding those of Wolf-Rayet, P Cygni and Be-type stars 
are exceedingly rare. Hence we must again conclude that the stars in 
question, and therefore the associations containing them, were formed 
directly from the pre-stellar phase of matter, and that this occurred 
quite recently. 


Thus the formation of stars in our Galaxy, which began several 
thousand million years ago, is still continuing. This conclusion is especially 
important in that it contradicts theories of the simultaneous formation 
of al] the stars. 

The variable stars found in T associations show very irregular 
variations in brightness. [t is of interest that the rapid increase which 
sometimes occurs in the brightness of these stars is often accompanied 
by the appearance of a peculiar “continuous emission’’, which is super- 
posed on the normal absorption-line spectrum. As a result, the absorp- 
tion lines are partly or wholly masked. Thus the increase in brightness 
often occurs because of the sudden addition to the normal thermal 
radiation of a non-therinal radiation having a contmuous spectrum. 
It seems that in these cases powerful processes of energy release are 
occurring in the outer layers of these stars, and this results in an emis- 
sion of non-thermal radiation. 


All this indicates the existence of very violent processes in T Tauri 
type stars. It is natural to suppose that they also are stars “in course 
of formation”’. 

It can hardly be doubted that the formation of stars in an earlier 
period in the life of the Galaxy took place through associations. Thus 
the process of the evolution of the Galaxy must be imagined as the 
gradual formation of groups of stars (i. ¢. associations) from the pre- 
stellar material. As has been said, the associations are dynamically 
unstable and rapidly disperse. As a result, the stars in the associations 
are intermixed with those formed previously. The process of evolution 
of the stars goes on at the sare time. At the beginning of their existence 
the stars are unstable, like the associations, as is shown by the ejection 
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of matter from them. However, as time goes on. by cjecting matter, 
they acquire stability and pass into the class of “ordinary” stars. It 
is important in this connection that the stars when formed may be 
either giants or dwarfs (in consequence of the fact that they may be 
formed either through O associations or through 'T associations). In 
other words, the stars “enter” the spectrum-luminosity diagram not. 
only at the head of the main sequence, but also in other parts of it. 
i.e. all along the main sequence. 


Of the other results obtained in the study of stellar associations. 
the most important is that many double and multiple stars are found 
in the associations. Thus, for example. the majority of Wolf-Rayet 
type stars seem to be components of close binaries. Many of the T Tauri 
type stars have visual companions. These facts throw fresh light on the 
problem of the origin of double stars. Earlier, as is well known, it was 
supposed that double stars are formed either by the fission of single 
stars or by the capture of one star by another. However, we see now 
that even in the associations, i.e. among the youngest stars, there are 
many double and multiple systems. Consequently, it is incorrect to 
suppose that stars acquire companions in the course of their long lives. 
In reality, they are formed either single or multiple. It is possible that 
there is no fundamental difference between multiple stars and the 
solar system, In that case, the conclusion mentioned is of importance 
for the cosmogony of the solar system also. 


It is also interesting that there exists a great difference between 
multiple systems in associations and those outside. Multiple systems out- 
side associations usually have distances between the components which 
are of different orders of magnitude. For example, triple systems are 
constructed in such a way that two of the stars (A and J) are close 
to each other, whilst the third star (C) lies at a distance from them. 
The motion of the stars in this system can be approximately regarded 
as a Keplerian motion of the star B round the star A, and a Keplerian 
motion of the star C round the pair AB. Quadruple systems are simi- 
larly constructed. They usually consist of two pairs of close stars with 
a considerable distance between the pairs. It is found that only such 
systems are stable. If a multiple system were formed with the distances 
between the components all of the same order, it would rapidly disinte- 
grate or be converted into a system with the distances between the 
components of different orders of magnitude (i.e. a system of the 
kind mentioned above). In the associations. however, multiple systems 
are found with the distances between the components all of the same 
order. V. A. AMBARTSUMYAN and B. E. MarKAnyYAN call these Trapezium- 
type systeins (in analogy with the well-known Trapezium in Orion, 
which, incidentally, belongs to the Orion association). [t is clear that 
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the presence of Trapezium-type multiple systems in stellar associations 
is another proof that the associations are young formations [11]. 

The further investigation of stellar associations will undoubtedly 
lead to new results which are of great importance in cosmogony. Even 
in the next few years, it seems, we may cxpect the problem to be resolved 
of the nature of the matter from which the stars are formed. 


PART VII. 
THE INTERNAL STRUCTURE OF STARS 


Chapter 30. Basic facts 


1. Statement of the problem. The problem of the internal] structure 
of stars is one of the most diffieult problems of theoretical astrophysies. 
Many aspects of it are still unresolved. Many details have not been in- 
vestigated at all. Henee we shall restriet ourselves to an exposition only 
of some basic facts necessary to gain an idea of the methods of solution 
of this problem. We shall pay no attention to the variations of particular 
models of the internal structure of individual types of star, which have 
been worked out on various more or less arbitrary assumptions. It seems 
to us that the value of a great number of sehematie models developed 
in this way is extremely limited. 

Let us consider steady (non-variable) stars in a state of equilibrium, 
regarding a star as spherically symmetrical, i.e. neglecting rotation, 
which causes a deviation from spherical symmetry. Then all the quan- 
tities charaetcrising the physical state of the star (the temperature 7, 
the density 9, the pressure p, the aeceleration g due to gravity, the flux 
H of radiation, etc.) will be functions only of the distance r from the 
eentre of the star, On this assumption, the equation of hydrostatie equi- 
librium is 


dp/dr =—go, (30.1) 


where the acceleration due to gravity is 
g = GM (r)/r? , (30.2) 


G being the constant of gravitation and M(r) the mass inside a sphere 
of radius r, and the total pressure p = pg + pr, where pg is the gas 
pressure and pp the radiation pressure. Next, it follows from the equa- 
tion of transfer, on multiplying by cos @ and integrating, that 


Appidr =—ko Hc, (30.3) 


if we introduec the absorption coefficient & referred to unit mass (c is the 
velocity of light). 
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Let e(r) be the amount of energy cvolved per unit mass in unit time 
by the sources of energy at a distance r from the centre of the star. Then 
the total energy released by the sources inside the sphere of radius r is 


f 
L(r) = [4ar%eodr. (30.4) 
6 


If the principal means of energy transfer inside the star is by radiation 
(as is true for the high tempcraturcs existing inside stars), then 


Lin) =427°H. (30.5) 


Thus equation (30.3) can be written in the form 


dp,/dr =—ko Lir\/4aer, (30.6) 
and equation (30.1), by (30.2), takes the form 
d(pg + Pp) GM 
a" h ned Mm? 0. (30.7) 


To these two basic equations (30.6) and (30.7), we must add equation 
(30.4), which we write in the form 


dLi(r)/dr =4 ar 0€, (30.8) 
and the following obvious condition: 
dM(r)/dr =4 27% 0. (30.9) 


Let us now consider a gaseous star; the equation of state of the matter 
inside such a star is given by Boyle’s Law, 


Po =H oTiu, (30.10) 


where /? is the gas constant and jz the molecular weight. The radiation 
pressure is given by the fonnula 


Pr=4eT?, (30.11) 


which holds for the internal Jayers of a star which are in a state of local 
thermodynamic equilibrium. Thus, for a gascous star, the system of fun- 
damental equations describing its equilibrium state takes the form 


df 1 1. A _ __ GM(r) 
dr ( 0 q + 3 fi = r2 0 ’ 
d 1 4, k L(r) 
dr BOT) =— gach? (30.12) 


dM(r)/dr =4 ar2 0, 


dL(r)/dr =4 ar oe. 
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The solutions of this system of four equations for the four variables 
0, T, M(r) and L(r) must satisfy the following boundary conditions: 


forr=0, o=o0,, T=T,, M(r)=0, L(r) =0; | 


(30.13) 
forr=r, 9=0, T=0, Mir =M, Li =L,] 
where 7, is the radius, M the mass and L the luminosity of the star, and 
the suffix c denotes the value of a quantity at the centre of the star. 
We introduce dimensionless variables by expressing 9, T, & and é in 
terms of their central values and Z(r) and M(r) in terms of the lumi- 
nosity and mass of the whole star: 


T=T.t, M(r)=My, Lir)=L, 
¢ (r) y (r) ? | (30.14) 
0 = 0,9, E=6E,€, ‘=k, z, 


and put 
r=raé, (30.15) 


where « is a parameter which is as yet arbitrary. It is then not difficult 
to show that the equations (30.12) reduec to the system 


d 1—f ’ 
as (o* + poa)an | 
drj/dé = — A, xo nfé*, (30.16) 
dy/dé = A, a, &, 
dynjdgé =Ajae’ &, 
where the dimensionless parameters are 
_ GM A _ k, L B, 
* (Ria), T,? “1 4acGM V— 8B,’ 
F (30.17) 
. 42G3 MoM , 
fa = (tip) 1p, 8% = Mell, | 


and (1— £,)/B. = (pr/p¢)-- The equations (30.16) have to be solved 
with the boundary conditions (30.13) or 


for § =0, o=l, t=l, p=0, 7 =0; | 
(30.18) 
for F=1/2, o=0, t=0, p=l, n=1.] 


The solution of the system (30.16) contains four parameters: Aj, 49. A, 
and (1—f,)/8,, and four arbitrary constants which are determined, for 
example. by the conditions (30.18) at the centre, which enable us to ex- 
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press these four constants in terms of 2). A,, 4, and (1—£,)/f,. Thus the 
solution satisfying the conditions (30.18) at the centre has the form 


o,T, y, 9 = fil&, (L—B.)/ Be, Ay, 4a, 4g) (¢ = 1, 2,3, 4). (30.19) 


This solution, however, must also satisfy the conditions (30.18) for 
€ = 1/x, and this leads to four conditions of the form 


D(l/x, (1—Pe)/Ber Aye dor 4g) =O (i =1,2,3,4). (30.20) 


Solving these four equations for the four dimensionless parameters ,, A», 
A, and 1/x (the cigenvalues), we find expressions for them in terms of the 
ratio (1—£,)/B,.. By equations (30.17), these expressions have the form 


FL, My 1, Tes Ge: Kes €s #) =O (¢ = 1, 2,3, 4), (30.21) 


since (1—8,)/B, = $a T,3/(R/u)o,.. Determining 0, and 7, from two 
of the equations (30.21), we find 


Oe, T. = VL, M, 1, ke & we) (t= 1, 2), (30.22) 


i.c. the conditions determining the temperature and density at the 
centre of the star. Substituting these expressions (30.22) in the remaining 
two equations (30.21), we obtain two relations of the form 


F,(L, Myryke€o) =0 (i=1,2). (30.23) 


The fundamental conclusions of the theory of the internal structure of 
stars follow from a discussion of equations (30.22) and (30.23). 


2. The basic empirical relations. The observer charaeterises a star 
by three physical parameters: its mass M, its luninosity Z and its radius 
r,, cach of which can be determined experimentally to a known degree 
of accuracy. The observations show that, for stars of the main sequence, 
giants and supergiants (sce the spectrum-luminosity diagram, Fig. 46), 
there is an almost rigorous functional rclation betwecn the mass and the 
luminosity, of the form I~ M?". According to the investigations of 
P. P. PaRENaAGO and A. G. Masevicu [120], the form of this dependence 
is different for the various groups of stars mentioned: for the giants and 
supergiants, n ~ 10/3; for stars of the spectral classes O to G4 (first 
part of the inain sequenec), x = 3-9; for stars of classes G 7 to M (second 
part of the main sequence), x ~ 2-3. For the white dwarfs, the subdwarfs 
and the subgiants, no reliable rclation between the mass and the hunino- 
sity has been discovered. 

Observation also reveals a correlation between the radius and the 
luminosity (or the mass), or between the luninosity and the effective 
temperature, since the luminosity is 


L=aacr?T,. 
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The radius-mass relation is of the form 7, ~~ M”, where the value of m 
is } for stars of the spectral classes O to G 4; for stars of the spectral classes 
G7toM.m = 3; for red giants, m = 3-4; and for supergiants, m - 3-2. 
The subdwarfs. subgiants and white dwarfs show no correlation of this 
kind. For these stars there is only a single relation, different for cach 
group, of the form J = f(M,7,). A more detailed consideration shows 
that the difference in the form of the relations L = {(M) and r, = {(M) 
for various groups of the most widely distributed stars, and also the 
existence of only one relation for the subdwarfs, subgiants and white 
dwarfs. is apparently due to differences in the spatial disposition, kine- 
matical characteristics and age of these groups of stars. This shows that 
the structure of stars belonging to these groups is probably different also. 

The theory of the structure of stars should yield, in accordance with 
the observational data, two relations of the form LZ = {(M) and 7, = {(M) 
for each group of stars having such relations, and should explain how only 
one relation, of the form 1 = {(M,7,), may arise in general for some stars, 


It is seen from the two equations (30.23) that the two relations of the 
form L = {(M) and 7, = {(M) can be obtained (by the successive eli- 
mination of 7, and J from the two equations, say) only if we know the 
nature of the sources of stellar energy, and therefore ¢, the absorption 
coefficient & inside the star, and the chemical composition of the star, 
which determines ju. 

Sinee e. k and ge cannot be determined directly from observation, 
there is some indeterminacy in the solution of the problem. Hence, in 
developing a eorrect theory of the structure of stars, investigations of 
the possible physical inechanisms of the gencration and absorption of 
energy inside stars and investigations of the chemical composition of 
stars are extremely important. The data on the chemical composition 
of stellar atmospheres are given in Chapter 5. We have as vet no similar 
data for the internal layers of the stars, but the intensive mixing of 
matter which takes place in stars enables us to assume that the chemical 
composition of a star is homogencous deep into its interior. Nevertheless, 
this docs not rule out the possibility of some differences in the chemical 
composition of different stars, which is also indicated by the analysis 
of the spectra of stellar atmospheres. 

If we knew the quantities ¢, and &,, the radius and the luminosity 
would be unambiguously determined when the mass and the molecular 
weight were given (this is stated by what is called the Vogt-Russell 
theorem). Since observation shows us completely definite relations 
LL = {(M), 7, = {(M), we can conclude from (30.23), without any physical 
theory of the processes of formation and absorption of energy mside 
stars, that for actual stars the quantities &, and e, themselves must depend 
in some way on at least one of the parameters r,, 4, Mand je. 
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The hypothesis that the density of energy sourees depends only on 
the molecular weight (which might be the case with natural radio- 
activity) is in direet contradiction to the facts, and must be rejected. 

The generation of energy depends directly on the mass and the radius 
in the ease where it oceurs by gravitational contraction. Let us consider 
this more closely. If c, 7 = U is the internal energy of the gas, then, by 
the kinetic theory of gases, the kinetic energy of the gas is 


Ey =3(y—l)U, 


where y = c,/¢,. Let W be the potential energy of a gascous sphere (i. e. 
the work which must be done against gravity to disperse a gaseous sphere 
of radius r, to infinity), and £ = U + W the fotal energy of the gas. 
Next, for an assembly of particles in a steady state, we have the virial 
theorem 

2h + W=0 (30.24) 
or 


3(y—-l) U +W=0, 


and the total energy 
3sy—4 


= ~?=* 30.25 
say ©: (30.25) 


E = —(3y—4) U 
In the contraction, let the potential energy change by 4 W(<0); then 
the system loses the fraetion (8y—4)/3(y—1) of this in the form of 
radiation, and AU = — AW/3(y—1) goes to heat the mass. If the 
emission of energy by the star is due to contraction, L = — AK#/At. If 
the star has contracted from infinity and has reached a radius 7, at the 
time ¢, its potential energy is 


W =—qGM?r,, (30.26) 


where g is a factor depending on the structure of the star and is close 
to unity. Moreover, 


hea BP OM, (30.27) 
3(y — 1) " 

where Z is the mean hnninosity during the time é. From this we ean 
estimate the time ¢ during whieh a star continuously ecimits the cnergy 
IL (what is called the contraction time-scale of evolution), For the Sun, 
it is found to be of the order of 10% vears, and for Capella (a Aurigae) it 
is ~ 10° vears, which is at least 103 times shorter than the probable 
duration of this star’s existence. [t is clear that the contraction of gaseous 
stars cannot be at all a long-continued source of their energy. 
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Henee the assumption appears most plausible that the quantities ¢ and 
k are determined by processes which depend on the physical conditions 
inside the star, i. e. on the density and temperature (and possibly on the 
chemical composition). In this case the conditions (30.22) and (30.23) 
give us two relations eontaming only L,M.r, and jy. The successive 
elimination of 7; and M from these relations gives us two relations of the 
form L = {(M,u). 7; = f(M.j). For stars of the main sequenee, giants 
and supergiants, for which well-defined dependences on one parameter, 
L =f(M) and r, = f(M). are observed, these relations show that the 
molecular weight of stellar matter either is constant, or is a function of 
the mass alone. A more careful examination of the problem [120] shows 
that the assumption that the molecular weight is constant for all the 
stars concerned does not meet the requirements of the physical theory 
of the absorption and generation of energy inside stars (other than the 
giants and supergiants). For stars of the main sequenee, agrcement ts 
achieved by assuming that the molecular weight inereases towards the 
later spectral classes. 

For subdwarf and subgiant stars, the two relations L = {(M,y), 
r, = {(M,z) to which we are led by the theory of stellar equilibrium can 
give us a single relation of the form L = {(M,7,), which is in fact observed 
for these stars. However, a still more detailed investigation of these 
stars is necessary, in order to judge the influence of the chemical com- 
position on the relation observed for them between the mass, the lumino- 
sity and the radius. 

The material on white dwarfs is as yet insufficient for us to for any 
rehable opinion concerning the observed relations between the mass, 
radius and luminosity for these stars. 

In order to decide the physical nature of the processes of alsorption 
and generationof energy in the stars, it isnecessary to know the conditions 
(i.e. the densities and temperatures) under which these processes take 
place. A rigorous determination of the temperature and density distri- 
bution in a star, from the surface inwards, demands the solution of the 
equilibrium equations, for instance the system (30.12), and this in turn 
requires a knowledge of the sources of energy and of the absorption 
coefficient inside the star, i. e. an impasse is reached. This problem can 
be solved by the inethod of successive approximations. 
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1. The temperatures and densities of stellar cores. Without any special 
theories of the structure of stars, we ean roughly estimate the mean 
densities and temperatures inside stars, and this gives us an idea of the 
physieal eonditions inside stars, to a first approximation. 
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The mean densities, as determined by observation from the mass and 
radius of the star, vary within very wide limits, from 10-° g/em? for 
late-type giants to 10 or 100 g/cm? for main-sequence dwarfs. In the 
white dwarfs, the mean density reaches 106 g/em3; this shows that the 
matter in white dwarfs is m a peculiar (degenerate) state. The mean 
temperatures can be estimated from the general virial theorem (30.24), 
according to which the temperature is proportional to zu M/r,. This gives 
us, for gaseous stars (the matter in which obeys Boyle’s Law), mean 
temperatures between some millions and some tens of millions of degrees. 
These results determine the range of physical conditions within which 
we must study the possible physical processes of generation of energy, 
the nature of emission and absorption, the phase state of matter, and 
so on. 

Our information about the temperatures and densitics can be refined 
somewhat if we consider the structure of gaseous stars in equilibrium, 
with the simplest assumptions concerning the distribution of the sources 
of the stars’ energy. 

In fact, we have seen that, to solve the equations of equilibrium 
(30.16), we must know the dependence of the functions x and e’ on the 
distance from the centre of the star. The dependence of the absorption 
coefficient on the density and temperature can be studicd fairly satis- 
factorily. We can therefore consider, in the first approximation, two 
limiting cases: in the first we assume that the sources of energy are 
uniformly distributed (¢ = constant), or almost uniformly in such a way 
that 

k L(r)/M(r) = constant , (31.1) 


and in the second case we assume that all the sources are concentrated 
at the centre of the star (e =0 everywhere cxcept at the centre). The 
condition (31.1) characterises A. S. EpDINGTON’s star model; a particular 
case of this is the star model with a constant absorption coefficient k 
and a constant energy source strength e. 


Let us first consider EppINGTON’s modcl. It is easily seen that the 
condition (31.1), by (30.14), can be written 


L 7%" 


M = constant , 


which, since #—> 1 and n/p—e,M/L at the centre (r > 0), becomes 
k, €, = constant, and consequently the condition (31.1) can be written 


z nly = constant = ¢,/é,, , (31.2) 


where ¢,, = L/M is the mean energy source strength inside the star. 
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Dividing the first equation (30.16) by the second, we obtain, by (31.2), 


}— 
a(or + nt) = mm) drt, 


ec “1 


and henee, integrating, we obtain from the conditions (30.18) (¢ =1t=0 
at the boundary) 


~ Bes Fm (31.3) 


1 
oT 4 
+ B, Ay &, 


According to (30.18), we must at the same time have the eonditions 
o =1,t =1 fulfilled at the eentre, and consequently 


Ay = Be Em Ec - (31.4) 
Substituting the expression for A, from formula (30.17), we obtain 
1—f, =k, ¢ftae. (31.5) 
Consequently, equation (31.3) ean be written 
3 


o=T, 


and the first equation (30.16) takes the form 
y 
p, ag ~~ ge" (31.6) 
Substituting y from this in the third equation (30.16), we have 
ld g dr) A,B, 3 ‘ 
a de (¢ A) = Ye, (31.7) 
We introduce a new variable 
n= Vi 22 Be) &. (31.8) 
Then equation (31.7) takes the form 
I d 2 dr\ _ 3 
i? dy (n a) -—T, (31.9) 
This is called Einden’s equation with index 3; it is a particular ease of 


Emden’s equations 
1d {fo gdr\ | hn 
n? dy (n 4) = —T. 
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which determine the temperature distribution in polytropie gas spheres, 
i. e. gas spheres in which the gas pressure and the density at every point 
of the sphere are related by the equation 


pw altttiny | 


We require a solution of this equation which satisfies the conditions 
(30.18): r = 1 at the centre (77 =0) and t = 0 for some 7 = 7. Sucha 
solution exists for any » in the range 0 <n < 5, and is characterised 
by values of 77, and (dt/d7),, which are completely determinate if n is 
given. For n = 3, 


4, = 6-897, wo = m2 (dt/dy),, = — 2-018. (31.10) 


These two conditions determine two more cigenvalucs, a and d,. For 
at the boundary we must have y = 1, and froin (31.6) and (31.8) we have 


pop eyes (3) oe 
§ 6 }i72 dyn? 
and consequently the condition that y = 1 for 7 = 7, gives us 
Ay = (4/8)? wo? , (31.11) 
or, according to the definition of /, (30.17), 


42 9 
1— fe = yo ys hore Ht BoA M?. (31.12) 


This is EppineTon’s quartic equation determining §, from the inass M 
and the molecular weight s. Furthermore, the condition 7 = 7, (31.10) 
at the boundary ( =1/a) gives us, by (31.8), 


= 1 (445 B.)/ = 4 wel m Be, (31.13) 


if we take account of (31.11). Substituting « from (30.17), we obtain, 
instead of the condition (31.13), 


= Bein (31.14) 


which determines the teinperature at the ecntre of the star. The density 
at the centre is detcrinined from the condition 


R 


Oe = P Lal, (31.15) 
¢ 


Thus, instead of four conditions of the form (30.21), we have obtaincd, 
essentially, only three, (31.5), (31.12) and (31.14); the parameter A, 
34 Astrophysics 
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remains indeterminate, because there is no definite physical mechanism 
for the generation of energy in EppIneton’s theory. In the case of a 
uniform distribution of energy sources, & = €, = L/M, and the con- 
dition (31.5) can be rewritten 


1—f, =k, Lit aeGM, (31.16) 


so that the condition (31.12) will be the required relation between the 
inass and the luminosity of the star if &, is known. EDDINGTON determines 
the value of 1 — f, for one of the stars whose masses are well known 
(for instance Capella) from equation (31.12), taking ~« = 2. Then, from 
the known luminosity, he finds k, from equation (31.16) and, taking 
this value of k, to be the same for all stars (of the main sequence), he 
constructs the theoretical mass-luminosity relation [from the conditions 
(31.12) and (31.16)], which agrees with the observed relation for stars 
of the main sequence and for giants. If, however, the absorption coefficient 
k, is calculated by means of the expression given by the theory, with 
T, and ge, obtained in Eppincton’s model from formulae (31.14) and 
(31.15), the value found is 20 times less than the previous “astronomical” 
valuc. To reconcile the two values, it has been necessary to take the 
molecular weight j= 1, i.e. to assume a considerable preponderance 
of hydrogen (about 30% by weight) inside the star, which agrees with 
the analysis of the cheinical composition of stellar atmospheres. For the 
centre of the Sun, values of 7, = 20 x 108 degrees and 9, = 70 g/cm? 
are then obtained. The decrease of 4 to 1 leads to the result that, for 
stars of mass less than 10 Mg (which form the majority), the part played 
by radiation pressure can be neglected in comparison with the gas 
pressure [for such stars £, & 1, as is shown by calculation from formula 
(31.12)]. Hence, combining formulae (31.16) and (31.12), we obtain 


L~ pt Mk, . (31.17) 


If we take for &, here the expression given by a theory of absorption 
processes, for example Kramers’ Law 


kip ~ 0,[T 7 , (31.18) 


then, by (31.14) to (31.16), equation (31.17) becomes one (of the necessary 
two) relations of the form (30.23) between the mass, the luminosity, the 
radius and the inolecular weight [mstead of EppincTon’s sunple relation 
between the mass and the luminosity only ( ~ M3)]. 

B. STROMGREN has discovered that this relation can be brought into 
agreement with observation by assuming that the molecular weight 
varies from star to star as we pass along the spectrum-luminosity diagram, 
owing to a change in the percentage content of hydrogen. To sce this, 
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it Is necessary to determine « vy means of (31.17) and (31.18) for a series 
of stars with known M, 7, and JZ, i.e. to solve an equation of the form 
(30.22) for x. Such a procedure shows that. if we take the helium eontent 
as zero, the hydrogen content of the stars can vary from 10% to 50%, 
Iving mainly in the region of 30 °%. Tt is seen from (31.17) that, since for 
actual stars a relation of the type LZ ~ M? holds approximately, will 
change only slightly, even for considerable changes in the absorption 
coefficient k, (s/h, remains approximately constant). 

If now we take another limiting hypothesis and assume that all the 
energy sources are concentrated at the centre of the star, and that the 
absorption coefficient is determined by some physical law, such as 
(31.18), the appropriate calculations show that in this case the tempera- 
ture at the centre of the Sun is of the order of 20 x 10% degrecs, and 
the density 0 50 g/em?, i. e. almost the same values as for the model 
with a uniform distribution of sourees, As with Epprncrox’s model, 
there exists in this case a very similar unique relation between M, L, 
r, and ge of the type (30.23), differing from that just considered only in 
the numerical values of the dimensionless parameters. Numerous in- 
vestigations of star models in intermediate cases (between the case of 
uniform distribution of sourees and that of a point source) lead to results 
similar to those given by these two limiting cases. 

Thus we arrive at an important result: the distribution of the energy 
sources inside a gaseous star does not essentially affect the values of the 
temperature and density at the centre. The physical conditions inside 
the star are considerably affeeted only by the chemical composition 
of the matter and the mode of generation of energy in the star’s mterior. 


2. The absorption coefficient of stellar matter. At temperatures of 
the order of 108 to 5 x 107 degrees K, the radiation of the star will be 
largely short-wave, similar to X-rays. The absorption of radiant energy 
in stars may oceur by three processes: (1) the photo-ionisation of atoms 
of metals, which retain the K. L, . . . shells, (2) hyperbolic transitions of 
electrons under the aetion of the radiation field, in the fields of nuclei 
and of ionised atoms, from an orbit with a smaller energy to one with 
a greater energy, (3) Compton seattering of radiation by free cleetrons. 
To ealeulate the absorption coefficient, we must know the ehemical 
composition of the stellar material. Owing to the high temperature, the 
light elements inside stars are completely ionised, and for total ionisation of 
atoms with atomic weight A and charge Z the incan molecular weight will be 


w= AllZ +1). (31.19) 


Since, for the majority of elements (apart from hydrogen and helium), 
A w 2Z, the mean molecular weight of completely ionised elements is 
approximately 2 (for hydrogen it is }, and for helrum 4), 
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The high temperature inside a star, which causes the high ionisation 
of stellar material, also has the result that the stellar gas, even at high 
densities, retains the properties of an ideal gas; since the distances 
between free particles (atomic residues and free electrons) are fairly large 
compared with the dimensions of the particles theinselves, the interaction 
between them can be neglected. 

However, the ionisation inside stars is ineomplete, and the eontent 
of hydrogen and helium in the stars is very high. Let 2, be the concen- 
tration by weight of an element with atomic number Z, so that in 1 em? 
there are @ xz grams of element Z. The mean number of independent 
particles (ions and electrons) in 1 cm? is Vy = 9 xz/mz, where mz is the 
mean mass of a free particle of element Z, cach atom of which is divided 
into 2, independent particles; it is evident that 


Mz = Miz Agz)|nz . 


Consequently 
Nz = 0 %q_Nz/mMy Az 


and the total number of independent particles is obtained by summing 
Ny; over all Z. 
Since the gas pressure p = NAT = koT/je my, the mean molecular 
weight 
p= VX (xz nz/Az)- (33.20) 


Let the concentration of hydrogen by weight be X, and of helium be Y’, 
so that the concentration of the remaining elements is } — X — Y. Then, 
denoting 2 n,/Az for the reinaining elements by xp (for hydrogen 


nz/Az = 2, and for helium ?), it is easy to sce that 


eH YRN+APY +np,(l—X— Y)]. (31.21) 


The value of mp is ealculated from the theory of the ionisation of the 
K, L. M,... shells of the atoms with the known chemical composition. 

The relative content of various elements in a star is such that, by 
number of atoms in unit volume, there is approximately 1000 times as 
much hydrogen as inetals, and the relative content of the metals is 
distributed as follows: 


K Na Al Ca Cr Mg Ve Si 
50 «$26 20 +0 10 «6470 0-126 :156 


The estimates of the oxygen and helium contents are unreliable. but, 
according to contemporary data for the solar atmosphere, we should ex- 
pect a high helium content (over 20 ° by weight), and for stars of class B 
the helium content may be comparable with the hydrogen content. 
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The theory of the structure of stars begins, in the first approximation, 
from the hypothesis that the chemical composition is invariable, and 
takes the relative content of the metals to be the same as in Table | for 
stellar atmospheres (see Section 5.1). This makes it possible to calculate 
the mean molecular weight and the absorption coefficient of stellar ma- 
terial. Thus, a value very close to } is obtained for the quantity rn, 
appearing in (31.21), anda somewhat smaller value if the heavy elements 
are more abundant inside stars than in their atmospheres. In general, 
the hydrogen content, followed by that of helium, has the greatest cffect 
on the value of yw. If there is no hydrogen inside the stars, then ju is 
close to 2; if hydrogen is as abundant inside the stars as in their atmos- 
pheres, then jz is close to unity, since the hydrogen content is close to 
35 % by weight (for example, in the Sun’s atmosphere). 


The effective cross-seetions and the absorption coefficient for ab- 
sorption processes due to bound-free and free-free transitions of electrons, 
and also to seattering by free electrons, are calculated from quantum 
mechanies for hydrogen-like atoms of metals. 


The results of these calculations may be briefly formulated as follows 
(for details the reader should refer to 8. CHANDRASEKHAR’s book [28, 
p- 261}). Although the content of hydrogen and helium in the stars may 
be very eonsiderable, the photoelectric absorption produced by the atoms 
of these elements does not play an important part, owing to their alinost 
total ionisation, and the principal cause of absorption is formed by pro- 
cesses of photo-ionisation of metals; this constitutes the chicf difference 
between the absorption processcs inside stars and the continuous absorp- 
tion proecsses in stellar atmospheres, where the photo-ionisation of hydro- 
gen plays a leading part. However, hydrogen, helium and the nuclei and 
ions of light elements absorb also by means of free-free transitions. The 
amount of absorption due to these processes is smal] compared with the 
absorption by photo-ionisation of metals. At high teinpcratures, the ab- 
sorption due to the seattcring by free clectrons becomes eomparahle 
with, and even predominates over, that due to the photo-ionisation of 
metals. A move detailed investigation shows that, in the density range from 
9-01 to 10! g/em3, the absorption is determined mainly by the photo- 
ionisation of the K shells of atoms for temperatures less than 10? degrees KX ; 
at temperatures above about 10% degrees, the absorption is entirely due 
to seattering by free electrons. In the temperature range from 107 to 108 
degrees K, the part played by seattering by electrons is the greater, the 
lower the density. Further, at high densities (from 10? g/cm? upwards), 
the absorption coefficient varies according to the law 


kw 1/T?, (31.22 
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anc is alinost independent of the density 0. For low densities (from 0-01 
to 1-0) the dependence has approximately the form 


kw o/T??, (31.23) 


although the power of 7’ varies considerably with the temperature, 
reaching its greatest value of 9/2 at temperatures of about 10° degrees K. 
At lower temperatures the absorption is due mainly to the photo-ionisa- 
tion of the L shells of metal atoms, and for temperatures at which the 
L shell is largely complete the problem of calewating the absorption 
coefficient becomes extremely difficult, smee m this case it is no longer 
possible to use the method of calculation based on the analogy with 
hydrogen-like atoms. Conversely, at very high temperatures, as was said 
above, scattering predominates, and the absorption coefficient is prac- 
tically independent of the density and temperature, so that 


kt me constant. (31.24) 


The effect of the chemical composition on the absorption is due es- 
sentially to the hydrogen content alone, and that only at fairly high tem- 
peratures: the greater the hydrogen content, the smaller the absorption 
coefficient. 

Thus the dependence of the absorption coefficient on the physical 
conditions inside a star cannot be represented by one simple analytical 
function [such as formula (31.23), or formulae (31.22) and (31.24), which 
hold only in restricted cases, when the matter is markedly degenerate 
and for very high temperatures respectively]. We must therefore have 
recourse to nuinerical methods. 


3. The sources of stellar energy. Let us now consider the subatomic 
processes of liberation of energy which must take place at the teinpera- 
tures and densities of stellar interiors considered above. As has been 
said, the generation of energy inside the stars cannot be explained by the 
process of natural radioactivity («-decay). There is, however, another 
mode of energy generation, indicated by present-day nuclear physies. 
This consists in nuclear transformations leading to a synthesis of more 
complex atomic nuclei. This process is well known in nuclear physies, 
a classical example of it being the reaction 


WN + 3He = {0 + 3H: 


the transformation of nitrogen into an isotope of oxygen by bombard- 
ment of nitrogen nuclei with «-particles. Another example of such a 
process is the reaction which Ied IRENE and FREpERIC JOLIOT-CURIE 
to the discovery of the neutron: 


iBe + 3He > SC + Qn + y, 
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i.e. the transformation of a beryHium nucleus into carbon by bombard- 
ment with z-particles (here a y-quantum and a neutron are produced). 
Similar transformations are also observed when lithium nuclei are bom- 
barded by protons, ¢.g. 


sLi + }H > 23He. 


At the present time numerous nuclear reactions are known which are 
accompanied by the transformation of elements. All these reactions re- 
quire the particles participating in them to have large energies (thou- 
sands or hundreds of thousands of clectron-volts), which are communi- 
cated to charged particles, under the conditions existing in a terrestrial 
laboratory, by passing them through the electrie fields produced in 
cyclotrons. In Nature, however, particles will acquire such energies if 
they are part of an extremely hot gas. 


Let us consider this more closcly. For nuclei to react, it is necessary 
that they should be able to approach one another closely. If it is necessary 
for the nuclei to approach to a distance a, the kinetic energy of their 
relative motion must be at least Z, Z, e?/a, where Z, e and Z, e are the 
charges on the nuclei. The mean energy of the thermal motion of the 
nuclei is 3 &7'/2, and the energy of the relative motion of the nuclei as 
they approach is 3 &7'. From the condition 


Z, Zo Cla we 3kT 


(where a  107!! cm is the upper limit to the distance at which the 
nuclei can reaet), we find 


T ~ 5-5 xX 107Z,Z, 


i.e. the temperature at which reaetions can take place has its smallest 
value for two protons (Z = 1), and is then 55 x 106 degrees. At such 
a temperature, the majority of protons approach to a distance of ap- 
proximately 10-™ em, but such encounters do occur at lower tempe- 
ratures also (of the order of some millions of degrees), sinee there is 
always a certain number of particles with energies above the average (the 
velocity distribution follows Maxwell’s law). Even this rough estimate 
shows that, in the temperature range in which we are interested, nuclear 
reactions should occur, although they will be predominantly reactions 
between the nuclei of light elements (Z small). It is natural to ask un- 
mediately whether nuclear transformations can serve as a Jasting source 
of the energy of the stars, and if so, whether such reactions exist which 
give the mean output of energy, proportional to L/M, observed for the 
stars. A very simple reaction between light elements is the formation of 
helium nuclei from hydrogen. The mass of a hydrogen atom is 1-00813 
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mass units, aud that of a helium nucleus is 4:00386 mass units. Henee, 
in forming a helium nucleus from four protons, the energy evolved is 


AE = (4 X 100813 —-+4-00386) my, c?, 
and in transforming 1 gram of hydrogen into helium the energy evolved is 


AE/my = 2-57 x 10" ergs/g ; 


here c is the veloeity of light and my, is the mass of a proton. The Sun 
emits approximately 2 ergs/g see, and consequently the transformation 
of all the hydrogen in the Sun into helium would take about 10! years. 
In this process the Sun’s mass remains practically unehanged. We see 
that nuelear transformations are able to give the necessary duration of 
radiation from the stars, and even one whieh is at least two orders of 
magnitude greater than that found from geologieal data. 

Let us now examine the question of whieh nuclear processes can give 
the observed output of energy; to do so, we must consider somewhat 
more elosely the mechanism of these reactions. 

For the probable number of collisions per unit time of nuelei whose 
energy of relative motion is in the range E to F + dE and of which 1, 
and NV, are contained in unit volume, kinetie theory gives the formula 


—E/kT 
= ure a(F) V(r) « BABS N,N, 0(£) W (4h) dk, (31.25) 


where AL = m, m,/(m,-+-m,), and a(F) is the effeetive collision eross- 
seetion. If the collision is accompanied by a reaction, then a(J/) is the 
effeetive cross-section for the eorresponding process, i.e. the probability 
of three events: the collision of the two particles (probability ?, say), the 
penetration of one particle through the potential barrier surrounding the 
nueleus of the other partiele (probability G, say), and the reaetion fol- 
lowing the incidence of the particle on the nueleus (probability J’, e.g 
the probability of 6-deeay or of the emission of a y-quantum). Thus 


o(E) = RCT. (31.26) 


The total number of reaetions in 1 em? is 
p=N,N, f o(k) W(B) dk. (31.27) 
0 


The probability of the penetration of a charged partiele into the nueleus 
is calculated by means of the equations of wave meehanies applied to the 
theory of x-deeay. 
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If we assume that the interaction potential of the two nuclei has the 
value 


V(r) =2Z,Z,e*/r for r>7, 
= Vy for r< 71, 


so that Vy = Z, Z, e*/ry is the “height” of the potential barrier, then 
calculation gives 


—3F 222M) zz, 


h TB 92), (31.28) 


where x = E/V,, and g(x) is very close to } a for energies E' < 10® eV 
(the energies with which we are concerned). Substituting (31.25), (31.26) 
and (31.28) in (31.27) and effecting the integration, we obtain for the 
number of reactions in 1 g of matter 


4 0%,% 22. 
P= 352 mm h 
3°? mim, Ah 


a Re exp [4V(2R/a)] te |, (31.29) 
where a is Bohr’s radius 
a =hW/4 a2 MZ, Z, e?, 


xz, and «x, are the concentrations of the reacting nuclei by weight 
(NV = x/A my), and F is the total radius of the reacting particles 


R=16 x 10-8(A,+4,)"? em. 
The quantity 
t= 8(2r' Met Z,2Z,2/h2k TT) | (31.30) 


For the number of thermonuclear reactions we can use the formula given 
by H. A. Bretue, 


p=53 x 10% 0 2, 2 1'P(Z,, Z,) te", (31.31) 
where 
_ l 8 R\? 2] (8R/a) 
P= 4 4,(%,% AP ( a e , 
t = 42:7(Z,2,)°8 (A/Z)'3, AS M/my . (31.32) 


The probability J’ can be determined from experimental data [28, 
Chapter XI1]. By means of these formulae and the expcrimental data, 
BeEtTHE has carried out a detailed study of nuclear reactions in a mixture 
of all the elements at tempcratures of from 20 to 40 million degrees; 
here it was sufficient to consider only the light elements, since the greater 
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repulsive forces between the nuclei of the heavy elements give rise to 
a negligible probability of reactions involving them [see (31.28)]. [t must 
be mentioned at once that, for the density and temperature range which 
we are considering, the synthesis of elements heavier than helium by 
nuclear reactions is impossible, since *Li and He are unstable with re- 
spect to radioactive decay. Hence the heavy elements now existing mn 
the stars must have been there in the early life of the stars also. 


The simplest reaction is the formation of deuterium from two protons: 
1H + UH + 7H + et, (31.33) 


where e+ is a positron. [The positron rapidly combines with an electron 
to give y-quanta, so that two protons and an electron, as a result of the 
reaction (31.33), give a deuteron and y-quanta.] Ifa star, at the time of 
its formation, consisted entirely of hydrogen, the reaction (31.33) would 
be the first stage in the synthesis of elements. The number of deuterons 
formed, however, is very small, as is shown by calculation, until the 
temperature reaches several million degrees. Furthermore, the deuterons 
formed enter almost instantaneously into a reaction with other protons, 
leading to the formation of «-particles according to the reactions 


'H + °H > 3He +), (a) 
Ng v | (31.34) 
1H 4+. 3He + 4He tet: (b) | 


Calculations of the duration of the reaction (31.33) and (31.34), by means 
of formula (31.31), show that reaction (a) occurs 10!8 times faster than 
the reaction (31.33), so that each deuteron produced will have an ex- 
tremely short life, and only about one deuteron will be in statistical 
equilibrium with 1038 protons. A further combination of protons with 
He is impossible, since the 5Li formed is unstable. The subsequent for- 
mation of sHe occurs much more rapidly than the reactions (31.34), ac- 
cording to the following chain of reactions: 


aHe +3He > {Be +y,  (e) 
"Be + {Li +et+, (d) (31.34) 
iH +3Li + 2$He. (e) 
The rate of transformation of protons into «-particles by the five-mem- 
bered chain (31.34) (a) to (e) depends entirely on process (e). 
If pis known for the reactions, then, by calculating the ehange in the 


binding energy in the reaction, we obtain the energy from one reaction 
AE = Amc?, and hence the energy per grain 


e=pdAme*. 
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For the reaction considered, at a temperature of 20 x 10% degrees 
and a density of about 100 g/cm’, ¢ is found to be about 2 ergs/g sec, if 
no other reactions contribute to the value of ¢. Thus the formation of 
helium nuclei by means of the reactions (31.34) [and (31.35) below] can 
make a considerable contribution to the mean value of e for the Sun 
(2 ergs/g sec), although the actual output of energy in the central parts 
of the Sun must be appreciably greater, owing to the increase of the 
temperature towards the centre. 


It has been mentioned above that, at temperatures below a million 
degrees, deuterons are formed in very small amounts, and at temperatures 
of several million degrees, as is shown by calculations of the probability 
p of the reactions, the most efficient reactions are those of three light 
elements, lithium, beryHium and boron: 


SLi + }H — 3He + 3He; 
jLi + ;H > 23He; 

{Be + {H > shi + 3He; 
WB + 1H > NC +73 
5B + {H- 33He; 


(31.35) 


——S 


the last reaction begins at 7’ = 20 x 106 degrees. However, all these are 
short-period reaetions (about 107 years), and are capable only of conserving 
the star’s energy in the early stages of a rise in its temperature, for 
example by contraction; none of the reacting elements is renewed here: 
they are all “burnt up’, in the central part of the star first of all. 


After hydrogen and helium, when lithium, beryllium and boron are 
exhausted, carbon and nitrogen are the lightest elements; cach of these 
has two stable isotopes. All the four nuclei ean capture a proton; in two 
cases, the resulting nucleus is radioactively unstable. The corresponding 
reactions are 


5) million years) 


(a) 7§C + iH >'UN+y (2 

(b) SN > 3C + et (9-9 minutes) 

(c) "gC + 1H > UIN + y (50 thousand years) 

(d) 3N + }H > 30+ y (4 million years) (31.36) 
(e) BO +N -+et (2:1 minutes) 
(f) “7N + tH > 130 +y or 
(g) WN +H > %C -+3He (20 years) J 
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Consequently, if the reactions (a) to (c) lead to reaction (f), an oxygen 
nucleus 180 is formed from a carbon nucleus '3C with the emission of 
three y-quanta and two positrons; if reactions (a) to (c) lead to reaction 
(g), the carbon nucleus is restored and the net result is that a He nucleus 
is formed from four protons with the emission of three y-quanta and 
two positrons. 

The reaction (g) is a million times more probable than (f), so that, 
out of a million carbon nuclei, only one is lost by reactions following the 
sequence (a) to (e). In all other cases the carbon nuclens is restored and 
takes part in a new cycle of the same reactions. 

Such a cycle of reactions, in which one of the reagents is restored, is 
called eatalytie: the reagent ‘ZC in the cycle (31.36) only “assists” in the 
synthesis of a helium nucleus from the protons, i. e. it is a catalyst. We 
may notice that all the reactions in the cycle (31.36) have been discovered 
in the laboratory, and their probabilitics can be estimated experimentally 
also. The mean intervals between successive reactions, at temperatures 
of the order of 20 x 108 degrees K and a density of about 100 g/em?, 
are given in parentheses. Thus, the time for the whole cycle under these 
conditions is approximately 6-5 x 10° years. 

In order that the output of energy from this eycle of nuclear reactions 
(called the carbon cycle) should be of the order of 100 crg/g see (with 
this energy output at the centre of the Sun, the mean energy output 
per gram of mass would be of the order of several ergs per gram persccond), 
i.c. should be sufficient to conserve the Sun’s energy, it is necessary 
that nitrogen and carbon should each form about 0-54 (by weight) of 
the total composition of stellar matter. This agrees quite well with the 
results on the relative abundance of these elements in the Sun’s atmos- 
phere. 

Similarly, we can eonsider the duration, under the same physical 
conditions, of the reactions for the capture of a proton by oxygen and 
by heavier clements. Calculations of the value of p, carricd out by 
H. A. Betur, show that for oxygen the duration of the reaction is 
10! vears, for fluorine about 3 x 107 years, for neon approximately 
2 x 10! years, and for heavier nuclei even longer. The encrgy output 
in these reactions is in gencral lower than in the carbon cyele, and all 
the reactions involve the disappearance of elements; consequently they 
cannot be of importance. 

Thus the source of the energy of the main-scquence stars may be 
the carbon cycle of nuclear reactions. In the early stages of a star’s 
evolution, the reactions of hydrogen with the light elements Li, Be and 
B may be a source of energy, though a very short-lived one. Contem- 
porary theory has not yet given a satisfactory explanation of the sources 
of energy in giant stars. 
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1. The structure of stars of the main sequenee. We can now attcmpt 
to solve the problem of the structure of stars the source of whose energy 
is nuelear reactions of the type considered above, and in which the ab- 
sorption is caused by the photo-ionisation of metals and scattering by 
free elections. The system of equations (30.12) now contains no unknown 
parameters or functions: the absorption eoeffieient is determined, for 
example, by formula (31.23), or by tabulated values, for the whole range 
(of temperatures, densities and relative abundances of metals) in whieh 
we are interested. and the strength of the energy sources is determined, 
for instanee, by formulae (31.31) and (31.32) for the carbon cycle of 
nuelear reactions. The solving of the system (30.12) in this case is a 
laborious process of numerical mtegration, which often has to be re- 
peated until a valuc is found for the molecular weight j for which the 
calculation, with the given mass M, gives the correct values of the lumi- 
nosity Z and the radius r, observed for the given star. It is found that 
such an agreement eannot be attained only by a change in the percentage 
content X of hydrogen; it is necessary also to take into account the con- 
tent Y of helium. This circumstance is at once clear if we consider the 
two fundamental conditions (30.23): since k, and ¢, in this case depend 
on 9, and 7, i.e. they are functions of Z, M and r,, the two conditions 
(30.23) are two relations between M, Z and r, only, which in general 
eannot be simultancously satisfied for a given set of three values of L, 
M and r,, with only one parameter yz. The solution becomes possible only 
if the relations (30.23) are two relations of the form 


F(L,M,7, X, ¥) =0. 


If the stars were not all formed simultaneously (a supposition which 
is strongly supported by observation), it is unreasonable to expect the 
same relative content of hydrogen and helium in stars in very different 
stages of evolution, if only beeause the eonversion of hydrogen into 
helium is the only source of stellar energy. 


The analysis of the chemical composition of stellar atmospheres shows 
a considerable abundanee of helium there also (sometimes as much as 
50°4), and there is no reason to suppose that the chemical composition 
inside the stars differs markedly from the eomposition of the stellar atmos- 
pheres, since there is strong mixing of the material in stars. Morcover, 
caleulations show that it is possible to construct a model of a imain- 
sequence star, with the carbon cycle, only for a perfectly definite content 
of hydrogen and helium. The theoretical estimates of the hydrogen and 
helium contents thus obtained are in agreement with direct estimates of 
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the content of them im stellar atmospheres. For the Sun, in particular, 
values are obtained for the hydrogen content from 35 to 60 °¢, and for 
helium from 25 to 50°, the content of metals being from 5 to 12°). 

Here, however, it is found that close to the centre of the star the 
condition of radiative equilibrium is violated, sinee the temperature 
gradient calculated from the equations of radiative equilibrium exceeds 
the adiabatic temperature gradient (an effect similar to the appearance 
of a hydrogen convective zone bencath the star’s photosphere). This is 
due to the concentration of the cnergy sources close to the centre of the 
star, which is very marked for thermonuelear reactions, owing to the 
great sensitivity of the cnergy output to changes in temperature [sec 
(31.29)]. The approximately steady state in such a central convective 
zone can be described as a state of convective equilibrium in which the 
system of convective currents established does not destroy the radial 
symmetry of the distribution of physical variables. In this case, the de- 
pendence of the pressure on the density and temperature is determined 
by the adiabatic equation of the stellar “gas” with some ratio of specifie 
heats. This ratio of specific heats of the stellar gas can be obtained from 
the adiabatic equation 


dE + pdv =0, 
where 
p=RoeTlu+j3aT, 


B=¢q7+vraT'; 


here v is the specific volume. Substituting the values of p and F in the 
adiabatic equation, we have, after some elementary transformations, 


dT/T + (2,—l)dv/v = 0 
or 
dp/p + 1°, dv/jv = 0,, 
where 
+ (4 — 3 A) (y— 1) 
Ms = 1+ gy eG —1)0 = 8)" 
’ (+ — 3 8) (vy — 1) 
N= B+ RET — 1) (1 A)’ 
If 6 = 1 (stars of the main sequence), /’3 = 1 = y =¢,/e,, the ratio 


of specific heats of the gas, and we have an adiabatic change of state 
of a single gas without radiation. If f =0, 7; =I, = 4/3, and we 
obtain the well-known expression for the adiabatie expansion of 
a single radiation along the adiabatic of index 4/3. Since hydrogen and 
helium predominate in the cheinical composition of the stars, the 
value of y (for 8 = 1) will be very close to 5/3. 
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The arguments given here coneerning the central eonveetive zone 
in the stars are, of course, very rough, sinee they are based on a simpli- 
fied coneeption of adiabatic convection. In reality, the convective 
phenomena inside stars are considerably more eomplex, sinee they 
must be aeeompanied by heat exchange and turbulence. If these faetors 
are taken into account, a different eriterion of the onset of eonvection will 
be obtained. However, this question has hardly been investigated as yet. 

In econelusion we 

ive, as an example 

20108 I — S100 the result of a nu. 
90. 6€6(merieal $6 solution of 
the systein (30.12) for 
the Sun, earried out 
790 ~=by the method given 
above by A. G. 
MaseEvicu and_ her 
10406 50 « co-workers. Table 28 
shows the distanec 
from the eentre in 
30 «units of the Sun’s 
20 radius (6-96 x 10%em), 
| | the temperature (in 
10 millions of degrees), 

9 _ thedensity (ing/ein?), 
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Ir, distribution 
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y = M(7)/Mo 
and the total energy distribution 7 = L(r)/Zp. (The row marked. with 
an asterisk gives the values at the boundary of the econveetive core.) 


Table 28 

















N ! arg | PX los e(giem3) | M(r)/Mo LiniLg 
l 1-000 0-006 0-000 1-000 1-00 
2 0-932 0-044 0-000177 1-000 1-00 
3 0-795 0-18 0-0129 1-000 1-00 
4 0-676 2:20 0-110 0-993 1-00 
5 0-472 | 5-06 1-91 0-911 1-00 
6 0-358 7-78 7:84 0-743 1-00 
7 0-295 9-77 15-7 0-586 1-00 
8 0-262 11-00 22-0 0-482 1-00 
9 0-204 13-40 36-1 0-294 1-00 
10 0-169 15-03 45:5 0-189 1-00 
11* 0-148* 16-11* 49.9* 0:133* 0-99* 
12 0-000 20:70 71-6 0-000 0-00 
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It is seen from this table that all the energy is produced in a very 
small region at the centre (about 15% of the radius and 13% of the 
mass of the star). Fig. 74 shows graphically the dependence of oa, 
M and 7’ on r. 

For giant stars, as we have said, a number of difficulties arise in 
determining the energy sources; it is not necessary to discuss here the 
attempts that have been made to evolve a theory of the structure of 
these stars. The situation is different for the white dwarfs, the theory 
of whose structure is given in the next seetion. 


2. The theory of the structure of the white dwarfs. The white dwarfs 
are stars with very high mean densities, up to the order of 10° g/em?. 
Owing to the high ionisation inside the stars, the gas retains the pro- 
perties of an ideal gas, obeying Boyle’s Law, up to densities of about 
10? or 10° g/em; at higher densities a degeneracy sects in, at first of 
the electron gas, aud later (for densities greater than 10° or 108 g/cin3) 
of the heavy particles. In this case the gas obcys Fermi statistics. 
In conditions where both the electrons and the heavy particles are 
degenerate, the pressure of the electron gas is at Icast 1840 times the 
pressure of the heavy partieles. At densities of approximately 108 g/em?, 
relativistic effects also begin to appear in the degenerate clectron gas. 

Let us consider a degenerate electron gas, i.e. a gas of a density 
for which al] the lower quantum states are occupied. All possible energy 
states of the clectrons in a volume can be enumerated by means of 
quantum numbers in much the same way as are the quantum states 
of the clectrons in an atom. 


The nuinber of quantum states with nomenta between p and p + dp 
is determined by the expression 


2V-42 p?dpfh>, 


where A? is the volume of a unit ecll in momentum space, and the factor 2 
takes account of the two possible spins of an electron. Next, according 
to Pauli’s principle, only one electron can be in caeh quantuin state. 
This means that, if N(p) dp is the number of electrons in a volume V 
whose momenta lie between p and p + dp, 


N(p)dp<V-Saprdp/h®. 


Let us consider the equation of state of a completcly degencrate gas. 
In this case 


V(p)dp = V-8ap?dpfh®. (32.1) 
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If the volume V contains V electrons whose momenta do not excced fp, 


Po 
8: 9 8: ‘ 
eb / pr dp = 355 py *V, (32.2) 


0 


N=V 


and the electron concentration is 
n=N/V =827,3/3h3. (32.3) 


The gas pressure pg, by definition, is the mean value of the momentum 
flux through 1 em? surface, and consequently 


P, 
po V =} f Nip) pvap, (32.4) 
0 
or, from (32.1), 
8 OE 
Pe = 3h8 p? ap dp , (32.5) 
where # is the kinetic energy of an electron with momentum p. From 


relativistic mechanics we have 


E=me?{y [1 + (p?/m?c?)] —1}, (32.6) 


and hence 


Substituting this expression in (32.5), we obtain 


Po 
_ 8a pidp 
Pa = 3m / YUL + (pm? c®)] (32.7) 
0 


We introduce a new variable 0 by the relation 
sinh 0 = p/mc, sinh 0) = p/mc , 


and equation (32.7) then reduces to 
06 
Mg = oe / sinh 0 dO, (32.8) 


33 
0 
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whence. by integrating, we obtain 


465 [| cinh3 : 1g ‘ 
Pe = Same sinh Oa cosh 0 3 sinh 2 6, + see (32.9) 
Putting 
Pofmec = x, (32.10) 
we finally obtain 
Pa = (amic/Bh3) f(x) = 6-01 x 107? f(x), (32.11) 
where . 
f(z) = 2(222—3) 1 (2? +1) + 3sinh-' 2. (32.12) 


On the other hand, from (32.3) and (32.10) we have for the density of 
the gas the expression 


o=npuem, = (Samc3/3 h3) wm, x, (32.13) 


where m, is the mass of the proton and yw is the molecular weight. 
The equations (32.11) to (32.13) are the equations of state of a degencrate 
gas in parametrie form. These equations are valid generally, and in 
particular for the eases of extreme non-relativistic (p) < mc) and 
extreme relativistie (~) > mc) degeneracy. In the former ease, where z 
is small (py < mc), we obtain, by eliminating z from (32.11) and (32.13), 
3 y" h2 


_ Cems ( 
7 m (ye my) 


r i r ] 
pe = KK, 0°", Ky = ( 


56 x—>0). (32.14) 
At very high densities, the value of the maximum momentum p, begins 
to exeeed mc, and in the limiting ease p) > mc we obtain the following 
asymptotie expression: 
, 3\'/38 he - 
_ 48 : 
Po = Ky oP, Ky = (5) 8 (um,)'9 (x 00). (32.15) 
Let us now eonsider the problem of the equilibrium of white dwarfs. 
To do so, we first diseuss the part played by radiation pressure in a 
degenerate gas. Ordinary degeneraey begins when the eleetron pressure, 
ealeulated from formula (32.14), is considerably greater than the ordi- 
nary value of the gas pressure p, =n, k7'. If we write down this 
inequality, we obtain a criterion for the degeneraey of the gas in the 
form 
A,=nh2amkTP? > 1 (32.16) 
(if faetors of the order of unity are disregarded). 
Let us find the ratio of the gas pressure to the radiation pressure. 


According to formula (32.14) we have (py, = } a 74, a = 8 a5 KAY/15 3 h3) 


=~ kT 


Pr — lv is 95/2 


ng: \ 3/2 
Py 38:3 458 (" a 
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In the case of non-relativistic degeneracy, however, the mean energy 
of the electrons is kT’ < mc?, and A, > 1; consequently, pg/pp > 1. 
Relativistic degeneracy evidently begins when the pressure (32.15) 
considerably exceeds the gas-kinetic pressure 2, kT’. This leads to 
a condition of the form 


>1. (32.17) 
Forining the ratio pg/pp, we have by (32.15) and (32.17) 


PelPr © Ai > 


whence it again follows that pg > pp. Consequently, radiation pressure 
can be completcly neglected in a degenerate gas, in both the relativistic 
and the non-relativistic case. 

Let us now consider the gravitational equilibrium of a degenerate 
Fermi gas. We shall take the equations of state in the most general 
form (32.11) to (32.13) or 


Po =Af(z),o = Bx, (32.18) 
where 
A=am/3h?,B=8am cm, u/s h> , (32.19) 


and /{2) is defined by formula (32.12). The equation of hydrostatic 
equilibrium (30.7) and the mass equation (30.9), in the case of a degener- 
ate gas (pg > Pr), give 


ld (" dp, 


redr\o dr 


) =—42Go. (32.20) 
Substituting here the expressions for pg and o from (32.18), we obtain 


Aol d {fr df(z)\ _ ; ; 
BP i(S dr )=—420 B28. (32.21) 


Putting here 
y = VL +22) =yP,r =V(24/2G)- n/By, (32.22) 
and noticing that, by (32.12), 


1 df (z) 


d 9 . 
eo dt = dr V(a?+1), (32.23) 


we obtain the fundamental equation of the problem: 


3/2 
vd (x? ha =-— (o: — | | (32.24) 


n? da dy y 
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The quantitics x) and yy are the values of x and y at the centre of the 
star, determined by the central value of the density. The solution of 
equation (32.24) must clearly satisfy the conditions 


for 7 = 0,®@=1 and d@/dy =0, (32.25) 


so that the expression for the mass has the form 


aQ n° . (32.26) 


Wi 
; 9 4\3/2 
Moya | ertar=—4x (24) peat ae 
6 


The solutions of equation (32.24) which satisfy the conditions (32.25) 
contain the paraincter y, = } (1+ 42,°), which depends only on the 
density g, at the centre and on the molecular weight. Of the possible 
solutions, we must select the one which satisfies the conditions (30.18) 
(the density vanishes at the boundary, and the mass M(r) = ™M, the 
mass of the star). 

Investigations have shown that, for every value of 9,, there is a 
unique solution, i.e. the function ® vanishes for some 7 =: 7,. The 
second cquation (32.22) (with 1 = 7,) determines the radius of the 
degencrate star as a function of 9, and y, i.c. it gives an equation of 
the form (30.22): 


7 =f, (Cc) - 


The second condition at the outer boundary, M(7,) = M, gives us, by 
(32.26), a second relation of the form (30.22): 


Eliminating 0, from these two relations, we obtain one relation of the 
form (30.23), i. ¢. 


F(7, M, Bt) = 0 , 


so that, if the mass is given (together with the molecular weight), the 
radius of the white dwarf is uniqucly determined. Table 29 gives the 
valucs of the mass M (in units of the Sun’s mass), the central density 
0, the mean density 9,, and the radius 7,, according to S. CHanpRa- 
SEKHAR’s calculations. (These results were obtained for x = 1; for a 
molecular weight other than unity, the values given in the table for M 
should be multiplied by x-?, those for r; by 47}, and those for 0, and a,, 


by 4.) 
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Table 29 


MiM Central density Mean density Radius 
© (g/em’) (g/cm?) (cm) 

5-728 oo oo 0 
5-484 9-737 x 108 4-716 x 10’ 4-136 x 108 
5-294 3-391 1-578 5-443 
4-852 8-187 « 10’ 5-111 x 108 7-699 
4-310 2-669 2-114 9-936 
3:528 7908 x 106 7-960 x 10° 1-287 x 10° 
2-934 3-523 4-065 1-514 
2-440 1-816 2-302 1-721 
2-007 9-885 x 108 1-345 1-929 
1-612 5-381 7-741 x 104 2-155 
0-877 1-236 1-936 2-793 

0 0 0 00 


We see that there cannot be gravitational equilibrium of a degenerate 
gas with mass 


M > 5-73 Mo/u? = My. 


For stars of mass M < 2-5 Malte, CHANDRASEKHAR’s calculations have 
shown that the main mass of the gas has ordinary degeneracy, while 
for M = 2:5 Mp/" relativistic degeneracy plays the chief part. The 
radius of the equilibrium configuration continually deereases as the mass 
inereases, and becomes vanishingly small as the mass approaches the 
eritical value My. Although the observational data on the masses and 
radit of the white dwarfs are not plentiful, they show that the values 
given in the table are of the same order as those observed. 

We see, however, that, in solving the problem of the equilibrium of 
the white dwarfs, the question of their luminosities has remained in 
abeyanee. It cannot be solved unless we know the sourees of energy 
and the molecular weight inside the star. For the white dwarfs we as 
yet have no reliable data on which to base an account of their luminosity. 
It is possible that the gravitational contraction of such dense stars may 
be the souree of their energy, but the problem of the sourees of the 
energy of white dwarfs still requires detailed study. 


PART VIII. 


THE SCATTERING OF LIGHT IN PLANETARY 
ATMOSPHERES 


Chapter 33. The theory of radiative transfer 
in planetary atmospheres 


1. Radiative transfer in planetary atmospheres. The indieatrix of 
scattering. It is well known that. the planets Venus. Jupiter and Saturn, 
and also apparently Uranus and Neptune, are surrounded by atmo. 
spheres so dense that we do not see the surfaces of the planets. The 
radiation reaching us from these planets is the Sun’s radiation seattered 
by their atmospheres. Henee the laws obeyed by the light refleetcd 
from the planets (the distribution of brightness over the dise, the change 
in the total brightness with phase, the numerical value of the albedo) 
ean be obtained only from a study of the processes of seattering in 
planetary atmospheres. Sinee the atmospheres of these planets are 
opaque, i.e. they have a very large optical thickness (t > 1), a light 
quantuin entering the atmosphere of a planet has a fairly large probability 
of undergoing, before leaving the atmosphere, not one but many seatter- 
ing proeesses, 1. e. we are essentially eoneerned with multiple seattering 
of light in the atmospheres of the plancts. 

The study of the laws of opties in the Earth’s atmosphere has also 
led to a consideration of seattering processes. LEoNaRrvo DA VINCI 
explained the blue colour of the sky as being due to the seattering of 
sunlight by the air and the more intensive seattering of blue light than 
of red light. It is true that the optieal thickness of the Earth’s atmos- 
phere is, in the absenee of eloud, considerably less than unity. However, 
numerous investigations have shown that, even in explaining the 
distribution of brightness over the sky, seatterings of orders higher than 
the first play a eertain part. (We are not speaking of the ease where 
a layer of eloud is present, when the sunlight undergoes a large number 
of seatterings in this layer before reaching the surface of the Earth.) 
Thus, the problem of the seattering of light in the Earth's atmosphere 
is also, in general, one of multiple seattering in a medium. The problem 
of the multiple seattering of light in planetary atmospheres is solved 
by the study of radiative transfer. Here, since the geometrical thiekness 
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of the atmosphere is in every case small in comparison with the radius 
of curvature of the atmospheric layers (this is always valid for the 
thickness of that part of a planct’s atmosphere from which any ap- 
preciable fraction of the quanta seattered towards us actually reaches 
us directly), we can assume in our ealeulations that the atmosphere 
consists of plane-parallel layers. 


If processes of pure scattering alone took place in a planetary atmos- 
phere, then, for a sufficiently great optical thickness, it would totally 
reflect all the energy incident on it. In other words, the albedo of the 
planet would be unity in this case. However, observation shows that 
the albedo of many planets having opaque atmospheres is eonsiderably 
less than unity. It follows from this that the energy absorbed in the 
visible and photographie wavelengths by some element of volume of 
the planetary atmosphere is not completely scattered by it, but is 
partly transformed into other forms of energy, such as thermal energy. 
In accordance with the usually accepted notation in the theory of 
planetary atmospheres, we shall here denote by 2 the fraction of the 
energy in a given frequency that is scattered immediately, after being 
absorbed in a single process, in the same frequency. Then 1 — 4 is 
the fraetion of the energy which, after being absorbed in a single process, 
is converted into other forms of energy, and is not re-emitted immediately 
in the same frequency, i.e. undergoes true absorption. (In the theory 
of stellar photospheres, this quantity is denoted by e,.) 


It is evident that each element of volume in the atmosphere not 
only causes seattering of the light passing through it, but is also a source 
of thermal radiation, since the temperature of the atmosphere must be 
fairly high, beeause of the processes (mentioned above) of the partial 
conversion of the absorbed energy into heat (true absorption). However, 
it ean be shown that the thermal radiation of planetary atmospheres, 
at the temperatures existing in them, must be mainly in the far infra-red 
region of the spectrum, where the wavelength execeds 40,000 A. The 
thermal radiation in the visible and photographie parts of the speetrum 
must be negligibly small at the temperatures existing in planetary 
atmospheres. Hence, although we find true absorption here (2 << 1), 
the true emission in visible and photographic light can be neglected. Thus, 
in each of these frequencies, cach clement of volume scatters only 
some definite fraction of the absorbed energy, and emits nothing in 
addition. This means that, since we are coneerned with the visible 
and photographie parts of the spectrum, the radiation field in cach 
frequeney can be considered independently of the radiation field in 
other frequencies. If the energy scattered by each clement of volume 
in a single process were distributed isotropieally, independently of the 
direction in which it was propagated before this proeess (in this case 
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we say that the clement of volume has a spherical indicatriz of scattering), 
the condition of radiative equilibrium could be written in the following 
form: 


42j,=ha, f I,do, (33.1) 


where 4 2 j, is the energy emitted in all directions by unit volume in 
unit frequeney interval, a, is the coefficient of attenuation of light in 
the given frequency or coefficient of extinction, J, is the intensity of 
radiation, and dw is an element of solid angle. 

The quantity s, =A, is often called the scattering cocfficicnt, and 
the quantity k, = (1—A)a, is the true absorption coefficient. In 
gencral, the value of 2 depends on the frequeney ». 

A quantum going in any given direction has in general, after scatter- 
ing, a different probability of being emitted in different directions. 
We denote by 0 and ¢ the angles defining the dircetion of motion of 
the quantum before scattering, in some system of spherical co-ordinates. 
After seattering, the quantum is emitted in a direction defined by the 
angles 0’ and ¢’, say. We take an element of solid angle dw’ about the 
direction (0’, ¢’). What is the probability that, after seattering, the 
quantum has a direction lying within some dw‘? It is evident that 
this probability is proportional] to dw’, and must depend, in general, 
on the angle between the original direction (0,4) of the quantum and 
its final direction (0’, $’). We denote this angle by y. Then 


cos y = cos 0 eos 6’ + sin 0 sin 0’ eos (6 — ¢’). (33.2) 
For the required probability we obtain the expression 
dP = x(eos y) dw’/+ a. (33.3) 


The function x(cos y) is called the indicatrix of seattering or the phase 
function characterising the seattering process. Since the sum of the 
probability over al] directions must be equal to unity, we have from (33.3) 


f z(cosy) dw’ /4a=1. (33.4) 


In the case mentioned above, where the probability of scattering 
in any direction is the same (a spherical indicatrix of scattering), we 
must have z(cos y) = constant, and we then have immediately, from 
(33.4), 


x(cosy) =1. (33.5) 


In general, x(cos y) is some positive function of cosy, which can 
be expanded in a series of Legendre polynomials: 


x(cos y) = 2 + 2, P,(eosy) + 2 P,(eosy) +.... (33.6) 
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Herc it follows directly from (33.4) that 
M=l. (33.7) 


For a spherical indicatrix of scattering, the expansion (33.6) is evidently 
limited to one term. 

If the indicatrix of scattering is given, the condition of radiative 
equilibrium can casily be written down under the conditions described 
above. The energy emitted in unit frequency interval by unit volume 
in the solid angle dw’ in unit time must be 


j, do’ =4 x, | 2 (0089) 1, (0, $) {° da’ , (33.8) 


sinee, out of cach element of solid angle dw, an amount of energy 
a, 1,(0,6) dew is absorbed by unit volume; of this, 4 «, 7,(0,¢) do is 
scattered, and to find the fraction of this scattercd inside dw’ we must 
multiply this quantity by x(cos y) dw’/4 2, in accordance with (33.3). 

Dividing (33.8) by dw’, we obtain the condition of monochromatic 
radiative equilibrium in the form 


jp =ha, | x (cosy) I, (0, $) deo/t x. (33.9) 


This equation must be considered together with the equation of transfer, 
which, in the case of plane-parallel layers with the angles 0 and 0’ 
measured froin the outward normal, has the forin 


cos 0’ dI,/dz =—a, 1, +4,, (33.10) 


where 7, depends not only on the height z in the atmospherc, but also 
on the dircction (0’, ¢’). 

Substituting for 7, the expression (33.9) and introducing the optical 
depth t, in the frequency conecrned, we obtain the integro-differential 
equation 


cos 9’ dI,/dt, =1,—/ f x (cos y) 1,(0,6)dw/t a, (33.11) 


which contains only one unknown function /,, depending on t,, 0 and ¢. 

We shall introduce the following simplification of the notation. Primes 
denote angular variables over which we integrate; those over which we 
do not integrate will be written without primes. The suffix » will gencrally 
be oinitted. Since the radiation field is calculated independently for 
each frequency, this cannot Icad to any inisunderstanding. 
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Equation (33.11) is then written in the form 
cos 0 dI/dr =1—/ | x(cosy) 1(0'.g')dw'/4 2. (33.12) 


where cosy is defined by (33.2). 

For the problem here considered, we have, besides equation (33.12), 
the following boundary condition. The intensity of the incident radiation 
is given at the outer boundary of the atmosphere (t =0), and it is zcro 
for all directions except those in which the direct rays of the Sun are 
incident. 

The flux of direct solar rays, measured by the quantity of energy 
incident on unit area perpendicular to the rays in unit time and unit 
frequency interval, is denoted by aS. Since, in this case, we are con- 
cerned with radiation concentrated in one direction, it is convenient, 
in order to avoid the use of discontinuous functions, to exclude the 
direct radiation of the Sun from the intensity of radiation /, introduced 
above, and to understand by J only the intensity in the field of diffuse 
radiation scattered by the medium itself. Then the total intensity of 
radiation is equal to the sum of the scattered radiation J and some 
function which differs from zero for all directions, but is infinitely large 
in some direction (0).¢9), namely that of the direct rays of the Sun. 

As a result of this, both these components must appear in the integral 
on the right-hand side of (33.12), and since we have retained the notation 
I only for the intensity of the diffuse radiation (the first component), 
we must write instead of this integral the sum 


A i x(cos y) 1(0’, 6’) dw'/4 a + A(aS/42) x(cos yy) er, (33.13) 


where yp is the angle between the directions (0,4) and (09, $9), since 
the total intensity of sunlight outside the atmosphere is 2S (i.e. the 
integral of the intensity of the direct solar rays over the solid angle 
subtended by the Sun’s dise is 2S), but at an optical depth t this 
intensity, owing to the attenuation (extinction) of the direct rays, is 
reduced to = S e7*°%, Since 0, is the angle to the outward normal to the 
atmospheric layers at which the Sun’s rays are incident, see 0, is negative. 

Under these conditions regarding the meaning of the function J (6, ¢), 
we must write, instead of equation (33.12), 


cos 0 dI/dx —I—} f{ x(cos y) 1(0’, 6’) dw’/4 1— } 4S x (cos yp) et. 
(33.14) 


where we have for J the simple boundary condition J = 0 for r =0 
and @ > 32, i.e. the intensity of incident diffuse radiation at the 
boundary of the atmosphere is zero. 


2. The principle of invariance and its application 
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By solving equation (33.14). we find the value of [(0’,¢’) for all t, 
i.e. for all depths in the atmosphere and, in particular, for 7 = 0. By 
finding the value of [(0’,¢’) for t = 0, we determine the distribution 
of brightness over the planet’s disc. The results obtained can then be 
directly compared with observation. 


2. The principle of invariance and its application. The integro-diffe- 
rential equation (33.14) is usually replaced by the integral equation 
obtained from it by using the boundary condition; the unknown function 
is 
B(t,0,4¢) =A /{ x(cos y) I(0’, 6’) dw'/4 a+ $ AS x(cos yy) et%%. (33.15) 


If, by solving this integral equation, the function B (z, 0, J) is found, 
then equation (33.14) is converted into an ordinary inhomogeneous 
linear differential equation soluble by quadratures, and, in particular, 
the value of J for outward directions (0 << } 2) at t =0 is found. The 
value of B deterinmes the emission coefficient 7, since, according to 
(33.9) and (33.15), 

j =a B(t,0,9). (33.16) 


Thus it is found that, to determine J even at the boundary and to 
compare this result with observation, it is necessary to determine the 
value of the unknown function B(t,0,¢) or 7 at all depths and for all 0 
and ¢. Hence, if we are interested only in the distribution of brightness 
over the planet’s disc, this method is extremely clumsy. 


In short, whilst we are interested only in some function of two 
variables, i.e. the values of [(0.¢) for tr = 0, the method of reducing 
the problem to an integral equation compels us to find a function 
B(t,9.6) of three variables. The question arises whether one can con- 
struct an equation from which the values of J(0,¢) at the boundary 
t =0 would be obtained directly. 


It is found that such an equation can be constructed. Only J(0,9,¢), 
i.e. the angular distribution of the emergent radiation, will appear in 
it as an unknown function. Moreover, the equation obtained reveals at 
once (without a detailed solution) the structure of the function J (0,9, @). 


To derive the required equation, we shall begin from the principle 
of invariance, which has been widely used in recent years in problems 
of the theory of scattering of light. The problem under discussion amounts 
to the following. A flux of parallel rays in a direction defined by the 
angles (0y.%9) is incident on the outer boundary of a medium of infinite 
optical thickness. As a result of scattering processes occurring in the 
medium, some fraction of the rays are, as it were, reflected by the medium, 
this reflection taking place in all directions. Such reflection is called 
diffuse reflection. We require the intensity of the diffusely reflected 
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radiation. It is evident that the intensity of the diffusely reflected light 
is a function both of the angles of incidence 0). ¢). and of the angles 
of reflection 0,¢. We can therefore write 


l= 1 (0,9; 0, Po) . 


It is also evident that the reflected intensity is proportional to that of 
the incident radiation, i.e. to the quantity S. Hence 


1(0,; 9y. $9) = S 7 (0, $5 Oy, by) « (33.17) 


The quantity r(0, 6; 05,9) may be called the diffuse reflection coefficient. 
Unlike what has been done above, we shall from now on measure the 
angle 0) from the inward normal, since this is more convenicnt and 
cannot lead to any misunderstandings. The angle 6 will be measured 
from the outward normal as before. 


The principle of invariance, as applied to the problem in question, 
consists in the following: the diffuse reflecting power of a medium of 
infinite optical thickness, consisting of plane-parallel] layers, cannot be 
changed if we add to the outer boundary a plane layer of finite optical 
thickness whose elements have the same optical properties as those of 
the original medium. ‘The latter condition means that the coefficient 2 
and the indicatrix of scattering in the added layer are the same as in 
the original medium. Here, for simplicity, we shall first consider the 


case of a spherical indicatrix of scattering, where x(cos y) — 1. 


We denote the boundary of the medium, before the addition of the 
layer, by A, and the new boundary, after the addition of the layer, 
by A’. The optical thickness of the added layer we denote by A r. Since 
the choice of dA is at our disposal, we shal] take it so small that its 
square can be neglected in comparison with Ar itself. We shall find the 
changes in the intensity of the radiation diffusely reflected from the 
medium which oceur when the layer Az is added, and equate the algebraic 
sun of these changes to zero. 


Let us enumerate these changes: 


(1) The radiation from the Sun, in passing through the additional 
layer, is attenuated by a factor 1 — (Art/cos 09). After being diffusely 
reflected from the boundary A it is again attenuated, by a factor 
1 — (Ar/eos 0). Hence, instead of the intensity I(0,0)), an intensity 


cit dr 
1 (0,00) (1 ~~ cos 1.) (1 ~~ cos ») 


emerges. 
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We notice that, in consequence of the spherical indicatrix of scatter- 
ing, the intensity of the reflected light does not depend on the azimuthal 
angles of the incident and emergent rays, and consequently, instead of 
I(0,$; 99,$9), we write simply I (6, 6). 

Thus, as a result of the attenuation of the incident and diffusely 
reflected rays in the additional layer, the intensity of the diffusely 
reflected iadiation is diminished by 


1 1 
1 (0,0) At (cos 0 T cos ) ° 
(2) The additional layer At scatters directly into the direction 0 
a part of the direct radiation of the Sun meident on it. On account of 
this intensity, the diffusely reflected light is increased by 


A g Ar 
4a Ts Cos 0° 


(3) The additional layer Art, in scattering the direct rays of the Sun 
incident on it, directs part of the energy of these rays on to the boundary 
A at different angles 0’ to the normal. They undergo diffuse reflection from 
the boundary A; as a result, additional radiation is obtained of intensity 


, sin 8’ A 
[a [evr 0’) ne ar, 
which, after integrating over ¢’, gives 


bas [ 10.0 sin 0" age | 


cos & S 


(4) The additional layer, in absorbing some fraction of the light 
diffusely reflected from the boundary A, scatters part of this light in 
the given direction 0. The intensity of this radiation is 


tae cas 0 [oo f dg’ 1(0', 09) sin 0" = 3 aot, J I(0', 0) sin 0’ dé’. 


(5) The direct solar rays arc diffusely reflected from the boundary A, 
are seattered by the additional layer dt back in the direction of A, and 
are again diffusely reflected from the surface A. This gives an additional 
radiation 


1(0,07) sino"ado" dd” 2 Paw Pag ai ayy 
dr [ fis ) sin ad La / do | dg’ I(6', Oy) sin 0’ = 
0 0 


—=jAt [rag aor [ 1(0",0) sin 0° a0" 
0 





cos 0” 
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All remaining additions to the radiation are of the second or higher 
order in Jr. 

The last four contributions, which are positive, must balance the first 
contribution, which is negative, in order that the intensity of the diffusely 
reflected light should remain unchanged despite the addition of a layer. 
Hence, neglecting quantities of the second order in At, we find 


~ aq alt 
1 (8,6) At (cto * ee) = 148 cos 6 + 


‘cos 0’ 2” cos 0 


AAr | 10; g’) sin or + 32 At 1(0’, 6,) sin 6° dO’ + 
0 
0 


) cos 0” 


yep 0,0") Sin 0” ao” | 1(0',0,) sin 0° a0’. 
0 


We divide both sides of this equation by dt, and introduce, instead of 
the angles 0 and 0, their cosines: 


cos0 =, cosO=£, cos#’ = 7). (33.18) 


Then we find that the condition of invariance gives 


1 
Hin (+t) =4ASin +82 f Loan’ + 
0 


1 1 1 
A ’ ’ / wm dn” , ' ’ ‘ 
+ J, torgan + 5 [ ton ) a | I(7',8) dij’ . (33.19) 
0 0 0 


Finally, we introduce in this equation, instead of 1(7,&), the function 
r(y,&) according to equation (33.17), i.e. we put 


I(7,&) = Sr(m,€). (33.20) 


We then have the functional equation for r(1, &) 


1 
r(7,5) (; + :) =14ln +2 af rn my) day'fayl + 
0 


1 


1 1 
+i) fone dy’ +2 fr n”) my [rordan, (33.21) 
0 0 0 
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which can also be written in the form 


1 1 
rime) (| + :) =4) i+? n| r(yn') dy‘) + 2 | r(4',6) dy’). 
0 0 
(33.22) 
If we write also 
r(n,é) = €0(%,§), (33.23) 


then we have for the function o(7,&), usually called the brightness 
coefficient of the reflecting layer, 


1 l 

o(m 8) (nt) =F AML 420 f olmn)dy' U0 +2 f o(n.8) dy]. 
a 6 

(33.24) 

It is easy to sec that, if equation (33.24) is satisfied by some function 

0(7,é), it must also be satisfied by the function o(&, 7). However, 


since equation (33.24) can have, from its physical significancc, only 
one solution, the function o(7,é) must be symmetrical: 


0(7,€) = 0(6,7) - (33.25) 


In this case, however, it is evident that the right-hand side of (33.24) 
is the product of some function of 7 and the same function of & We 
denote these functions by ¢(7) and $(&) respectively. Thus 


1 
$m) =1+2nf o(mn)an’, (33.26) 
0 
and 
o(n.§) = ba Pee | (33.27) 


Formula (33.27), though it docs not give an explicit expression for the 
function 0(7,&), reveals the structure of this function. 

If we can determine the auxiliary function $(7), we shall thereby 
find the brightness cocfficient 0(7,&) also. To obtain an cquation for 
¢$(7), we substitute (33.27) in (33.26), which gives 


1 
b(n) =1tban f MMP ag. (33.28) 
0 


This is a functional cquation for the function ¢(7). Thus the solution 
of the functional equation (33.24) has been reduced to that of the simpler 
functional equation (33.28), which is casily cffected numerically. In 
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doing so, it is most eonvenicent to use the method of sueeessive approxima- 
tions, which consists in substituting an approximate value of the fune- 
tion $(7)) on the right-hand side; the left-hand side then gives the next 
approximation. As an initial zero-order approximation it is best to take 
the mean value of $(9) in the interval (0,1), i.e. 


1 
$y = | d(n) dy. 
0 


The exact value of this integral is easily obtained. To do so, we integrate 
(33.28) over 7: 


1 


1 #1 
; _ ia [f f é¢en _ 
[ sopan= rege | | WE d7 dé = 


a 


1 1 1 1 
rpiaf fPseranagsya | [PPO Fanag, 
0 UO 0 0 


sinee the last two integrals are equal, differing only in the naming 
of the variables of integration. Adding these integrals, we obtain 


1 1 1 
[onan =1 +44 f b(n dn f pede, 
i) Q 0 


or 
“ 2 
dy = 1 +4 ¢,", 
whence 
1 


$= [o(n)dy =2—2V(1—AYA. 


0 


Substituting this value instead of ¢(77) on the right-hand side of (33.28), 
we obtain the next approximation for 4(7), and so on. 


For example, in the first approximation we have 
$(m) = 1 + 34 G°(A) 7 loge[(1 + )/7] - 


Table 30 gives the numcerieal values of the auxiliary funetion ¢ (17) 
for 2 = 0-4,0-5, ..., 1-0. For small values of 4. it is sufficient to use 
the first approximation, and the numerieal values of 6(7) in this range 
are therefore not given. 
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Table 30 
A | 

0-4 0-5 0-6 0-7 0-8 0-9 1-0 
7 
0-0 1-00 1-00 1-00 1-00 1-00 1-00 1-00 
0-1 1-06 1-07 1-09 1-11 1-l4 1:17 1-25 
0-2 1-09 1-11 1-15 1-18 1-2¢ 1-29 1-45 
0-3 1-1] 1-14 1-19 1-24 1-30 1-39 1-64 
O-4 1-13 117 1-22 1-28 1-36 1-48 1-83 
0-5 1-14 1-19 1-25 1-32 1-41 1-56 2-01 
0-6 1-15 1-20 1-27 1-35 1-46 1-63 2-19 
0-7 1-16 ]-22 1-29 1-38 1-50 1-69 2:38 
0-8 1-17 1-23 1-31 1-40 1-54 1-75 2-55 
0-9 1-18 1-24 1-32 1-42 1-57 1-80 2-73 
1-0 1-18 125 =, 1-34 1-44 1-60 1-85 2°91 





Table 30 is to be used in the following manner. From (33.20), (33.23) 
and (33.27), we have, in the case of a sphcrieal indicatrix of scattering, 


I(y, 8) = FAS ErMEE), (33.29) 


For each point of the planct’s disc, the cosine ¢ of the angle of incidence 
of the Sun’s rays is calculated, together with the cosine 7 of the zenith 
angle at which the Earth is seen from this point on the planet. The 
value of S ean be determined, since the distance of the planet from 
the Sun is always known. Taking some 4, we can then calculate the 
intensity J and compare it with observation. If, for some 4, the values 
ealeulated from formula (33.29) and Table 30 are in fairly good agreement 
with the brightnesses of the various points on the planet’s dise, we may 
conclude that the hypothesis of a spherical indicatrix of scattering is 
valid, at least within the limits of observational accuracy. 

We notice that, for the remote outer planets, beginning with Jupiter, 
it can be assumed that the angles 0 and 0, are equal, i.e. 7 = &, not 
only at opposition, but also at a considerable distance from opposition. 
In this case, formula (33.29) reduces to 


I(n) = bASHPin)E, (33.30) 


and we see that the greatcst contrast theoretically possible between 
the centre of the dise (7 = 1) and the limb (7 = 0) is for 4 = 1, when 


I(1)/1(0) = S41. 


In reality, the contrasts observed for the outer planets are not so great; 
this is due to the fact that 7 < 1. 


36 Astrophysics 
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3. Gencralisation to the case of a non-spherieal indicatrix of scattering. 
In the ease of a non-spherical indicatrix of scattering, the diffuse reflection 
coefficient r and the brightness coefficient 9, which are related by 


r=€o, 


will both depend not only on the angles of incidence and reflection, 
but also on the difference of the azimuthal angles of the reflected and 
incident rays. Thus 


= 0(7,&5¢— $5) . (33.31) 


The applieation of the principle of invariance in this general ease is 
made in the same way as in the ease of a spherical indicatrix of scattering. 
The formulae in the general ease are merely more complex. The trans- 
formations made are, however, the same in principle. We shall therefore 
not give these transformations here, but only the final results. 


The brightness coefficient @ is represented as a sum: 


n 


(més 6 — bo) = 2 dnl m €) cos m(P — Fy) , 


where the number » is equal to the degree of the highest Legendre 
polynomial, in the expansion (33.6) of the indicatrix of scattering, 
whose coefficient is not zero. 


The functions f,,(7,&) are expressed in terms of some auxiliary 
functions $;_(7) (¢ =m,m-+1,..., 2), each of which depends on 
only one variable. These auxiliary functions are determined from 
systems of functional equations. For eaeh function with a given m 
we have a separate system of functional equations which is solved 
independently of the others. 


The various /,,(7,&) have, in fact, the following structure: 


3 £0.07) bo,0(8) = 21 $1,0(7) H1,0(8) +072 + (= Ny by ol bn of) 


1o(756) = nt+eé ° ? 





—_— 1. y itm $;, m (r ”) $i, m(é ) (2 _— m) ! 
fin ( &) — 4 A 2 (— 1) n + E x; (i 4 m)! 


— 13 ty Prin (1) Pin (¢) 
n+e 
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The auxiliary functions appearing in these expressions are determined 
from the following systems of functional equations: 


‘6 () 5) 
$0,0(7) =1 +54 b50(7) ! ‘0 ag — Ax ndsolm [ee dgé+...+ 
fF ’ 
bn,o (EF 
n () 
+(—1)" ta nbnolm) f Mg ae, 
0 
(E)5 g)é 
bo(M=n—$Angoo(n) [aot db +442 nb40(71 [P02 abet 
i) a 


+(—1)""" a, 1 bno(N [ee mols)E a ’ 


P. 
bnoln) = Pal) + (=U 32 boo(n) tool Pal g E+ 
F 7] 
* (6) P, (€) 
+(—1P? ayy bro(m) f OP Bde be + 





1 
$no (€) Py (§) 
+ Ly nno(n) | £0 + a dé . 
0 


Similar systems exist for the functions with other values of the 
second suffix m; instead of the Legendre polynomials we have the 
associated Legendre polynomials Py’ (7). In particular, ¢, , (7) satisfies 
the equation 

1 


m brn (E) (A= Ey 
ban(n) = (1 — 72)? +34 onyy 7 Pnnl7) i n+eé 


0 


Although these systems of functional equations at first sight appear 
very complicated, it is easy to solve them numerically by the method 
of successive approximations, and in any particular case they give 
comparatively simple results. Thus, in the case of the simplest non- 
spherical indicatrix of scattering, 


x(cosy) = 1 + 27, cosy, 
36* 
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the brightness coefficient is 


1) (5) ~- 2 $1 9 (7) $, 9 (4) 
o(.é3¢— bn) —1j 5 bo.01 f $0.0 . 1 1,0 1,0 +4 


yo s 
~  $/(n) 6,6) 
+}Ax, | , ie cos (¢ — $y) ; 


where the first two auxiliary functions ¢99(7) and ¢,,9(7) are deter- 
mined from the system 


"ta a * by 0(8) 
$6,0(9) -= b + 3 44 $0,0(7) n+é § Ax, 4 $1,9(7) f% nee dé, 
° d 
1 . 
$1.0(7) = 1 — 347 Po,0(7) [ron dé+4Aa, 9 b10(7 )| wee dé, 
% 6 


and the function ¢,'(7) is found from the equation 


1 
 $1' (5) 3 
O(n) =V¥ (In) + bam nd’) fogs VUE) AE. 
0 


These equations are casily solved, and the auxiliary funetions 
tabulated by means of the numerical solution enable us to calculate 
the brightness coefficient at once. 


We may add that the theory shows that not only the diffuse reflection 
coefficient of the atmosphere but also the diffuse transmission coefficient 
for a very large optical thickness of the atmosphere are determined 
in terms of the same auxiliary functions. 


The systems of functional equations given here for the auxiliary 
functions ¢;,, (2) are systems of non-linear equations. However, it 
has been shown in the work of V.V.Sopovey that these auxiliary 
functions satisfy certain linear integral equations [157]. 


The caleulations given above do not take into account the pnenomenon 
of polarisation of light in individual scattering processes or the conse- 
quent polarisation of the diffusely reflected and diffusely transmitted 
radiation. The exact theory of the scattering of light in a foggy 
atmosphere, taking polarisation into account, was developed by V. V. So- 
BOLEY in 1943. The results of his investigation were later published 
[156]. 


Chapter 34. Comparison of theory and observation 


1. The albedo of a planetary atmosphere. If we know the intensity 
of the diffuse radiation emergent in every direction from a planetary 
atmosphere, we ean calculate the total flux of diffusely reflected light 
from 1 em? of the boundary of the atmosphere. This is clearly 


1 2a 
. aH = f dy f Myé.¢—4y) 1 Ad. 
0 0) 


In the case of a spherieal indieatrix of scattering, J does not depend 
on the azimuthal angle, and henee 


cHa2a [ty £) dy = 228 fr (7.§) yn dy. 


Introducing the brightness coefficient o instead of the diffuse reflection 


eoefficient r, we have 
1 


aH =2a8€ f[ o(m.€) ndn. 
iy 


“<4 


On the other hand, sinee the intensity of the direct rays of the 
Sun is 2S, the flux of these rays ineident on 1 em® of the boundary 
of the atmosphere is aS &, where £ is, as before, the cosine of the angle 
of incidence of the solar rays. Dividing the flux of emergent radiation 
x IT by the flux of ineident radiation, we obtain the albedo of the plane- 
tary atmosphere: 


1 
A=aHi[asé =2/ o( (7,€) n dy. (34.1) 
8 


Let us calculate the albedo A, which will in general depend on the 
angle of incidence, for the ease of a spherical indieatrix of seattcring. 
To do this, we substitute (33.27) in (34.1): 


5 (4) (5) 2. 
A= 34 | om ae) dy . (34.2) 
Vv 
Putting 
y a é 
ne yrs? 
we find 


A= 3/6 o/ b(y)dy— hs us | o( mee) dy. (34.3) 
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The second term on the right-hand side of (34.3) can be found directly 


from (33.28) by renaming the variables, and is ¢(&)— 1. Taking this 
1 


into account, and using the value of foc) dla which we calculated 
a 


from (33.28), we obtain 
A =1—¢(&) /(1— A). (34.4) 


It is easy to calculate from this formula the numerical values of 
the albedo for various § and 7, remembering of course that ¢(&) depends 
on the parameter 7. Similar calculations can be performed for a non- 
spherical indicatrix of scattering. In Table 31 we give the numerical 
values of the albedo for the case of a spherical indicatrix of scattering. 


Table 31 
i | 

. 0-4 0-5 0-6 0-7 0-8 0-9 1:0 
. | _ | 

0-0 0-23 0-29 0-37 0-45 0-55 0:68 1:00 
0-1 0-18 0-24 0-31 0:39 0-49 0-63 1-00 
0-2 0-16 0-21 0-28 0-35 0-45 0-59 1-00 
0-3 0-14 0-19 0-25 0-32 0-42 0-56 1:00 
0-4 0-13 0-17 0-23 0-30 0-39 0-53 1-00 
0:5 0:12 0:16 0-21 0-28 0:37 0-51 1:00 
0:6 0-11 0-15 0-20 0:26 0-35 0-49 1-00 
0-7 0:10 0-14 0-19 0°25 0-33 0-47 1-00 
0-8 0-10 0-13 0:17 0:23 0:31 0-45 , 1-00 
0-9 0:09 0-12 0:16 0-22 0:30 0-43 1-00 
1:0 0-08 0-12 0-15 0-21 0-29 0-41 1-00 


{ 


If we know the albedo A for light incident ona given part of the planet- 
ary atmosphere at a given angle, we can easily caleulate what is called 
the spherical albedo also. By the spherical albedo is meant the ratio 
of the amount of radiation reflected by the whole planet (from its 
atmosphere) to the amount incident on the planet (at the boundary 
of its atmosphere). 

The total amount of radiation incident on the planct is clearly 
a R* +28, where # is the planet’s radius. The diffusely reflected energy 
is given by the integral 

R 
22k f x H(r)d V[l—(/R)), 
6 


where r is the projected distance from the centre of the ilhiminated 
dise to some point on the planct’s surface. But 


r/R =sin 0, = V(1—é?) , 
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and 
aH(r) =A(E)EaS. 


Hence the total amount of reflected energy is 
1 
22k aS | Ae ede, 
6 
whence we have for the spherical albedo (denoting it by A*) 
1 
At =2/ AE) Edé. (34.5) 
0 


In the case of a spherical indicatrix of scattering, we thus have, from 
(34.4), 


1 
A* =1—2y/(1—A) f $(S) dé. (34.6) 
0 


The values of the spherical albedo A* calculated from this formula, 
are given in Table 32. 


Table 32 
A 0-4 0-5 0-6 0-7 0-8 0-9 1-0 
0-34 O48 1-0 


A* O1l 0-15 0-19 0-26 





Thus we can determine the sphcrical albedo from 4 and, conversely, 
if the indicatrix of scattering is known, 4 can be found from A*. 


2. Comparison with observation. A comparison of the theoretical 
calculations, given above for a spherical indicatrix of scattering, with 
the results of absolute determinations of the diffuse reflection coefficient 
for Jupiter made by V. V. Sitaronoy, has shown that the observed 
brightness distribution over Jupiter's dise is in good agreement with 
the theory for 4 = 0-969. 

However, it must be remarked that, within the limits of observational 
accuracy, the same brightness distribution over Jupiter’s dise can be 
explained by assuining any other, non-spherical, indicatrix of scattering, 
though for some other value of 7. This example shows that, for the 
planets whose phase angle hardly varies (Jupiter, Saturn, ctc), it is 
difficult to deterinine the indicatrix of scattering from single observations 
of the brightness distribution. 

The situation is quite different for Venus, which we observe at all 
possible phase angles. In this case the form of the indicatrix of scattering 
has a fairly important effect even on the light curve of the planct. 
V.V.Sonoierv, using the observed light curve constructed by 
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H.N. RussEtx, was able to find the indicatrix of seattermg for the 
atmosphere of Venus by comparison with the approximate theory of 
diffuse reflection which he had devised for an arbitrary indicatrix of 
scattering. It was found that the parameter 7 for the atmosphere of 
this planet is 0-989, and the indicatrix of scattering is a function whose 
numerical values are given in Table 33. 


Table 33 


” 0° 15° 30° 45° «60° 75° 90° 105° 120° 135° 150° 165° 180° 
a(cos vy) 7:2 60 27 1:5 10 007 0:51 0-40 0:35 0-41 0:56 0-65 0-70 


It is interesting to compare the indicatrix of scattering in the atmos- 
phere of Venus with that in the Earth’s atmosphere. The scattering 
properties of the Earth’s atmosphere are estimated not from the pro- 
cesses of diffuse refleetion, but by investigating those of diffuse trans- 
mission. Here, despite the comparatively small optical thickness of the 
Earth’s atmosphere (when free from cloud), which is of the order of 0-3 in 
the visible part of the spectrum, it is nevertheless, important, as V. V. So- 
BOLEV has shown, to take into aecount scattering not only of the first order, 
but also of higher orders, i.e. to use a fairly rigorous theory. The 
determination of the indicatrix of scattering in the Earth’s atmosphere 
has been carried out by many authors. The most interesting results 
have been obtained by E. V. Pyaskovskaya-FESENKOvVa and V. V. So- 
BOLEY. The latter made his determination from observations on the 
brightness distribution over the sky, carricd out in the summer of 
1943 at Yelabuga by workers from the astronomical observatory of 
the Leningrad State University. The results of his determination are 
given in Table 34. 


Table 34 





y 0° 35° 30°) 45° «GO°) 75° 9O° | 105° 4120° 135° 150° 165° 180° 
z(cosy) 46 3:3) 1:9 1:3 0-94 0-75 0-64'0-65/0-72 0-85 1:03 1:1 1-2 


A comparison of Tables 33 and 34 shows that the indicatrix of 
seattcring in the atmosphere of Venus is more elongated in the forward 
direction (small angles of deviation) than that in the Earth’s atmosphere. 


It is easy to sce that an idca of the degree of elongation of the indi- 
eatrix of scattering in the forward direcetion is given, first of all, by 
the coefficient 2, of the polynomial P,(cosy) = eos y in the expansion 
formula (33.6). For a spherical indicatrix, or for one satisfying the 
condition x(y) = x(180°—y), i.e. symmetrical about the direetion 
y = 90°, we have x, = 0. For an indicatrix elongated forwards x, > 0, 
and for one elongated backwards z, < 0. For an indicatrix which is 
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very sharply clongated forwards, like a needle, i. e. when the scattering 
is confined to small deviations from the original direction, x, = 3. For 
a similar elongation backwards, x, = — 3. Thus the value of «x, gives 
a first rough conception of the clongation of the indicatrix. 

If the scattering in the atmosphere of the Earth or Venus were 
purely molecular, the indicatrix of scattering would have the form, 
deduced by Lord RAYLEIGH, 





x(cos y) = ? (1 + cos?y) . 


For RayYLEIcH’s indicatrix, the coefficient x, is zero, i.e. there is no 
one-sided elongation. The considerable elongation of the indicatrices of 
scattering in the atmospheres of the Earth and Venus indicates that 
in both cases, besides purely molecular scattering, which of course 
always occurs, there is additional scattering of light by larger liquid 
or solid particles suspended in the atmosphere. Since the number of 
suspended particles in different parts of the atmosphere may not be 
proportional to the number of scattering molecules of gas, the indicatrix 
should vary with height in the atmosphere, which greatly complicates 
the theory. In particular, on the Earth the haze due to fine suspended 
particles is more concentrated in the lower layers of the atmosphere. 

The degree of elongation of the indicatrix of scattering depends on 
the dimensions of the scattering particles. In particular, transparent 
particles (drops of water and of other liquids) have an indicatrix of 
scattering which is the more elongated forwards, the greater their 
diameter. This is why, on comparing Tables 33 and 34, we can say 
that the scattering in the atmosphere of Venus is due to larger particles 
than that in the Earth’s atmosphere. Here, however, we must remember 
that, in deriving the indicatrix of scattering for the Earth’s atmosphere, 
the case where clouds are absent was considered. However, fairly large 
water drops are found in clouds. In the case of the atmosphere of Venus 
we have continuous cloudiness, and the indicatrix found is characteristic 
mainly of the properties of the particles in these clouds. 

The theory of scattering of light, developed above for the case 
of a medium of infinite optical thickness, can be generalised to media 
of finite optical thickness. Here, besides the coefficients of diffuse 
reflection of light, we have to deal also with those of diffuse trans- 
mission. For this reason the number of auxiliary functions of one variable, 
from which the functions giving the values of these coefficients are 
constructed, is doubled. The number of equations in the system of 
functional equations for these auxiliary functions is correspondingly 
doubled also. 

The limiting case of large optical thicknesses occupies a special 
place. The diffuse reflection coefficient tends, as t > ov, to the coefficient 


; 
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of diffuse reflection for an infinitely thick layer. The diffuse transmission 
coefficient tends to the product /(t)) u(0), where w(@) depends only 
on @ and not on the direction of the original radiation entering the 
medium from the other side. Thus, in the limit, the relative distribution 
in direction of the transmitted radiation becomes constant. 

We are concerned with such a case of diffuse transmission of radiation 
through a medium of very great optieal thickness when we consider 
the Karth’s atmosphere with uniform and fairly heavy cloud. Obser- 
vation shows that the relative distribution of brightness over a cloudy 
sky, when the cloud is continuous and uniform, varies little from day 
to day, if we omit the effect of such agencies as the covering of the 
Earth’s surface with snow. If the Earth’s surface is not snow-covered, 
the reflection from it can be neglected in rough calculations. Thus the 
conditions of summer and winter must be distinguished in considering 
the distribution of radiation in the atmosphere. A certain constancy 
of the brightness distribution over the sky in each set of conditions 
shows that certain optical properties of the water particles forming 
the clouds are constant. These properties must include the nearness 
of A to unity. In other words, we are concerned here with almost pure 
scattering. The fact that 4 is close to unity is confirmed in the following 
ways. 

(1) The daytime ilhumination from a cloudy sky varies comparatively 
little, despite the fact that the optical thickness of the cloud is sometimes 
very great. Any noticeable true absorption (i. c. a noticeable deviation 
of A from 1) would necessarily cause, at such great optical thicknesses, 
a very great decrease in the daytime illumination at the Earth’s surface, 
and this is not observed. 

(2) The albedo of the cloud is shown by observations froin aero- 
planes to be high. 


(3) In the presence of snow, the distribution of brightness over 
the sky approaches uniformity. In this case the snow, being a seattering 
medium, forms, roughly speaking, an extension of the cloud, and the 
observer is at the boundary of two semi-infinite scattering mnedia. It 
can be shown that the brightness distribution in various directions will 
appear isotropic to such an observer if A = 1 in both media. 

The indicatrix of scattering in clouds is very elongated in the forward 
direction. 

As we have said above, the clouds in our atmosphere consist of a 
collection of water drops of spherieal shape. For drops of spherical 
shape, the indicatrix of seattering can be caleulated theoretically. It 
depends on the radius of the drop. The greater the ratio a/A of the 
radius of the drop to the wavelength of the light, the more elongated 
is the indicatrix. Since, aecording to present data, the clouds consist 
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of droplets the majority of whieh have radii a few times the wavelength 
of visible light, the theoretical indicatrices for this particle radius must 
be used. Laboratory investigations on the determination of the indicatrix 
of scattering for fog particles have confirmed that it is very elongated, 
and have resulted in good agreement with the theory. 


In an actual cloud and in fog, there are particles of various diameters. 
For this reason, the indicatrix of scattering in a cloud is some weighted 
mean of the indicatrices for droplets of various sizes. This mean indicatrix 
will depend on the droplet dimensions which predominate in a given 
assembly of clouds. . 


What is valid for water droplets distributed in the Earth’s atmos- 
phere holds also for droplets of other liquids, which probably play 
a large part in the atmospheres of other planets (methane, ammonia). 


It must be noted, however, that, although very elongated, the 
indicatrix of scattering in most clouds is such that deviations by at 
least two or three degrees are more probable than smaller deviations, 
i.c. almost rectilincar propagation. If this were not so, we should 
usnally find the limb of the Sun’s dise obscured on observing it through 
thin layers of cloud. Neverthcless, the limb of the Sun’s dise continues 
to remain sharp, in the majority of cases, when observed through such 
cloud layers. 


3. Absorption bands. The scattering of light, as -vell as the true 
absorption accompanying it, which phenomena we have been discussing 
hitherto, take place in all the visible and photographic parts of the 
spectrum, and are slowly varying funetions of the wavelength. However, 
in the spectra of the major planets we observe absorption bands corre- 
sponding to definite molecules. These are due to monochromatic ab- 
sorption in the lines of the band. 


The results of observations of these bands are usually expressed 
as the path length which a ray must traverse in the gas concerned 
at atmosphcric pressure in order to produce a band (or line) of the same 
equivalent width. If we observed the passage of the direct rays of the 
Sun through the atmospherie layers of the outer plancts, such data 
would have an immediate physical significance. We observe, however, 
only the diffuse reflection of the continuous spectrum of the Sun’s 
radiation from the planct’s atmosphere. Hence we must attempt to 
decide more exactly the physical significance of the “equivalent paths”, 
expressed in kilometres at atmospherie pressure, which are obtained 
froin observations of the spectra of planets. 


The answer to this question depends on the interrelation between 
the factors causing the absorption bands and the scattering in the 
continuous spectrum. 
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Here two possibilities must be borne in mind: 


(1) The scattering of light may be due to the gases forming the 
planet’s atmosphere. It is then of the same nature as the Rayleigh 
seattering which brings about the blueness of the sky on the Earth. 
In this case the medium causing the monochromatic absorption is 
the same as that causing the scattcring in the continuous spectrum, 
since the monochromatic absorption can be due only to the gases which 
are mixed with one another in the atmosphere. Assuming that there 
is complete mixing, we can suppose that the presence of absorption 
lines merely shows that there are minima in the curve giving the 
dependence of the paramcter 4 on the frequency. The table above which 
gives the dependence of the albedo on 4 shows that even a smal] decrease 
in the value of 2 can Iead to a marked diminution in the albedo. 


In this case, the interpretation of the observations must consist, 
first of all, in determining the variation of 4 with frequency from spectro- 
photometric data. If the valucs of 4 for various frequencies have been 
found (including frequencies inside and outside a line), then, neglecting 
the ratio k,/s,, we can find k,’/s, from the formula 


}, = 8,/(s, + k, + k,’) ’ 


where s, is the scattering coefficient, k, the true absorption cocfficicnt 
in the continuous spectrum, and k,’ the additional true absorption 
coefficient in the line. The value of k,’, referred to one molecule per cm?, 
is a quantity which ean be determined from experiment. Knowing the 
ratio k,'/s,, we can then find s, referred to one molecule per em?. The 
determination of the value of s, referred to one molecule of the absorbing 
gas, On comparison with our considcrations on the mechanism of scatter- 
ing, nay help to determine the fraction of molecules which absorb 
radiation in the given line, out of the total number of molecules of 
the gascous inixture forming the atmosphere. 


(2) The scattering may be duce to liquid particles (drops) or to solid 
particles (sinall crystals) forming clouds lying in a cloudy layer bounded 
in altitude on both sides. Then the Sun’s rays, before undergoing diffuse 
reflection from this cloudy laver, must reach it by passing through 
the overlying layers of the atmosphere, and they must again traverse 
these overlying layers before reaching the observer. The formation of 
an absorption band may oceur in these overlying layers. Iu this case, 
the equivalent path lengths obtained from observation are actually 
characteristic of the mass of the gas concerned which lies above the 
cloudy layer. 


PART IX. 
INTERSTELLAR MATTER 


Chapter 35. The dust component of 
interstellar matter 


The investigation of the interstellar matter which causes the absorp- 
tion of the light of distant stars is linked with the name of the celebrated 
Russian astronomer VasmLii YAKOVLEVICH STRUVE, who, in the first 
half of the nincteenth century, made an attempt to determine the 
amount of this absorption. In the twentieth century, the problem of 
the interstellar absorption of light has attracted the attention of several 
Russian astronomers, and has been investigated with particular vigour 
during the last thirty years. Many of the important ideas which have 
arisen in this branch of science in recent years are due to Sovict astro- 
nomers. 

The existence of interstellar matter in our stellar system and in the 
other galaxies can be seen from a large number of facts. We shall discuss 
some of these below. 

The discovery of the spectral line of hydrogen with the radio 
wavelength of 21 cm has been of very great importance in the study 
of interstellar matter. The possibility of observing this line was predicted 
by H.C. vax pe Hurst, and it was independently discovered by 
C. A. MULLER in Holland and by H. I. Ewrn and E. M. Purcetn in 
Australia. Numerous observations of the interstellar radiation in this 
line that have been made recently in Holland and the United States 
have considerably extended our knowledge of the distribution of inter- 
stellar matter. 


1. Some hasie facts. The following simple fact indieates the existence 
of matter which absorbs light in the interstellar spaces of our Galaxy. 
The number of other galaxies (extra-galactic nebulae) brighter than 
some magnitude m found in one square degree has its greatest value 
in the direction of the galaetic poles. As we approach the galaetie 
equator, this number N,, deereases, and in the directions lying in the 
zone of the Milky Way no extra-galactic nebulae at all are observed, 
as a rule. Only in some sections of the Milky Way, called “galactie 
windows’’, are a small number of other galaxies observed. Thus the zone 
of the Milky Way isa “zone of avoidance” for the extra-galactic nebulac. 
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Sinec the other galaxies are systems independent of our Galaxy, 
this diminution in the number of other galaxics as we approach the 
galactic equator must be regarded as a spurious phenomenon, caused 
by the presence of a layer of absorbing inatter near the plane of sym- 
metry of the Galaxy. We can suppose that the extent of the layer of 
“dark” absorbing matter in the direction perpendicular to the galactic 
plane is very small in comparison with its extent in directions along 
this plane, i.c. that the dark matter is concentrated about the plane 
of symmetry of the Galaxy, as are giant stars and ordinary dwarfs, 
and that it consists of plane-paralle! layers, i.c. that the density of 
the absorbing matter is a function only of the distance z from the plane 
of symmetry of the Galaxy. It is then not difficult to explain the observed 
variation in the number N,, of cxtra-galactic nebulae with galactic 
latitude. 

Under these conditions, if we denote by tr the optical thickness of 
the galactic absorbing layer for the radiation of those extra-galactic 
nebulae which lie at the galactic pole, then the light of the extra-galactic 
nebulae observed in galactic latitude 6 will pass through an optical 
thickness t cosec b, and consequently will be attenuated by a factor 
ereosee>. Tf we determine, for various galactic latitudes b, the number N,, 
of extra-galactic ncbulac down to a given apparent magnitude m, there 
will correspond to our counts at various latitudes various ecorreetcd 
liniting stellar magnitudes, 


_ . —recosecb 
My =m + 2°5 logig e 
or 


M, =m — 2-5 Mr cosec b = m— 1-09 r cosec b , (35.1) 


where .W is the modulus of natural logarithms. 


On the other hand, counts of extra-galactic nebulae down to various 
apparent magnitudes in a fixcd direction show that N,, increases with m 
approximately aceording to the law 


Nn = N, x 10°, (35.2) 


where .V, is a constant for the given region of the sky; this relation 
holds at least as far as 20". 


The relation (35.2) means that the number of extra-galactic nebulae 
Nz down to some value of the total luminosity B is inversely proportional 
to B? (by the definition of stellar magnitude, the total luminosity is 
proportional to 10~°4"). This, however, can only be regarded as an 
indication of a more or less uniform large-scale distribution of the other 
galaxies in cxtra-galactic spacc. 
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If the spatial distribution of the extra-galactie nebulae is uniform or 
nearly so, we must have for the stellar magnitudes, correeted on 
account of absorption, a distribution 


Nn = Ny xX 10°68 | (35.3) 


where .V, is a constant which is the same for the whole sky. Substituting 
the value of my from (35.1) in (35.3), we find 


Nia — No x 10 0°65 t cosecb x 1Q0-6m . (35.4) 
Comparing (35.4) and (35.2), we sce that 
Ny —_ No x 10—9'85 x cosecb . (35.5) 


Thus, if we plot on the axes of co-ordinates log,, NV, and cosce 5b, 
the relation obtained between these quantities should be a straight line, 
the slope of which should be 0-65 tr. The counts of extra-galactic nebulae, 
on being reduced in this way, therefore make it possible to determine the 
optical thickness traversed by the radiation from the extra-galactic 
nebulae observed at the pole of the Galaxy. It is evident that the value 
obtained (assuming that the Earth lics close to the plane of symmetry of 
the Galaxy) will be equal to half the total optical thickness of the whole 
absorbing layer. On multiplying t by 1-09 we have the same half-thiekness 
expressed in stellar magnitudes. 


A determination carried out by E. P. HuBBiLE has given ¢ = 0™-25 
for this half-thickness. However, an investigation by P. P. ParEnaco, 
based on a detailed analysis of counts of extra-galactic nebulae, has led 
toamorercliable value, ¢ = 0-34. The latter estimate shows, in particular, 
that at a galactic latitude b = 10° the absorption should reach two 
magnitudes, and this means that at this latitude the average number of 
extra-galactic nebulac of a given magnitude in one square degrec should 
be sixteen times less than at the poles. 

When |6| becomes less than five degrees, i.e. when the ray lies almost 
in the plane of the Galaxy, the optical thickness of the layer becomes so 
great that we sec hardly any extra-galactic nebulae in such low latitudes. 

For the plane of the Galaxy itself, this conception of the absorbing 
layer allows an interesting conclusion to be drawn concerning the 
surface brightness of the Milky Way. Assuming that, as well as the 
layers of absorbing inatter, those of radiating matter, i.e. the distribution 
of stars, are plane-parallel, we can say that the plane of symmetry of 
the Galaxy (z =0) is characterised by a constant macroscopic absorption 
coefficient « and a constant macroscopic emission coefficient 7. That ts, 
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4 27 1s the amount of energy emitted by all the stars in unit volume in 
this plane, in unit time and in all direetions. Then we have as usual for 
the intensity of a ray coming to us in the plane of the Galaxy 


I= fejar, (35.6) 
0 


where dr is an element of the path of the ray and 1 is the optical thickness 
of the absorbing layer measured from the observer to r. For t thus 
introdueed we ean write 


T=ar, (35.7) 
where « is the mean volume absorption coefficient. Putting 


jdr = (j/a) dr, (35.8) 


we have instead of (35.6) 
I = (jJa) { et dr = jJa. (35.9) 
6 


We have extended the integration in (35.9) from 0 to ce, sinee the 
optical thickness of the absorbing layer in the directions where b = 0° 
is so great that the replacement of the finite upper limit by infinity is 
unimportant. The value of 7 ean be found by adding the luminosities 
of the stars in some volume, and then dividing the sum by this volume 
and hy 4 2. For the volume coneerned we can take a sphere eentred at 
the Sun, of radius 5 parsees. If there are any faint stars inside this 
sphere whieh are still unknown to us, they cannot eause a notieeable 
error in the calculation of the sum of the luminosities. Thus 7 ean be 
reliably determined. On the other hand J, that is the mean brightness of 
the stellar component of the Milky Way, ean be determined from 
observation. We can henee find the mean value of «, which, as ealeulation 
shows, is approximately one stellar magnitude per kiloparsce. 


We notiee that, by introdueing the maeroseopie emission eoeffieient 7 
for any stellar system, we ean generally establish an important relation 
conecrning the surface brightnesses of the galaxies, which holds in eases 
where the optical thiekness of the system is small in the given direetion, 
and eannot be equated to infinity: 


l= fe (7/2) dr = P(l1—e7"s) , (35.10) 
0 


where T, is the optical thickness of the system in the direetion eoneerned. 
Here / is some mean value of j/x over the path of the ray in the system. 
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It is interesting that the central parts of the elliptical galaxies, like 
the central parts of the nuclei of the spiral galaxies, have a surface 
brightness (intensity) which in many cases exceeds by a factor of a hund- 
red the observed mean surface brightness of the Milky Way. This 
means that the ratio j/x in them is, on the average, a hundred times 
greater than it is in the part of the Galaxy containing the Sun and the 
nearest stars. In other words, in the elliptical nebulae and in the nuelci 
of the spiral nebulae, the part played by the absorbing matter is negligible 
in comparison with the extcrior parts of our Galaxy (where the Sun lies). 


As we shall see below, the distribution of absorbing matter in the 
part of the Galaxy where the Sun is, and in the exterior parts of the 
other spiral galaxies, and also in galaxies of irregular shape, is not only 
non-uniform, but cannot even be supposed continuous. Jn other words, 
the volume absorption coefficient « changes discontinuously. This means 
that the interstellar matter has a patchy, cloudy structure, and if we can 
speak of an absorbing layer in the Galaxy it is a layer of absorbing clouds. 


In the light of these considerations it is easy to understand why, in 
cases where we view a spiral ncbula “edge-on’’, i.e. when we are ourselves 
close to the principal plane of symmetry of the system, we sce that its 
bright nucleus is crossed by a dark band. The reason is that the extcrior 
parts (including the spiral arms), for which the mean value P = 7/« is 
of the same order as in the neighbourhood of the Sun, are in this case 
projected on the nucleus, which has a high surface brightness. The 
surface brightness in these parts of the projection, which is due mainly 
to the light of the exterior stars (the light of the nucleus is greatly 
attenuated, in consequence of the large optical thickness of the absorbing 
layer), should be of the same order as the surface brightness of the Milky 
Way, i.c. less than that of the nucleus by a factor of the order of ten. 
Thus, the fact that such dark bands are observed superposed on the 
bright nuclei of nebulae scen “edge-on” needs no special hypothesis 
that, say, absorbing matter is present around the galaxy in question, 
but only the assumption that the conditions in the outer parts of this 
galaxy are similar to those which exist in the exterior parts of our own 
Galaxy. For the same reason, the order of magnitude of the brightness 
of the Milky Way in the direetion of the nucleus of the Galaxy (in the 
constellation of Sagittarius) is the same as in other directions in the 
Milky Way. 

Another very important fact related to the interstellar matter in the 
Galaxy is the reddening of the light of distant stars. This phenomenon 
is duc to the fact that the coefficient of interstellar absorption always 
increases as the wavelength decreases, and this brings about a reddening 
of the stars compared with the normal colour for the spectral class 
concerned. Since the light penetrates through greater optical thicknesses 
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in traversing long segments of its path close to the plane of symmetry 
of the Galaxy, it is natural to expect the greatest reddening for stars 
observed at very great distances and at low galactic latitudes. Among 
such stars, those of elasses O and B and the long-period cepheids are 
suitable froin the point of view of the possibility of determining their 
colours. 

The colour indices of stars of classes O and B have been studied 
by J. Stesnins, C. M. Hurrer and A. E. Wuitrorp, and the colour 
indiees of a large number of long-period cepheids have been determined 
by G.S. Bapa’yan, and independently by M. A. VasHakipzE. From 
results on the colour indices of nearer stars of these types, the normal 
colour indices (C,)y (i.e. the colour indices free from the effects of ab- 
sorption), have been determined for each sub-elass from O to BO (and 
for cepheids). By subtracting these normal colour indices from the 
observed ones, the colour excesses C, were obtained: 


C, = OC; — (Cio - (35.11) 


The appearance of the colour excesses is the result of the uncqual 
absorption of photographic and visible light. If the absorption, in the 
photographic range, of the light of a given star, expressed in stellar 
magnitudes, is denoted by A,, and that in the visible range, expressed 
in the same way, by A,, then 


(35.12) 


provided that the colour indiees themselves, from which the colour 
excesses are determined, have been found by comparing the photographie 
and visual magnitudes. 

On the other hand, the absorption A, can also be expressed in terms 
of the optical thickness traversed by the star’s radiation in the photo- 
graphic wavelengths: 


A, = 1-09 t, (35.13) 


sinee both A, and t, are characteristic of the absorption. For the 
transmission of the thickness traversed is expressed in terms of these 
quantities by 


(2-512)-+» =e". (35.14) 
Similarly 
A, = 1-097r,, (35.15) 


where t, is the optical thiekness traversed by the light of the star m 
the visible frequencies. 
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Henee we can write instead of (35.12) 
C, = 1-09 (t,—1,) . (35.16) 


On the other hand, mtroducing the absorption coefficients , and , for 
the two regions of the spectrum. we can write 


r 


p—te = f (ap—%) dr (35.17) 
0 


T 


and 


t, = f xp adr, (35.18) 
0 
whence, by (35.15) and (35.16), 


C, = 1-09 f (a,—2,) dr, (35.19) 
0 

A, =109 | a, dr. (35.20) 
é 


It is very unfortunate that we do not at present have any method, 
other than statistical ones, of directly determining A,. Hence a direct 
determination of A, for individual stars is extremely difficult. For 
A, appears in the equation relating the apparent and absolute photo- 
graphic magnitudes: 


m= M+ 5logyr—i+A,. (35.21) 


and to find A, we must be able to determine independently the absolute 
magnitude and the distance. Jor instance, the expression (35.21) could 
be used in cases where the parallax has been determined trigonometrically 
and the absolute magnitude spectrosecopically. Unfortunately, however, 
the trigonometric parallaxes have not been determined at all accurately 
for distanees over 100 parsees. The absorption at smaller distances Is 
very small. Hence another possibility is widely used, namely to calculate 
A, from the colour excess, which ts obtamed, as we have said, from 
observation. 


Thus, provided that the ratio of the absorption coefficients u = a,/a%p 


in the two regions of the spectrum is constant in space, we have by (35.19) 


C, = 1-09(1—p) [ ap ar, (35.22) 
0 
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whence, on comparing with (35.20), we find 
C, = (l—p) Ay. (35.23) 


Thus, in this case, the total absorption in photographic light for each 
star would be obtained from its colour excess by multiplying by the 
same constant 


y= 1/d—pz). (35.24) 


This method is the most frequently applied at present to determine the 
total absorption of the photographic light of a given star. The questions 
of the physical conditions under which the ratio 4 can be constant, 
and whether these conditions are in fact fulfilled, are very closely connec- 
ted with the problem of the nature of the matter which absorbs light. 


As we shall point out below, the interstellar matter produces some 
absorption lines, belonging to the atoms and ions of certain elements, 
in the spectra of individual stars lying close to the galactic plane. Thus 
the presence in the composition of the interstellar matter of gaseous 
masses producing these lines is indubitable. However, the question arises 
whether matter in the gaseous state can cause both selective and general 
absorption of the whole continuous spectrum such as we observe, i.e. more 
intense in the region of short wavelengths and less so in the region of 
long wavelengths. 

To answer this question, we must decide what is the cause of the 
opacity of the interstellar gas in the continuous spectrum. As we have 
seen in the carly Parts of this book, there are three main sources of 
opacity of a gas. One of these is the bound-free transitions of the electrons, 
another is the free-free transitions, and the third is the scattering of 
light by free electrons. The first two of these, which depend in a com- 
plicated manner on the wavelength, for a given temperature, give a mass 
absorption coefficient which is proportional to the electron pressure. The 
third source gives, for the almost total ionisation which must exist in 
the interstellar gas, a mass scattering coefficient which is practically 
constant. Hence, when the total density, and therefore the electron 
pressure, decrease, the part played bv the first two sources of opacity 
diminishes markedly in comparison with that of the third source. Even 
in the solar corona, the radiation in the continuous spectruin is entirely 
due to the scattering of light by free electrons, and the bound-free and 
free-free transitions of electrons do not produce any noticeable absorption 
(with subsequent re-emission) of the Sun’s radiation by the corona m 
the visible and photographic regions of the spectrum. 

This is even more true of the interstellar gas, which must have a density 
many millions of times less than the solar corona. This means that the 
opacity of the interstellar gas in the continuous spectrum must be entirely 
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due to the scattering of light by free electrons. This scattering, however, 
is independent of the wavelength, and hence it cannot explain the 
interstellar absorption, which, as we have seen, is selective. Thus we 
can assert that the existence of the interstcllar gas cannot account. for 
the observed general absorption of starlight in the continuous spectrum. 
The question may arise whether the scattering of light by free electrons 
cannot explain at least a part of the observed attenuation of the light 
of the stars, while the remainder is due to some other very selective 
agency. In order to answer this question, let us first attempt to estimate 
the mass of gas necessary to bring about the attenuation of the light of 
the stars that is observed in photographic wavelengths, assuming that 
the attenuation is due to this scattering of light by free electrons. We 
can suppose that the mass of interstellar gas in the entire Galaxy must 
be equal to the cross-section z 2? of the Galaxy in its plane of symmetry 
(where # is the radius of the Galaxy) multiplied by the mean mass in 
a column of cross-section 1 em? perpendicular to the galactic plane, i.e. 


where the integration is over the z co-ordinate, which is measured 
perpendicular to the galactic plane. Introducing the scattering coefficient 
s referred to unit mass, we obtain 
oo 
M, == Rt} [ sodz=22 BJs, (35.25) 


—ocO 


where 1, is the optical half-thickness of the Galaxy. Here we have 
supposed s to be constant. We can take hydrogen as the principal con- 
stituent of the interstellar gas; the overwhelining majority of the 
hydrogen atoms are ionised. Hence 


§ => Ny So 3 


where sy is the scattering coefficient when there is only one free electron 
in unit volume, and ny is the number of hydrogen atoms (ions in this 
case) in one gram. Both these quantities are not only constants, but 
universal constants: 


ayy = 1fmy, sy = (82/3) (e?/me*)? — 0-7 x 10-*4 cm? . 


The quautity s can therefore be regarded as constant also. The electrons 
detached from atoms of other elements do not add much to the value 
of s thus ealculated. Thus, instead of (35.25), we can write 


M 


y= my. 24, 1 N*IJsy. (35.26) 
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Taking # = 10,000 parsees = 3 x 1077 cm and 2 7, =0-7. we obtain, 
for the mass of absorbing gas in the Galaxy, a value of the order of 
10 g, which is several times the total mass of the Galaxy itself. Hence. 
even without taking into account the observed selective attenuation of 
light, we can say that free electrons cannot be responsible for even an 
important part of the optical thickness of the absorbing layer in photo- 
graphic wavelengths. 


Thus we must completely abandon the idea that the gaseous com- 
ponent of the interstellar matter can play any noticeable part in the 
general observed phenomenon of the attenuation of the radiation of 
the stars over the whole spectrum. 


Since, however, the independent existence of liquid particles in inter- 
stellar space is ruled out, because the temperature of a solid or liquid 
particle in interstellar space, far from any star, must be extremely low 
(less than 10°K). the conclusion can only be drawn that the inter- 
stellar absorption is caused by solid particles. Here it must be borne in 
mind that the chief part in the absorption of light cannot be ascribed 
to large particles, exceeding (say) 1 mm in linear dimensions. In fact, 
just as in the hy pothesis that free electrons play a part in this phenomenon, 
the assumption that the dimensions of the particles arc so large leads to 
a very large value for the mass of absorbing mattcr in the Galaxy, which 
is inadmissible in galactic dynamics. Moreover, in this case the absorption 
would be not sclective but neutral: when the dimensions of the particles 
are many times the wavelength, their effect appears as a screening of 
the light of the stars. For in this case geometrical optics is valid, and 
particles of this kind projected on a star’s dise will cclipse separate, 
though of course very small, parts of the dise. When the number of 
particles is sufficiently large, the light of the star will be noticcably 
attenuated, and this will occur, in all wavelengths which are small 
compared with the dimensions of the particles, in the same proportion, 
namely the ratio of the part of the disc covered by the particles to the 
whole disc. In fact, however, we observe selective absorption. This can 
be caused only by particles whose lincar dimensions are small in com- 
parison with the wavelength of the light, or at most of the order of the 
wavelength of visible light. 

The physical theory of the scattering of light by such small particles 
was developed by G. Mig. It was found that not only the dimensions of 
the particles, but also their physical properties (c.g. their electrical 
conductivity), are of importance. 

If we were able to form any definite idea about the statistics of 
the dimensions and other properties of the particles of interstellar 
matter, or, as one gencrally says, of the cosmic dust, then, on the basis 
of Mrx’s theory, we could calculate the absorption coefficient as a function 
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of wavelength. However, since such an idea would be purely eonjectural, 
it 18 neeessary to determine the absorption coefficient as a funetion of 
wavelength empirically, and only then to form an idea of the eompo- 
sition of the cosmie dust by attempting to explain the observed depen- 
denee of the absorption coefficient on the wavelength. 


The determination of the absorption coefficient as a function of 
wavelength over the spectrum is in principle a simple problem. We 
have to take two stars with the same physical properties that can 
be ascertained from their spectral lines. They must not only belong 
to the same spectral sub-class, but have the same luminosity, and it 
is therefore necessary that the actual form of the spectral lines (their 
width) should be the same. When stars similar in their physical properties 
have been carefully selected in this way, we may expect that not only 
are their colour temperatures the same, but the energy distribution in 
the continuous spectrum is also exactly the same. If one of these stars 
is distant and its light undergoes considerable absorption, the difference 
in the apparent relative energy distribution in their speetra may be 
regarded as being due entirely to the selective interstellar absorption. 

Let J,(4) be the relative energy distribution in the speetrum of 
the near star (free from absorption), and J, (A) the observed distribution 
in the spectrum of the more distant star. If there were no absorption, 


we should have 
I,(4) =CI,(A), (35.27) 


where C is a constant depending on the ratio of the distances of the 
stars concerned. However, since the light has undergone absorption in 
the second case, we have, instead of (35.27), 


I,(4) = Ce-"a I,(A), (35.28) 


where tT, is the optical thickness of the path traversed by the light in 
wavelength 4. From (35.28) we have 


1, = — log, [1,(A)/Ip(A)] + log, C. (35.29) 
For t;, however, we have 
™m= [x dr = . | a, dr = . Ta, » (35.30) 
Al A, 
0 0 


where /, is some chosen wavelength, and it is assumed that the ratio 
a,/%,, is constant, i. c. independent of distanec. Introducing (35.30) in 
(35.29), we find 


7 l » ACA) l 
ta, ~ T), loge Ig (A) + T,, loge C'. 
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Since the constant C is usually undetermined, we can say that the 
ratio «(A)/a(A,) is determined from observation apart from an additive 
constant. 

The use of observational data has shown that, in the majority of 
cases, #(A)/a(4,), and therefore « (A) itself, is a linear function of 271, i. ¢. 


a(A) =e, A ' +o, (35.31) 


where c, is, so to speak, the neutral component of the absorption curve. 
MIE’s theory Ieads to the conclusion that such a dependence of the 
absorption coefficient on the wavelength in the photographie part of 
the spectrum is given by metallic particles (the calculations were made 
for iron and nickel) with diameters of the order of 1075 ei, i.e. less 
than the wavelength. It is clear that the interstellar dust is composed 
of particles of very different diameters. The statisties of these diameters 
ought to be investigated more fully, but the result obtained shows 
that diameters of the order of 10-5 em are the most effeetive in inter- 
stellar absorption. 

It may be mentioned that some authors have attempted, starting 
from the assuinption that «(A) has the general form 


a(A) =c,A7-* +e,, (35.32) 


to determine the value of & which best agrees with the speetrophoto- 
metrie results. However, the values of & thus determined do not deviate 
greatly from unity. O. A. MEeL’xixov has shown that it 1s better to 
take k as varying with the wavelength, since the same partieles give 
various exponents & for different wavelength ranges. Thus, when the 
wavelength is several times less than the diaineter, each partiele absorbs 
neutrally, ic. & = 0. Further investigations are necessary to derive 
the variation of k with the wavelength range. Only the establishment 
of the change of k with wavelength makes it possible to draw some 
preliminary conclusions on the statistics of the dimensions of the eosmie 
dust particles. 

At present, formula (35.31) is generally used in practice. However, 
the value of the constant c, (or, more preciscly, of the ratio c,/¢,) cannot 
be determined from spectrophotometrie observations alone. To deter- 
mine it, we inust have at the same time data on the total photographie 
absorption A, and the selective absorption C, in some direction. Iixtra- 
galactic nebulae can be used for this purpose. We have seen how the 
counts of these nebulae give the optieal half-thickness of the whole 
galactic absorbing layer in the direetion perpendicular to the galactie 
plane. However, direct observations of the colours of extra-galactic 
objects (or of galactic objects lying outside the absorbing layer) can 
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give us the “selective” optical half-thickness of the absorbing layer, 
i.e. the difference t,, — t,. Such a determination of the selective half- 
thickness has been made, for example, by the Soviet astronomer 
N.F. fLorya, using the colour indices of globular clusters found by 
STEBBINS and WiiTFoRD. It is evident that we can obtain c,/ce, from the 
ratio of the selective half-thickness to the half-thickness in one of 
the wavelengths used : 

Ta (Ah A) Ah ay 

7, “eA teg AT! + egfey * 


It has been found that the observations are in accordance with the 
assumption that c, can be neglected, so that, within the limits of accuracy 
involved, they can be satisfied by the formula 


a(A) =c, 47). (35.33) 

Conversely, if we assume (35.33), it is possible to find, for any system 

of colour indices based on two given effective wavelengths, the factor y 

whereby the directly observed colour excesses can be transformed 

into the values of the total absorption, in the photographic region, as 
far as the object concerned: 


This has made it possible to use the comprehensive existing data on 
the photoelectric and photographic colour indices in order to ascertam 
the nature of the distribution of the absorbing matter in the Galaxy. 


From a study of these data, P. P. PARENaGo has shown that previous 
estimates of the mean absorption coefficient in the galactic plane were 
too low. since the authors who made them uscd stars with galactic 
latitudes which, though small, were not zero, and they did not take 
into account the decrease in the absorption coefficient as we move 
away from the galactic plane. Having established that the “equivalent” 
linear half-thickness of the galactic absorbing layer is f = 100 parsces, 
and taking as an interpolation formula an exponential law of variation 
of the density of the layer with altitude, we find that, if a, is the (photo- 
graphic) absorption coefficient in the plane of the equator, and r and 5 
are the distance of the object and its galactic latitude, then the total 
photographic absorption of the light of this object is 


A(r,b) = (ay B/sin b) (1 — e788 8/8) , (35.34) 


and only in the particular case of an object for which b = 0 exactly 
do we have 
A=agr. (35.35) 
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Hence the authors who have applied formula (35.35) directly to objcets 
in latitude 6 have found, not the coefficient ay, but the quantity 


(ao Bir sin b) (1 — ea rsinb!By 


which is close to ay only if r sin b < fp. 


The correct statement of the problem has led to mean values of ag 
for various directions as follows: 


ay = 3™- 4 per kiloparsee (PAREN AGO), 


= 2™- 4 per kiloparsee (FLoRYA). 


We note that N. F. Frorya takes 6 = 130 parsces. 


Thus a considerable divergence is found from the value of ay obtained 
from formula (35.9). Since the latter formula assumed that j/a is every- 
where the same as in the neighbourhood of the Sun, the discrepancy is 
to be explained, at least in part, by the fact that 7/a at large distances 
from the Sun (thousands of parsees or more) is, in some regions of 
space, large compared with its value near the Sun (the latter is in a 
region of the Galaxy lying between the spiral arms, where stars are rare). 


In conclusion, we must particularly emphasise the result which 
has been reached by all investigators of the absorption in interstellar 
spaec, namely that the absorbing matter is distributed extremely 
irregularly, and the absorption coefficients obtained for different diree- 
tions are themselves different. 


2. Diffuse nebulae. We have already reinarked above that the value 
of the absorption coefficient, even in the galactic plane itself, varies 
considerably from one direction to another, amounting to four stellar 
magnitudes per kiloparsee in some directions. The impression obtained 
from this of the extreme irregularity of the spatial distribution of the 
absorbing matter is reinforeed by the facts relating to dark nebulac. 


It is well known that there are eertain regions where dark arcas 
are secn against the bright baekground of the Milky Way. Such, for 
example, are the dark nebula around @ Ophiuchi, the Coal Sack in the 
southern sky, and many other objects. Similar regions, which are 
sometimes very small in diameter (less than a degree), are found, for 
example, in Cassiopeia and m Cygnus. Star counts on photographs 
show an extreme paucity of stars in these regions, and especially of 
faint stars. Since it is unlikely that this paucity of stars is due to an 
anomalously low density of stars within the cone formed by the 
lines joining the observer to the boundaries of this region, because 
this would mean assuming the existence of empty tunnels, almost 
devoid of stars and sometimes very narrow, in the stellar system, we 
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must draw the only possible conclusion, that there is absorbing matter 
near the cbscrver in the direetion concerned, whieh strongly attenuates 
the light of distant stars. The absorption, i.e. the optical thickness, 
of such dark nebulae, and their distance froin us, ean be approximately 
estimated. In some eases the optical thickness amounts to two or three 
stellar magnitudes. In order that a large dark nebula should be fairly 
distinetly seen against the background of the Milky Way, its distanec 
must be not more than four hundred parsecs. At greater distances the 
number of stars which are nearer, and whose light is unaffected by 
the nebula, is so large that we cannot speak of an exceptional paucity 
of stars observed in the region of the nebula. 


The cross-sectional diameters of dark nebulae can be estimated 
from their distanees and angular diinensions; they are fouud to be of 
the order of ten parsees. There are, in faet, more dark nebulae with 
smaller cross-sectional dimensions, but they are less notieeable. It is 
elear also that the lincar extent in depth is usually of the same order 
as the cross-sectional dimensions, since there is no reason to suppose 
that all the dark nebulae are elongated in the dircetion of the line of sight. 


The dark nebulae are similar to the ‘globules’, which are dark 
regions of the sky with angular diameters of the order of a minute or 
less, and are mostly found against the background of bright diffuse 
nebulae. 

Apart from the globules, whose nature is as yet by no means clear, 
it must be supposed that the dark nebulae, like all the absorbing matter 
in the Galaxy, consist of solid particles of cosmic dust. Since observation 
reveals some seleetivity in their absorbing properties, we must conelude 
that the diameters of these particles do not execed the wavelength 
in the majority of cases. Using more or less plausible hypotheses con- 
cerning the density of these particles, we find a mass of the order of 
50 Mz for the largest of the dark nebulac. The dark nebulae of smaller 
dimensions have masses not execeding 10 Mp5. 

The shape of the regions screened by the dark nebulae is usually 
quite irregular. Moreover, the boundaries of these regions are fairly 
indefinite. These facts indicate that the dark nebulae themselves usually 
have irregular diffuse shapes. This links them to the bright diffuse 
nebulae having a continuous spectrum, the investigation of which has 
shown that they also are clouds of cosmic dust, like the dark nebulac, 
the only difference being that they are illuminated by stars of high 
huninosity. 

It is well known that the bright diffuse nebulae which we observe 
are divided into two groups. Some of them have speetra eomposed of 
bright lines of various light clements (uebulae with emission spectra) 
whilst the others (reflecting nebulae) cxhibit continuous spectra with ab- 
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sorption lines, identical with those of stars of one of the familiar spectral 
types. The question has naturally arisen of the source of the radiation 
of cach type of diffuse nebula. 


In the spectra of diffuse nebulae with emission, the same lines are 
found as in the spectra of the planetary nebulae. The chief difference 
lies in the fact that, in the latter spectra, the N, and N, lines of O JIL 
are dominant, being much more intense than the adjacent Hg line. In 
the spectra of the diffuse nebulac with emission, however, they are not 
brighter than Hg. The ratio of brightnesses of the lines of O LIT and 
OIL is also much less than in the case of the planetary nebulae. This, 
together with the absence of lines of ionised helium in the spectra of 
the diffuse nebulae, shows that the difference between the two cases 
lies only in the degree of excitation and ionisation of the atoms, which 
is less for the diffusc nebulae. On the other hand, the features of similarity 
in the spectra indicate that the mechanisin of excitation of the spectra 
is the same in each ease, i. ec. in the case of the diffuse nebulae also the 
spectra are excited by the ultra-violet radiation of a hot star. EK. P. Hubner 
has shown that in fact, close to almost every diffuse nebula with emission, 
a giant star of class O or B 0 can be found, or else a group of such giants, 
which can be regarded as exciting the radiation in accordance with the 
mechanism of which the theory has been explained in detail] in Part IV, 
in connection with the planetary nebulae. An attempt to determine 
the temperatures of these giants by ZANSTRA’s method, on the assumption 
that they are in fact the source of the luminosity of the corresponding 
diffuse nebulae, has led to estimates which agree well with present- 
day views on the temperatures of stars of classes O and B0 (30,000° to 
25,000°), as obtained by other methods. Thus each diffuse nebula with 
emission is illuminated by a hot star or by a group of hot stars which 
cause it to radiate. There are only a few exceptions to this statement. 


In the case of diffuse nebulae having a continuous spectrum, there 
may always be found, near the nebula, a supergiant of spectral type 
later than B 0, whose spectrum is similar to that of the nebula (if the 
latter is known). In this case it can be assumed that the nebula, which 
consists of solid particles, reflects the light from this supergiant, or, 
more precisely, scatters it. 


HuBBLE has shown that, if we determine, for cach diffuse nebula, 
the greatest distance a from the illuminating star (i. e. from the super- 
giant mentioned above) to points of the nebula having some previously 
fixed standard surface brightness. it is found empirically that a is 
related to the apparent magnitude m of the illuminating star by 


m + 5 log, a = constant. (35.36) 
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If we construct a graph of m against log,, a, the points corresponding 
to the individual nebulae are concentrated around the straight line 
(35.36) with only a small dispersion. On the other hand, it can be shown 
that the relation (35.36) follows immediately from the hypothesis that 
the diffuse nebulae are illuminated by stars. Thus, Ict us denote by b 
the light from the star which reaches the Earth. Here we refer to the 
illumination of areas perpendicular to the star’s rays. The illumination 
of a dust nebula whose particles lie in some plane perpendicular to 
the direction of the star’s rays is 


brjA*, 


where r and A are respectively the distances from the star to the Earth 
and to the point in the nebula considered. If the reflecting power of 
the nebula is constant (for example, if it reflects practically all the light 
from the star), the observed surface brightness is proportional to the 
illumination, i. e. b r?/A*. Morcover, as is well known, it is independent 
of the distance between the nebula and the observer (neglecting ab- 
sorption). 

Consequently, if we select points, in various nebulac, which correspond 
to some standard surface brightness, the distance A at these points 
satisfies the equation 


A? = Chr? , (35.37) 


where C is a constant. On the other hand, we have for the angular 
distance a from the star to the point considered in the nebula 


a = (A/r) cos 0 , (35.38) 


where 0 is the angle made by the radius vector drawn from the star to 
the point in question with the tangent plane to the sky. From (35.37) 
and (35.38) we obtain 


a® = Cbcos*0, 


or, taking logarithins, 
2 logy, 4 — logy) 6 = logy) C + 2 log), cos 0. 
Multiplying by 2-5 and taking into account the relation 
— 25 log,,b =m+C", 
where m is the apparent magnitude of the star, we find 


5 log,, a + m — 5 log,, cos 0 = constant. (35.39) 
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The angle 6 is usually unknown, and the relation (35.39) cannot 
be exactly tested. However, replacing log,, cos 9 by its mean value, 
we obtain equation (35.36), which is in good agreement with observation. 
The slight dispersion of the points, on the graph of m against log) a, 
about the straight line (35.36) is due, firstly, to the fact that log,, cos 0 
differs from its mean value in different nebulae and, secondly, to the 
fact that different nebulae have different albedos. 


The approximate fulfilment of equation (35.36) not only confirms 
the hypothesis that the radiation of the diffuse nebulae with a continuous 
spectrum is the result of the scattering by the nebulae of the light of 
the illuminating stars, but also shows that the illuminating supergiant 
stars have, in the majority of cases, been correctly identified by astro- 
nomers. This is reasonable, since the number of supergiants in the 
Galaxy is relatively small, and the identity of the spectral types of 
star and nebula is a criterion which makes improbable any error in the 
identification of the illuminating stars. 


The proved fact that in this case we are concerned with the scattering 
of the light of the star by a dust nebula indicates that the physical 
state of the matter in the dark nebulae is the same as in the bright 
diffuse nebulae with a continuous spectrum. 


It is interesting that the relation (35.36) is fulfilled, not only for 
diffuse nebulae with a continuous spectrum, but also for emission 
nebulae. This fact is somewhat unexpected, since in this case we do 
not have simple reflection, but, as was said above, a process similar to 
that which occurs in the planetary nebulae. The fulfilment of the relation 
(35.36) for the emission nebulae indicates that, from unit surface of 
the nebula, an amount of energy is emitted in all the emission lines 
together which is proportional to the amount of energy meident on 
this unit surface in the usual photographic part of the spectrum. We 
know, however, that the amount of energy emitted in the spectral lines 
by unit surface of a nebula depends on the amount of radiation from 
the star, beyond the limit of the Lyman series, that is incident on 1 em* 
of the surface of the nebula. 

Hence the fulfilment of the relation (35.36) indicates that the ratio 
of the amount of energy incident on 1 cm? of the nebula in photographic 
wavelengths to the amount of cnergy incident on the same area in 
the far ultra-violet region of the spectrum is approximately constant 
from one nebula to another. This, however, meaus that the surface 
temperatures of the illuminating stars are the same. We know that 
the stars which illuminate the diffuse nebulae having an emission 
spectrum do in fact belong to a very narrow range of the spectral se- 
quenee. namcly the classes O and BO with absorption lines. As a rule, 
no diffuse nebulae are found which are illuminated by Wolf-Rayet 
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tvpe stars. Thus the tempcratures of the stars which illuminate the 
diffuse nebulae having an emission spectrum lie in the interval from 
20,000° to 30,000°. It is by chance that the constant on the right-hand 
side of equation (35.36) is approximately the same for reflecting and 
emission nebulae. These constants would be different if the temperatures 
of the stars which cause the radiation of the emission nebulae were 
different. 

The distances of the nebulac from the stars which illuminate them 
is often several parsees. The question arises whether there is a genetic 
relation between the diffuse nebulae and the illuminating stars, or 
whether their association is purely casual. In other words, do the star 
and the nebula have a common origin and motion, or have they ap- 
proached by chance and come close together at the present time, only 
to separate again? Husnue himself, on comparing the radial velocities 
of several nebulae and the stars illuminating them, noticed discrepancies 
between them, and hence concluded that their relation is purely tempor- 
ary. HuBBLF’s conclusion, however, was based on the radial velocities 
of only five stars, and needed to be carefully tested. This has becn 
earried out by Su. G. GorDELADZE and V. A. AMBARTSUMYAN in the 
following manner. 

If the nebulae meet their illuminating stars only by chance, the num- 
ber of nebulae illuminated at any time by the stars of some spectral 
class should be proportional to the probability that a nebula is within 
the volume illuminated by one or other of the stars of the spectral type 
in question. This is due to the obvious circumstance that each star 
having a given luminosity can produce an illumination exceeding some 
limiting value only if the object illuminated is within some spherical 
volume. If, in addition, the reflecting power is given, we can draw 
round each star a sphere such that, if the nebula is within the sphere, 
it will have a surface brightness cxeeeding some definite value. Here 
we can take as the minimum surface brightness the valuc detected by 
astronomical instruments of a given focal ratio (say 1:5) for a given 
exposure (say one hour) and a given plate sensitivity. The radius of 
this sphere is proportional to the square root of the star’s luminosity, i.e. 


logo a = C —_ 0-2 M : 
where J is the absolute magnitude of the star. The volume of the sphere 
is proportional to the cube of the radius, i.e. 


logig V =C,—0-6 0. (35.40) 


Thus. for exainple, calculation shows that, for the above conditions of 
observation, stars of absolute magnitude J = 0 illuminate about 1 cubic 
parsec around them, while those of absolute magnitude WM = —5 
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illuminate about 1000 cubic parsees. Outside these volumes, the nebula 
would not be accessible to instruments of the given focal ratio with an 
hour's exposure, since its surface brightness would be too small. 

It is evident also that the fraction of the total volume illuminated 
by all the stars of some spectral type is xn 7, where P is the mean volume 
illuminated by a star of that type and » is the number of stars of that 
type per unit volume. Here the mean volume PV can be obtained by 
averaging, over all values of the absolute magnitude J, the volume FV (12) 
calculated from formula (35.40): 


V= fg venyam] f suhay, (35.41) 


where ¢(./) is the luminosity function for a given spectral type, which 
shows the fraction of stars of the type in question which have absolute 
magnitudes between .Z — } and JM + 4. Thus the probability that a 
nebula is illuminated by a star of the given spectral type can be calculated 
from data of stellar statistics only. [If the relation between the nebulae 
and the stars illuminating them is in fact one of chance, the number of 
observed nebulae illuminated by stars of some type should be proportional 
to nV. Table 35 gives, for each spectral type, the number N of observed 
nebulae illuminated by stars of that type, according to HUBBLE, and the 
fraction nV of galactic space illuminated by stars of the same type, 
as caleulated from formula (35.41) and from the data of stcllar statistics 
concerning the ]uminosity functions and the frequency of oecurrence of 
the various types of stars. We see that the hypothesis of a chance relation 
excellently explains the predominance, among the reflecting nebulae, of 
those associated with stars of types B I to B 9, and is generally in good 
agreement with observation. 








Table 35 
Spectral class N nV Pp 
O 11 0-2x10-4 0-2x 10-4 
BO 7 0-6 0-2 
B1-B9 54+ 2-9 2-2 
A 5 0:8 0-6 
F 2 0-25 0-5 
G 1 0-18 0:1 
K 2 0-25 0-4 
M 0 0-02 0-05 


We note that, instead of using the luminosity functions for the 
various spectral types in accordance with (35.41), the results for which 
are still insufficiently reliable, the same quantities n 7? can be obtained 
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as follows. In our calculations, we have not taken into account the 
change in the numbers n as we inoye away from the Sun along the 
galactic plane. Hence we can bring the constant » under the integral sign 
in the formula 


co 


p=n f Vo: 10-9 6 (Ml) da, 


—cO 


€ 


which, by (35.40) and (35.41), gives the fraction of a unit volume which 
is illuminated by stars of a given type. Here V, is the volume illuminated 
by a star of absolute magnitude zero. Thus 


p=V, { nd(M)-10-° aa. (35.42) 


—-oO 


On the other hand, according to the fundamental integral equation of 
stellar statistics, we have for the number of stars of apparent magnitude 
m in any direction in the galactic plane 


oo 


A(m) =o [ ng(M)rdr. (35.43) 
0 


Expressing r by means of 
5 log,yyr —5 =m— IM, 


we can rewrite (35.43) in the form 


oo 


sy / n+ 1Q06m—3N) +3 d(A) dar . (35.44) 


—oOO 


A(m) = 


The absorption of light in interstellar space has not been taken into 
account in formulae (35.43) and (35.44). However, if we restrict ourselves 
to stars above the fifth magnitude, i.e. to the nearest stars, this is quite 
permissible. Then, comparing (35.44) and (35.42), we find that 


A(m) = (w/5.M) 108" +3 p, 


from which the values of p ean be calculated, using the values of A (m) 
for various spectral types with any m. Thus we are enabled to obtain 
these values directly from observation. The values of p thus found 
are given in the last column of Table 35. 

As we see, the relative values of p in this ease also correspond to the 
relative values of the observed numbers of diffuse nebulae. Thus the 
statistics of the spectra of the illuminating stars is in good agreement with 
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the hypothesis of casual connection. We notice that, for the types O and 
B 0, where we arc concerned with gascous nebulae, despite the presence 
of some deviations the same agreement with observation is obtained. 
However, as we shall see below, the problem of the gaseous nebulae 
is more complex than appears at first sight. Hence we shal] at present 
draw some conclusions regarding only the dust nebulae. 


The most important result which follows from the confirmation of the 
hypothesis of casual connection is that, besides the dust nebulae 
illuminated by stars. there must also exist in the stellar system a very 
great number of nebulae which are not illuminated. 

In fact, the numbers p denote the fractions of any volume of galactic 
space which are illuminated by stars of a given spectral class, The sum of 
all the p, however, not only is not equal to unity, but is only of the order 
of 1/2000. In other words, the stars of all the spectral classes together 
illuminate only one two-thousandth part of interstellar space. It then 
follows, froin our conclusion regarding the casual connection between the 
dust nebulac and the stars illuminating them, that the total number of 
nebulae must be approximately two thousand times the number of 
illuminated nebulae. Consequently, only a few representatives of the 
dust nebulae are iuminated by stars. 

On the other hand, just as, among the illuminated diffuse nebulae, 
there are objects of various sizes and brightnesses, among the nebulae 
that are not illuminated there are objects of various diameters and 
optical thicknesses. 

Those which are not far from us and have particularly large optical 
thicknesses will attenuate the light of the stars lying behind thein. and 
produce regions of the sky in which there are few stars. We observe them 
as “dark” nebulae. Thus we see that both the bright and the dark 
nebulae are particular cases of a very numerous class of diffuse nebulae. 


If we take into account the fact that, with instruments of focal ratio 
1:5 and exposures of one hour, upwards of a hundred illuminated 
diffuse nebulae can be photographed with present-day plates, and that 
the great majority of these are at distances from us of less than 1500 
parsees and lie within a galactie layer of thickness 200 parsecs, we must 
suppose that upwards of two hundred thousand unilluminated nebulae ac- 
tually lie in this volume (since 2 p = 1/2000). Assuming that the radius of 
each nebula is of the order of three parsces, we can calculate the number 
of such nebulae which intercept a ray in the galactic plane over a distance 
of 1000 parsees. We obtain a number of the order of four nebulae per 
kiloparsec of light path. Since these nebulae (or clouds, as we shall now 
call them) must have a certain absorbing (or scattering) power, as is 
shown, in particular, by the considerable albedo which they exhibit when 
illuminated, we must suppose that cach of these clouds brings about 
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a noticeable attenuation of the light of the stars lying behind it, i.c. has 
a considerable optical thickness. If we further assume that this thickness, 
expressed in stellar magnitudes, is about O™- 3, it is found that the 
non-illuminated clouds together should bring about an absorption of 
more than 1™ per kiloparsec. Thus we can draw the conclusion that the 
general and selective absorption of which we spoke in the last section 
is, if not entirely, at least in part the total effect of the absorbing clouds 
whose. existence has been established above. We shall discuss below the 
consequences of assuming that the absorbing layer consists entirely of 
an assembly of separate clouds. The case where part of the absorption 
is due to a continuous medium can be reduced to this, since we can 
suppose that the continuous medium has the same effect as an infinite 
(or very large) number of clouds, each of infinitely small (or very small) 
optical thickness. 

The discrete structure of the absorbing layer causes certain deviations 
from uniformity in the apparent distribution of stars and of extra-galactie 
nebulae. We shall begin by considering the irregularities in the distri- 
bution of extra-galactic nebulae. 


3. Fluctuations in the numbers of extra-galactic nebulae. We have 
seen above that, if we assume the absorbing matter to be distributed in 
the Galaxy in continuous plane-parallel layers parallel to the plane of the 
galactic equator, the number of extra-galactic nebulae down to some 
apparent magnitude m in one square degree is a function only of galactic 
latitude. Thus in these conditions V,, should not vary for a given 
galactic latitude. However, if the absorbing layer consists of separate 
clouds, the number of clouds intersected by rays from two neighbouring 
directions, even with the same galactic latitude, will in general be different. 
Hencc the absorption in these two directions will be different, and con- 
sequently V,, will be different also. 

As before, we shall start from the supposition that. if there were no 
absorption in the Galaxy, ,, would be the sainc in all directions, namely 


Ny = Ny: 10°°™, (35.45) 


where m, is the apparent magnitude that would be observed in the 
absenee of absorption. Let us consider rays reaching us from extra- 
galactic nebulae lying in some direction at galaetic latitude 6. After 
entering the Galaxy, they traverse a serics of absorbing clouds, as a result 
of which their intensity is diminished by a factor Q. It is evident that 


Q=e-, (35.46) 


where t is the total optieal thickness of all the clouds intersected by the 
ray. Then the nebulae which would have anapparent magnitude my if there 
38* 
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were no absorption in the Galaxy will be observed with an apparent 
magnitude 


m = mM, — 2-5 logig Q - (35.47) 
Substituting the expression for m, from (35.47) in (35.45), we find 
Nin = Ny: 10°" G3? . (35.48) 


The quantity Q is a random variable. We can study the statistical 
law of distribution of various values of NV, at a given galactic latitude, 
using the observed values of N,, in various directions. Hence it is con- 
venient to form an idea of the properties which this distribution should 
have as a function of the statistical parameters characterising the 
absorbing clouds. 


Let us rewrite (35.48) by introducing the value of Q from (35.46). 
We then have 


Ny, = Ny + 1098" e352 (35.49) 
Thus the law of distribution of ,, depends on that of 1, i.e. on the 
total optical thickness traversed by the ray. The optica] thickness t 
traversed by the ray is composed of the optical thicknesses traversed 
by it in the separate clouds: 


t=2XG,, (35.50) 


where both the number of terms in the sum and the optical thickness 
traversed by the ray in each cloud, i.e. the value of each o;, are random 
quantities. This is due to the fact that the clouds may differ among 
themselves; moreover, the ray may intersect a cloud along lines corre- 
sponding to various values of the optical thickness. 


Let F(a) be the probability that a cloud intersected by the ray has 
an optical thickness less than o along the line of intersection. We suppose 
that the function F(o) is independent of the distance from the galactic 
plane. 

We have to find the law of distribution of 1 (the optical thickness 
of the whole layer of clouds in a given latitude, from the observer to 
the outer boundary of the layer). However, in order to solve this problem. 
we shall take at first only the part of the cloud layer up to an altitude z 
from the galactic plane, and then inercase z. We denote by ¢ the optical 
thickness of this layer in the direction of latitude 6, and desire to find 
the distribution function of ¢, i.c. the probability J(¢) that the optical 
thickness traversed by the ray in this layer is less than ¢. 
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Jet us add to the layer of elouds some linear increment of thickness 
dz. Then the path traversed by a ray in this layer is inereased by the 
segment dz cosec b. Here two cases are possible: cither a cloud is 
encountered in this segment, or it is not. The probability of finding a eloud 
is proportional to the length dz cosece b of the segment, and is k dz cosee b, 
where & is the mean number of clouds intersected in unit path of the 

ray at the given altitude z. The probability of not finding a cloud is 
1 —kdzcosec b. The distribution funetions ¢(t) before and after the 
increment will differ by their parameters z and z + dz. Then, by the 
theorems of composition and multiplication of probabilities, we have 


$:saz(t) = (1—k dz cosee b) ¢,(t) +k dzeoseel f ,(t—o) AF (a). (35.51) 


Transferring ¢, (t) to the left-hand side and dividing by k dz cosee b, we 
obtain the differential equation 


t 
sin b if = — ¢,(t) + / $; (t—a) dF (a) . (35.52) 
i) 
We introduce instead of z the independent variable 
= f[kaz. (35.53) 
0 


Then equation (35.52) can be rewritten in the form 


t 
sin b ‘fe =— ¢,(t) + / g,(t—a) dF (a) . (35.54) 
G 


From this equation it is easy to obtain the expeetations of various 
powers of t. However, in order to proceed with the problem of the 
fluctuations of the numbers of extra-galactie nebulae, we do not need 
these expectations, but those of various powers of e—3*. To calculate 


these, we multiply equation (35.54) by e7“and integrate from 0 to oo. 
Then 
co 
sin bi w fe "A () dt = 
U 


co oo t 
__ / ett dy (t) dt + / ew lt dt / dy (t—oa) dF’ (a) . 
0 0 


0 
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By changing the order of integration we obtain, after a slight trans- 
formation of the second term on the right-hand side, 


Os 


sin b ‘ / e~" g(t) dt = 


0 
—| e—"* g(t) aut f ele aP(a) | $.(2) e dx, (35.55) 
0 U 0 
But 
[etna — jp etain + pf etagin = ble, 
10) 0 0 


since $(0) =0 and ¢(co) = 1. Hence we obtain from (35.55), on 
multiplying by J, 


sin b(d[e—""]/dv) = — [e7""] + [e7!?] [e-"] . (35.56) 


Here, and in future, we denote the expectations of quantitics by placing 
square brackets round them. The quantity 


qze"? (35.57) 
is the transparency of one cloud. Hence 
fe" ] = [7] 


denotes the mean value of the /th power of the transparency of one cloud 
when it is randomly oriented with respect to the ray traversing it. We 
also put 


[e—"] = g,(l) . (35.58) 
Then equation (35.56) can be rewritten in the form 
sin b dg, (l)/dv = —g, + [7] 9, - (35.59) 
Integration of this equation gives 
gy(l) — Cem e tat Disind (35.60) 
Since. for v = 0, ic. 2 = 0, 9g, (1) = 1, we have C = 1. Hence 


gy(l) = EWP Ee isin (35.61) 
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In particular, we can apply this formula to the limiting value of v 
when z increases and we have the entire layer of clouds. We denote this 
value of v by uy. Then we have for the expectation of e—" 


Jy, (1) = ela! Disind (35.62) 
This result can now be used to calculate the expectations of various 
p 
powers of N,,. According to (35.49) we have 
[Vn *] _— No « 1906 kaw [e—3er/?] _ No » 1006 em Iu, (3 k/2) . (35.63) 
Hence, from (35.62), 
[NV] _ No . 1996 km evel 1g */? jy/sinb . (35.64) 
In particular, we have for the mean value of N,, 
Nn] _ Ny - 19% evel (93! )y/sinb , (35.65) 
and for the mean square deviation 


(Nn _ LV,,])2] _ NY? . 10)? m {ev 19? sind __ e201 —I99/*)y/sinb } . 


(35.66) 


Tn calculations of this type the relative value of the mean square deviation, 
i.e. 


3/2 2 


[Np — 2]? = evel F sind 1 (35.67) 


is of greatest interest. 

Formula (35.65) shows that the relation between the observed valucs 
of logy, [V,,] and cosce b should be linear. After finding this relation 
from obscrvational data, we can determine the slope of the line represcnt- 
ing it, i.c. the numcrical value of 


fy = v% fl — 9"). (35.68) 


Having found from observation the mean square deviation from the 
mean over various galactic latitudes, we can also determine, from (35.67), 
the numcrical value of 


fy = Vp [(I1—q*”)?] . (35.69) 


However, in the two cquations (35.68) and (35.69) three quantitics 
appear which charactcrise the assembly of absorbing clouds and are 
to be determined. These are v9, [1 —q?”] and [(] — q*”)?]. It is evident 
that we cannot determine tliem al] at once. If we assumc, however, that 


600 Chapter 35. The dust component of interstellar matter 


the values of qg, for instance, have only a smal] dispersion, i.e. that all 
the values of the transparency q are equal to the saine value qo, 
we find that the third of these quantities is equal to the square of the 
second, and so all three are determined. Let us find gy and v. In other 
words, let us determine q, from the relation 


folfy = [A —@”)7/ 1 — 87] = 1— 9,3". (35.70) 


Now the inean value of a square is always greater than the square 
of the mean value. Hence 


1— qi" = (I —9*)P fl — 9?) > lL] 
or 


(q?/7] >. qy°” . 


Thus the g,°? determined above, which can be calculated directly from 
observational data, is less than the mean value of q*”. , 


Although, as we see, the g, calculated according to (35.70) is not 
exactly equal to [q] or to ({q°/*})*%, it nevertheless gives some idea of 
the value about whieh the actual values of g are eoncentrated. If we 
use, to find [NV] and [N?], the eounts made by E. P. HusBLE and 
H. SwHaprey, a value of the order of 0-8 is obtained for qg, i.e. each 
cloud transmits 80 °% of the light incident on it. Thus the attenuation 
of the starlight caused by an average individual cloud is usually small, 
and therefore, instead of noticing the effeet of each cloud separately, 
we observe the total effect due to all the clouds, in the form of an 
absorption which increases with distance. Only if ¢g deviated considerably 
from g) towards smaller values, reaching values of 0-2 or 0-3, should 
we observe the absorbing clouds in the form of individual dark nebulae. 


We note that, if part of the absorbing matter is distributed in the 
form of a continuous medium, or consists of a large number of clouds 
of very small optieal thickness, the probability is high that q. and 
eonsequently q?/?, will be close to unity. To explain the observed value 
of /,/f,, it is then necessary to assume that the mean absorption in the 
remaining clouds is eonsiderably greater than when the presenec of such 
a eontinuous medium is not assumed in explaining this value of f,/f,. 


The theory developed in this chapter takes no account of the natural 
fluetuations in the numbers of galaxies. If this is allowed for, there will 
be some decrease in the effective value of [q]. The ‘‘clustering” tendency 
of the galaxies may have a still greater cffeet. Since 1952 there has 
appeared a series of papers by C. D. SHANE, J. NEYMAN and E, L. Scorr, 
who consider a model of the spatial distribution of galaxies based on 
the hypothesis that all galaxies belong to one of a number of clusters 
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(113]. Recent results eoncerning the distribution of galaxies indicate that 
the clustering tendency has a very great effect. In this case, a considerable 
part of the apparent fluctuations must arise from this tendency, and 
the value of [g] must be still smaller. 


On the other hand, T. A. AGEKyAN [1] has shown that, starting 
from the hypothesis that the observed fluctuations are entirely due to 
variations in the galactic absorption, and treating the existing data 
more carefully, we find that the value of [g] must be increased. It 
would be desirable to re-examine the existing observational data on the 
basis of a theory which takes account of both factors at the same 
time. 


4. The polarisation of starlight. One of the most interesting astrono- 
mical discoverics in recent years has been that of the polarisation of 
the light from remote stars, made by W. A. Hittyer, by J. S. Hatt, 
and by V. A. Domprovskil. The observations show that the stars in 
any particular small area of the sky usually have nearly the same plane 
of polarisation. A study of this phenomenon has led to the conclusion 
that it is due to the fact that the cause of the polarisation is interstellar. 
Since the degree of polarisation, at least at not very great distances 
from the observer, shows a clear correlation with the colour excess, the 
idea has been put forward that the polarisation is due to the same 
interstellar matter as causes the reddening of starlight. 


In order that dust particles should be able to bring about such an 
anisotropic effect as polarisation, it is necessary that these particles 
should be extended or compressed, and also that there should be some 
agency causing a predominant orientation of the particles in some 
direction. This agency may be the action of a magnetic field, and this 
should cause also a magnetisation of the particles. 


Two different theories have so far been advanced to account for the 
orientation of particles in a magnetie field. Both, however, meet with 
certain diffieultics. 


Although the existence of interstellar magnetic fields of intensity 
between 10-6 and 10-4 gauss is now undoubted. V. A. DomBrovskii has 
discovered a number of interesting facts which indicate that, besides 
the interstellar mechanism, a local (perhaps circumstellar) mechanisin 
also sometimes acts. For example, cases are known where the components 
of a binary star exhibit different polarisation. Similar results have been 
obtained by Hatt, 

In the region of the Milky Way, the electric intensity vector is very 
nearly in the plane of the Galaxy, and this is regarded as evidence 
that the magnetic lines of force are approximately parallel to this 
plane. 
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5. The general radio emission. The hypothesis that interstellar 
magnetic fields exist in the Galaxy has been very fruitful also in ex- 
plaining the general radio emission of the Galaxy. V. L. Gixzpure has 
explained this radio emission at metre wavelengths by the well-known 
emission of electromagnetic waves by relativistie charged particles 
moving in a magnetite field. 

Theoretical calculations show that the energy lost by a relativistic 
electron when it moves in a magnetie field Zf is given by the formula 


dE ».(@\2 (BE \? 
dt 7 36 (, 2) H (,, 2) , 


where / is the energy of the eleetron, and the other quantities are known 
universal eonstants. 

The intensity of the radiation emitted by partieles of a given energy £ 
inereases with frequeney for small frequenetes, reaches a maximum, 
and then decreases exponentially. Thus the speetrum is limited quite 
sharply on the short-wave side. The frequency of the maximum is 


given by 
_ 1 eH { E \? 
"= 42 me\me} * 


If we take the magnetic field to be of the order of 10-5 oersted, then 
the emission of the Galaxy in the metre wavelength range ean be 
explained by supposing that there exist in the interstellar medium 
elcetrons with energics of the order of 10° eV. 

The hypothesis that there are relativistic electrons in interstellar 
space might in itself scem artifieial, were it not for the fact that cosmic 
rays furnish us with a direet proof of the presence there of a large 
number of high-energy particles. 

On the above theory, the radio emission of the Galaxy is non-thermal 
and non-equilibrium. The high temperature of the radio emission of 
the Galaxy in the metre wavelength range has always been regarded 
as a demonstration of non-cquilibrium in the mcehanism that gives 
rise to it. 


Chapter 36. The gaseous component of 
interstellar matter 


1. The interstellar gas. Besides the general attenuation of the 
light of the stars, as a result of the absorption of their radiation by 
interstellar dust in all the frequencies of the visible and photographic 


regions of the speetrum, i. e. besides the ‘eontinuous” absorption in 
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interstellar space, we often observe in the spectra of distant stars 
absorption lines due to interstellar matter in the gaseous state. In the 
parts of the spectrum accessible to study, the lines which attract attention 
are. first of all, the interstellar lines of Ca II (the H and K lines), and 
the yellow doublet 5890 and 5896 A and the ultra-violet doublet 3302 
and 3303 A of NaI. Moreover, interstellar lines of Cal, KI, Till 
and the molecules CHI and CH II are observed. In every case we 
are concerned with lines absorbed by an atom, ion or molecule in the 
ground state. This is understandable, since, in consequence of the 
extreme dilution of the radiation in interstellar space, the number 
of atoms in an excited state must be extremely small. 


Since the observation of the interstellar lines is hampered by the 
absorption lines formed in the star’s atmosphere, the presence of the 
former can as yet be detected only for stars in whose spectra this inter- 
ference is least. The presence of absorption lines due to matter outside 
the star’s atmosphere was first discovered by studying the radial 
velocities of some hot giants which are components of spectroscopic 
binaries. It was found that the H and K lines in their spectra have 
components exhibiting a constant velocity, while all the other lines 
show a periodic variation of velocity in consequence of the orbital 
motion. These components of the Ca II lines differ from the stellar 
components of the same lines by their external form also: they are 
much narrower and sharper. The idea thus arose that these lines are 
produced outside the atmospheres of the two components of the binary. 


Later, similar narrow absorption lines of Ca II were discovered in 
the spectra of single stars of classes O and B, and it was found that 
the radial veloeitics determined from these lines differ from those 
determined from the other stellar lines. This confirmed the hypothesis 
that there exists an interstellar gas in which there are Ca HJ ions. Similar 
conclusions were drawn from an investigation of the yellow sodium 
doublet D, and D, (44 5890 A, 5896 A). 


The fact that these interstellar calcium lines are observed only for 
stars of classes O and B gives no reason to suppose that the gaseous 
interstellar matter whieh produces these lines is concentrated around 
these stars only. For stars of the later types have in their spectra intense 
and very broad H and K absorption lines of their own, and this makes 
it impossible to observe the faint. interstellar calcium lines superposed on 
them. Hence it ts important to take into consideration the fact that the 
interstellar sodium doublet D,. can be observed, not only in the spectra 
of stars of classes O and B, but also in those of remote stars of class A 
(principally supergiants, which can be observed at great distances). 
This has enabled us to draw the conclusion that the interstellar gas 
is distributed everywhere in the galactic plane, forming a layer on 
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both sides of this plane. This conclusion has been entirely confirmed 
by observations of distant stars in low galactic latitudes, in whose 
spectra stronger interstellar absorption lines are found. In other words, 
a correlation has been found between the distances of stars of classes O 
and B and the equivalent widths of the interstellar lines. However, 
it has been found that, although the intensity of the interstellar lines 
increases on the average with distance, deviations from this are also 
observed. This fact has been correetly explained as being due to an 
irregularity in the distribution of the interstellar gas in different direc- 
tions. The same irregularity is observed in the distribution of the inter- 
stellar gas as in that of the interstellar dust. 


On the other hand, the irregularity in the distribution of the inter- 
stellar dust is, as we have seen above, expressed by saying that it is 
distributed in the Galaxy in the form of separate dust clouds. The 
question arises whether the layer of interstellar gas has the same 
patchy, cloudy structure: are not the deviations mentioned above 
largely accounted for by fluctuations in the number and dimensions 
of the gaseous clouds through which a ray of light passes from a distant 
star ? 

The investigation of the interstellar lines in the spectra of stars, 
by means of spectrographs of high dispersion, has provided the answers 
to these questions. It has been found that the interstellar lines in the 
spectra of distant stars often consist of several components, corresponding 
to the passage of the ray from the star through several clouds having 
different radial velocities. Thus the possibility has been revealed of 
knowing in each case the number of elouds through which the light 
of the star passes, although we must here bear in mind the possible 
coalescence of components due to different clouds when their radial 
veloeitics are similar. This is true, in partieular, of directions where 
the differential effect of galactic rotation on the radial velocities is 
almost zero, i. e. when the longitude difference 1 — 1, of the direction 
in question from that of the eentre of the Galaxy is close to } 22, where n 
is an integer. 

The further study of the individual components of the lines. and 
of their intensities and contours, should Iead to a discovery of the 
physical properties of the separate clouds of interstellar gas and of 
their chemical composition. The above conelusions concerning the 
presence of a system of numerous clouds of interstelar gas in the Galaxy 
lead, in turn, to the problem of the extent to which this system coincides 
or is identical with that of the numerous clouds of interstellar dust 
whieh cause the general absorption. 


The use of nebular spectrographs has made possible the conclusion 
that there exist in the Galaxy, besides the diffuse gaseous nebulae 
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(like the Orion nebula, and the Rosette nebula around the cluster 
NGC 2244 in Monoceros), large faintly luminous hydrogen field nebulae 
(so called because they are detected mainly by their radiation in the 
lines of the Balmer series). Both the diffuse gaseous nebulae and these 
hydrogen fields are gaseous clouds with emission. On the other hand, 
there is no possibility of observing interstellar hydrogen absorption 
lines in the optical region of the spectrum, since all the neutral hydrogen 
atoms in the gaseous interstellar clouds are in the ground state, as a 
result of which these clouds ean absorb only lines of the Lyman series, 
which are in the region of thespectrum absorbed by the Earth’s atmosphere. 


Hence the problein of the relation between the interstellar gas 
clouds, the diffuse nebulae and the hydrogen fields is rather complex. 
The question arises to what extent the diffuse nebulae and the faint 
hydrogen fields can be regarded as particular eases of interstellar gas 
clouds, differing from other clouds only by the presence of conditions 
under which emission lines appear (i. ec. the presence of short-wave 
radiation from hot stars), 


The impossibility of a direct investigation of the distribution of 
the immense mass of hydrogen in interstellar space, sinee almost all 
its atoms are in the ground state and the excitation is very slight in 
the majority of the gaseous clouds, until recently caused a considerable 
indeterminacy in our conclusions on the properties of these clouds. 
However, the discovery in 1951 of radio waves with a frequency of 
1420-4 Me/s, corresponding to the transition between two sub-levels 
of the ground level ?S: of the neutral hydrogen atom (the sub-levels 
are due to the hyperfine structure of the hydrogen levels, which is 
related to the existence of the magnetic moment of the proton), has 
inade possible a direct investigation of hydrogen in the normal non- 
excited state, and should lead in the near future to a considerable 
inerease in our knowledge of the distribution and motion of the gaseous 
interstellar matter. 

Recent investigations of the radiation at a frequeney of 1420 Me/s 
(the 21 em line) have not only confirmed our expectations, but also 
provided the solution of such problems as, for instance, the determination 
of the position of the spiral arms of the Galaxy (by the work of J. H. Oort 
and others). The possibility has been noticed of finding exactly the 
radial velocities of separate interstellar clouds and so identifying the 
clouds observed by radio astronomy with those found from the inter- 
stellar sodium and ealeium lines in the visible part of the speetrum. 


For further investigations in the field, and to resolve the problems 
stated above, it will be neeessary to extend the theory of the formation 
of interstellar absorption and emission lines and that describing the 
state of the interstellar gas. 
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2. The formation of interstellar absorption lines. The theory of the 
formation of absorption lines when the light of a star passes through 
some cloud of interstellar gas is simpler than that of the absorption 
lines formed in the atmospheres of the stars themselves. The reason 
for this is that we can neglect the scattered light in the frequencies of 
the absorption lines of the interstellar gas. For, although the light of 
a star is scattered in all directions on being absorbed by a nebula in the 
frequencies of resonance lines (for instance H and kx), only a negligible 
part of it is seattered in the direction of the original radiation from 
the star. Hence we observe almost. entirely a simple attenuation (ex- 
tinction) of the light of the star in the line frequencies. 


In this case, the intensity of the radiation after passing through the 
cloud is determined by the formula 


I = 1, e~"2, 


where tT, is the optical thickness of the cloud in wavelength A, and J,° 
is the intensity of the star’s light. before attenuation. Hence we have 
for the equivalent width of the line 


W= [ es) da. (36.1) 


The optical thickness tT, can be expressed in terms of the nuinber .V 
of absorbing atoms in a cylinder of cross-section 1 em?, whose axis 
coincides with the line of sight and extends through the cloud: 


m= Ns, (36.2) 


where s, is the mean absorption coefficient referred to one atom, or, 
more precisely, the mean absorption coefficient when there is one atom 
per unit volume. 

The dependence of s,0n 4 has been shown in Part II to be determined 
by the various causes of the broadening of a spectral line. Under the 
conditions existing in the rarefied interstellar gas, only two causes 
of line broadening can be at all important: (1) the broadening by radiation 
damping and (2) the Doppler effect, both thermal and macroscopic. 
No kind of broadening by collisions or by the molecular Stark effect 
can play any part. The natural broadening by radiation damping is 
small in comparison with the thermal Doppler broadening. It can begin 
to be important only in the case where the number of absorbing atoms 
is so large that the medium becomes opaque even in the wings of the 
absorption lines beyond the Doppler width. However, the observed 
interstellar lines, and particularly the eomponents of these lines which 
belong to individual clouds, are so narrow that we cannot speak of 
any absorption in the wings of the lines. This points to a small number WV 
of absorbing atoms along the path of a ray. 


2. The formation of interstellar absorption lines 607 


Thus only one important factor remains to be taken into account, 
namely the thermal Doppler broadening. Under these conditions, the 
dependence of the absorption coefficient on the wavelength should be 
expressed by the formula 


Sq = 8p eA Moet OF (36.3) 


where c is the velocity of light, b is given in terms of the temperature 
and the atomic mass by the formula 


b= V(2kT/m), (36.4) 


and A, is the wavelength of the line which corresponds to the velocity 
of the cloud coneerned. 

The constant s), which is equal to the absorption coefficient at the 
centre of the line, can be found by starting from the fact that the total 
amount of energy (expressed in terms of s,) absorbed in unit time in 
the line, when there is isotropic radiation of constant intensity inside 
the line, is equal to the same amount absorbed in unit time. expressed 
in terms of the Einstein transition probability, 7. e. 


4aI, [ s,da = B20, hy , 


where 0, is the density of radiation. From this relation, taking into 
aceount that 


0, =421,Jc and By.» = (g9/9;) Aoi 2/8 hy, 


we find 
[8,44 = (go/9:) Aor 2/8 2, (36.5) 


where g, and gs are the statistical weights of the lower and upper states. 
Substituting the expression (36.3) in (36.5), we obtain, after integration, 


89 = (Jo/9 1) Ao Ac/S WP d. (36.6) 


On the other hand, substituting (36.3) in (36.2) and thence in (36.1), 
we find 


W — [ (1 — ea Nsvexp (eA 19)8/ Aa b*}) df ; (36.7) 


or, putting 
c(A— Ap)[Ag) = =, 


we have 
oo 


w=’? | (1 — em Seeexp(24)) dz, (36.8) 


—ar 
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The definite integral on the right-hand side is some function of sq, 
which can be tabulated. We denote this function by F(.Vs,). Thus 


W/b = A, F(Ns,)/c « (36.9) 


The argument “Vs, of the function F is the optical thickness t) at 
the centre of the linc. Table 36 gives the values of log,,t) and the 
corresponding values of logy) F (ty). 

Table 36 


login To Ogio F(t) logy T logio F(t) 





1-0 1-24 0-6 0-42 
1-2 1-43 0-8 0-48 
1-4 161 1:0 0-52 
16 1:79 1-2 0-56 
1:8 1-96 1-4 0-59 
0-0 0-11 1-6 0-62 
0-2 0:24 18 0-64 
0-4 0-34 2-0 0-66 


It is seen from this table that, for small values of t), the equivalent 
width is proportional to t), but for ty > 1 saturation begins and the 
equivalent width increases more and more slowly. 

Observations gives the valuc IW of the equivalent width of a spectral 
line. The transition probability A.,, which appears in s, according 
to (36.6), should be known from physics. However, two unknown quanti- 
tics N and b charactcrising the cloud appear in formula (36.9). Moreover, as 
we sce froin (36.6), b appears also in the denominator of the expression 
for sy. In order to determine N and b simultancously, it is necessary 
to know the equivalent widths of at least two lines absorbed by the 
ground state of the atom concerned. We shall show how this nay be done. 

If the lines correspond to two different transitions, say 1 > k and 
1 +1, we have for the ratio of the equivalent widths W, and Wy, 
from (36.9), 

au 1 _ raveh . (36.10) 
tte Ma “S91 


‘The left-hand side of (36.10) can be found from observation. We 
can therefore find the difference 
logio P(N 89,14) — logio P(N 80,11) = logyo(Au Wir/Are Wi) - (86.11) 
On the other hand, from (36.6) the ratio 


T . 8 . 7 a —_ 4 . 
01k Fork __ Sk “ko Aik (36.12) 


Tou 80 nN Apa An 
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can be calculated from physical data. Thus the difference 
A = lo8ig To,1z — bOK 10 To,10 (36.13) 


can also be calculated. 


Having calculated (36.11) and (36.13), we can find in Table 36 the 
pair of values of log,,t which have the given difference (36.13) and 
lead to the difference in log,,/ calculated by (36.11). 


Thus Toip; Torn P(N S91.) and F(N so 1,) are determined. Knowing 
F(N 8914), and W,,, from (36.9) we at once find b, and hence we obtain N 
from the relation to 1, = NS 91,, using (36.6). 


As an example, let us take interstellar sodium. We might attempt, 
in this case, to use the ratio of the components of the doublet D, and D,. 
The ratio of the values of s, is 2. However, for very large W the ratio 
of the equivalent widths rapidly approaches unity, as is seen from 
Table 36. Hence a slight error in the empirical determination of the 
ratio of equivalent widths of the components can result in a large error 
in the determination of the values of t, for these components, and conse- 
quently a large error in the determination of N. 


However, we can also use the ratio of equivalent widths for the D, 
line in the ycllow doublet and, say, the line 3303 A in the ultra-violet 
doublet. In this case the ratio of the transition probabilities is known 
also. It has been determined by Yu. V. Fitiprov and V. Kk. PRoKOF’EV 
and is 21-8. Forsuch a large ratio of transition probabilities, and therefore 
of the optical depths 7, in the centres of the two lines, the values of Tt, 
are determined much more accurately from the known differences of 
log.) T and log,, F(t)). The value of N is therefore determined more 
exactly. Thus, from the ratio D,/3303 observed for the star z? Orionis, 
which is 9-8, B. StrémMGREN has found that log,,.N = 13-99, i. e. the 
number of absorbing sodium atoms is 9-8 x 1013 per cm*. By carrying 
out a similar analysis for the lines of various atoms and ions, we can 
draw corresponding conclusions about their relative abundance. 


The quantity b has been introduccd in connection with the thermal 
motion of the absorbing atoms. However, it may happen that there 
are also macroscopic motions in the cloud. The velocity dispersion of 
these motions along thc line of sight results in an increase in the effective 
value of b. Similarly, in the case where the components of the same 
line, corresponding to different clouds which lie in the line of sight, 
coalesce (which usually occurs in directions where the galactic rotation 
has only a small effect on the radial velocities), the velocity dispersion 
of the gaseous clouds through which the star’s light passes has an 
effect on b. 
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A comparison of the values of V for Na and Ca II, obtained by 
the above method, shows that these quantities are often of the same 
order for the same star, Thus, for example, according to L. SPiITzer, 
the main component of the interstellar lines in the speetrum of & Persei, 
i. e. the component due to the denser cloud, gives for Na I the value 
N = 4 xX 10" per em’, and for Ca II 1-7 x 10!* per em?. The value 
of V for Na I is sometimes as much as four times that for Ca IT. These 
facts are explained both by differenees in the abundances of the two 
elements in the interstellar cloud and by different degrees of ionisation. 


3. The ionisation of the interstellar gas. Apart from those cases where 
a gaseous cloud lies immediately next to a hot supergiant or envelops 
it, t. ec. the eases where we are concerned with conditions similar to 
those existing in the bright diffuse nebulae. the ionisation of the matter 
in the interstellar gas clouds is due to the simultancous effeet of the 
radiation from all the stars in the Galaxy. Here it is evident that we 
have, firstly, greatly diluted radiation from the stars and, secondly, 
a superposition of radiations corresponding to the various temperatures 
of the illuminating stars. The ionisation by clectron collision plays 
only a small part under the conditions existing in the interstellar gas, 


Let us examine the ionisation at some point in an interstellar cloud. 
We denote by dQ the total solid angle subtended at this point by all 
stars having temperatures between 7’ and 7' + d7'. Assuming that 
Planek’s Law holds for these stars, we find that the density of radiation 9, 
due to the stars of this one temperature group is 


_ 2h dQ 
oy = cd ett/kT — | . 


Hence the total density of radiation will be 


foe] 


2he 1 aQ ,, ‘ 
0, =, | anna ar at (36.14) 


0 


Thus, to caleulate o,, it is necessary to know the function dQ/dT. 
In the present state of our knowledge, we ean determine this function 
only for the neighbourhood of the Sun, using the known data on the 
apparent brightness of the stars and their distribution among the 
spectral classes. The relative frequency distribution of density of radiation 
thus obtained is markedly different from the Planckian. Henec the 
ionisation of the interstellar gas cannot be expressed by the formulae 
which hold when Planckian radiation is present, nor (as is done in 
the case of the planetary ucbulac, where we have dilute Planckian 
radiation) by introducing a factor IW into the formula for the radiation 
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density. The calculation of the degree of ionisation for various kinds 
of atoms or ions therefore requires fairly detailed numerical calculations, 
based on the nuinerieal values of g, and on the constancy of the numbers 
of atoms in various states of ionisation and excitation. 

Although various rather unjustified assumptions have to be made, 
in these calculations, concerning the number of free electrons. we reach 
in every case the conclusion that the sodium atoms must be much 
more highly ionised than the calcium ions. We find for the ratio of the 
numbers of sodium ions and neutral sodium atoms 


n/n ~ 108 , (36.15) 


and for the ratio of the numbers of doubly and singly ionised calcium 
atoms 


Ny/n, ~ 104. (36.16) 


Tn consequence of the very high ionisation potentials of Na IL and 
Ca III, the second ionisation of sodium and the third ionisation of 
ealeium can occur only extremely rarely. Henee [see formulae (36.15) 
and (36.]6)] the overwhelming majority of sodium atoms must be in 
the singly ionised state, and of calcium atoms in the doubly ionised state. 

If we further assume that the total number of sodium atoms in the 
interstellar gas, in all stages of ionisation, is three times the total number 
of calcium atoms (as is true for the Sun’s atmosphere), the number 
of Ca IT atoms must be approximately 30 times the number of neutral 
sodium atoms. The lines of the H and K doublet, however, have equi- 
valent widths of the same order as those of the D,. yellow doublet 
lines. An attempt has been made to explain this by the phenomenon 
of saturation of absorption lines as the number of atoms increases. The 
saturation phenomenon is theoretically accounted for by the results 
in Table 36. 

However, equivalent widths. and nuinbers of atoms, of the same 
order are often obtained for the NaT and Ca II doublets even when these 
and other lines are far from being saturated. It is therefore possible 
that sodium occurs much more abundantly than calcium in the gaseous 
interstellar matter, its relative abundance being greater than in the Sun. 

The absence of data on the hydrogen absorption lines of interstellar 
matter greatly hinders the study of the state of the gas in the interstellar 
clouds. However, observations have established the presence of inter- 
stellar clouds which emit lines of the Balmer serics, the clouds being 
most casily observed in the H, line. 


4. The IL, radiation fields. We have seen above that the number of 
neutral sodium atoms along the line of sight in a single eloud sometinies 
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reaches 1013 or 10!4 per cm. Since hydrogen is a thousand times more 
abundant than sodium, and the degree of ionisation of hydrogen should 
be at least two orders of magnitude less, we reach the conclusion that 
the number of neutral hydrogen atoms in a cylinder of base 1 cm? along 
the line of sight should amount to 10', 1018 or more. This means that 
the gaseous interstellar clouds should be opaque tothe continuous radiation 
beyond the limit of the Lyman scries. This result leads to interesting 
consequences. Let us imagine a star of class O or BO, or a group of 
such stars, lying close to the galactic planc. If such a star (or group 
of stars) lies inside one of the clouds, then it should cause a high ionisation 
within this cloud and a bright emission of the hydrogen lines. In this 
case we should observe a luminous diffuse gaseous nebula. If, however, 
the star is between the gascous clouds, it should cause ionisation in 
the clouds nearest to it. We should observe the radiation of these clouds 
in the lines of the Balmer series, i. e. we 
*S should see, around the exciting star, 
extensive fields of H, radiation. These 
have been detected by means of nebular 
spectrographs. 


It is important to note, however, 
that the clouds illuminated by the 
exciting star must completely absorb 
the radiation beyond the limit of the 
Lyman series, as a result of which the 
other more distant clouds screened by 
them do not receive any L, radiation 
at all, and hence no hydrogen radiation 
is excited in them. 





This happens as follows (see Tig. 75). 
The L, quanta emitted by the star S 
penetrate into the cloud to an optical depth r = 1 in the L, frequencies. 
Beyond this, however, the radiation is attenuated, and so a marked 
decrease is caused in the degree of ionisation; consequently, the 
number of hydrogen atoms in the neutral state rapidly increases. 
Hence, from the layer r = I onwards, the optical depth increases much 
more rapidly than it does up tot = 1. Asa result, the absorption of Iu, 
quanta in these layers is increased. These facts nean that the part 
of the cloud lying beyond the layer r = 1 must have a very great optical 
thickness in the L, frequencies. The cloud is composed of an ionised 
part (the HII region) and an un-ionised part (the H I region). Conse- 
quently the clouds lying at a great distance from the star, behind 
the cloud we are considering, can hardly be excited at all by the radiation 
of the star in the hydrogen continuum. 
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In the same way as the masses of the planetary and diffuse gaseous 
nebulae are determined, we can determine the mass of hydrogen that 
is concentrated in the luminous part of an interstclar cloud. Here 
we must start from the condition that the radiation from unit volume 
in each Balmer line is proportional to the number of recombinations of 
hydrogen atoms: 


Multiplying « by the square of the volume V, we have 
eV? =Cn?2 V2 =CM2J{m, 


where m is the mass of a hydrogen atom, and M is the mass of the 
luminous part of the nebula. The quantity e V is equal to the luminosity 
ZL of the nebula in the line of the Balmer scries considered. Hence 


LV =CMJm?. (36.17) 


Formula (36.17) allows M to be determined from Z and V. 


The masses of the interstellar clouds obtained from such a calculation 
are of the order of ten times the Sun’s mass. The numnber of all hydrogen 
atoms, both ionised and neutral, in a cubic centimetre is of the order 
of ten. The radii of the clouds are found from observation to be of 
the order of ten parsecs. 


5. Giant gascons nebulae. At the Crimean Astrophysical Observatory, 
Aeademician G.A.SHATN has developed a new method of detecting 
and investigating bright diffuse gaseous nebulae. This method has 
enabled G. A. SHAIN and V. F. Gaze [145] to discover a considerable 
number of new gaseous nebulae and to reach a deeper understanding 
of their nature. B. J. Bok and his co-workers have diseovered a number 
of such nebulae in the southern hemisphere. In particular, the determi- 
uation by G. A. Suain and V. F. Gaze of the masses of the diffuse 
ucbulae, using estimates of their luminosity in the lines of the Balner 
serics, has led to the recoguition of the group of giant gaseous nebulae, 
having masses of the order of hundreds or thousands of times the Sun’s 
mass, or even more. Of the well-known diffuse nebulac, this group 
contains the Orion nebula and the Rosette uebula around the O cluster 
NGC 2244. It has been found that the cluster NGC 1805, which is the 
nucleus of the O association Cassiopeia VI, is also surrounded by uch 
a giant diffuse nebula. An interesting giant gascous nebula has been 
discovered in the association Cassiopeia II, not far from the nucleus, 
which is the cluster NGC 7510. 
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It is interesting that all these giant nebulae lie in the neighbourhood 
of O associations. The actual location of these nebulac. relative to 
the stars in the association which cause their radiation, indicates a 
profound genetic relation between the nebulae and the members :of 
the corresponding associations. These giant diffuse nebulae can scarcely 
be supposed to be ordinary representatives of the interstellar gas clouds, 
which have by chance come into the vicinity of members of associations 
of hot giants. Hence the conclusion that the diffuse dust nebulae are 
casually associated with the stars which illuminate them cannot be 
extended to these giant gaseous nebulae. 

The determination of the asses of some giant diffuse nebulae lying 
in the nearest extra-galactic systems has led to values of the order 
of ten thousand times the Sun’s mass. The situation of these supergiant 
diffuse nebulae coincides with that of associations of blue giants found 
in these systems. 

Another important fact discovered in recent investigations of these 
nebulae is that a large number of filamentary nebulae exist in the 
Galaxy. This has led in turn to a more detailed study of the individual] 
filaments in diffuse nebulac known previously. G. A. Syarn has compared 
the filainentary structure of the gas-and-dust nebulae with the drawn- 
out form of many dark nebulac, which are sometimes seen as dark 
lanes against the background of the star field. It was natural to suppose 
that the directions of the filaments and lanes are those of the magnetic 
lines of force in the region of space considered. This hypothesis can be 
tested by studying the polarisation of the light from stars near these 
objects. Such a test has been made by G. A. Snax, and the result was 
favourable. The result of these investigations is to reveal the importance 
of interstellar magnetic fields in the motion of diffuse matter. Since 
the interstellar gas is strongly ionised, this importance is easily under- 
stood from the point of view of magnetohydrodynamics. 


6. The Crab nebula. Among the nebulae observed in the Galaxy, the 
Crab nebula is unique in appearance. The continuous spectrum emitted 
by the central part of this nebula has always been a source of interest. 
The reason for this is that the continuous spectrum cannot be regarded 
as a reflection of the light of a star, since there is no bright illuminating 
star in this case. It was clear that the source of the radiation is in the 
nebula itself. yet it was difficult to give an account of the physical 
nature of this source. 

Some time after it had been discovered that the Crab nebula is one 
of the most intense discrete radio sources, J, S. SpKLovskii put forward 
the hypothesis that the continuous spectrum in optical frequencies is 
essentially a continuation of the observed radio spectrum. Similarly to 
the discussion in Chapter 35, 1. S. SuktovsK1¥ deduced that this con- 
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tinuous spectrum is the radiation of relativistic clectrons in a magnetic 
field. It was found that, to explain the optical continuous spectrum, 
we must assume that the energies of the relativistic electrons reach values 
of 101! eV or higher. [. M. Gorpon, of the Kharkov observatory, put 
forward the idea that this hypothesis might be tested by observations 
of the polarisation of the Crab nebula. In 1953—1954, V. A. Domprovsxii, 
using observations made at the Byurakan observatory, showed that the 
light of the Crab nebula is polarised to an extraordinarily high degrec 
(up to 20%). According to further observations made at Byurakan, the 
degree of polarisation in particular regions of the nebula reaches 60 %. 
For comparison, it may be meutioned that the greatest polarisation of 
starlight is 6%. 

One of the most important problems of present-day astrophysics is 
to discover the sources of the high-energy electrons in the Crab nebula. 
It has recently been pointed out that the continuous spectrum of certain 
cometary nebulae also cannot be explained entirely by reflection of 
light from a star. In this case, too, we are concerned with a continuous 
emission of non-thermal character. 


Appendix I 


Tables for calculating the selective absorption 
coefficient when Doppler broadening and radiation 
damping act simultaneously 

The following expression for the function ¢(a,p) = s,/s,,, defined 


by (11.39), ean be obtained* for values of a = 6y,/Myp) whieh satisfy 
the inequality a <1: 


2 


p 
ya {l—2 pe” / edz}. (Al) 
d 


d(a,p) = 8,/s,, =e” — 


Table A.1 gives, for various values of p, the values of the quantity 
in braces on the right-hand side of this formula, 


? 
@(p) = 1—2 pe?" / edz. (A.2) 
6 


For a = 0-03, the error in the values of $(a,p) arising from the use 
of formula (A.1) and Table A.1 does not exceed 0:5% of the value 
of ¢(a,p) itself. For a = 0-10 the maximum error is about 3%, and 
for a = 0-20 about 9%. Thus, for values of « larger than about 0-05 it 
is desirable to have tables giving greater aecuraey than Table A.1. We 
give here three such tables, eompiled by F. Hserrine [61]. Table A.2 
gives the funetion ¢(a,p) = s,/s,, for a series of values of a and p; the 
greatest value of a in the table is 0-2, and the greatest value of p is 5. 
Table A.3 gives the values of s,/as,, for p varying from 5 to 20. 

Finally, ‘Table A.4 gives the values of s,/s,, for a varying from 
0-0 to 0-5, 

There is also a useful table compiled by D. L. Harris [57]. 


* See. e.g., A. UxséLp [168, p. 263]. It must be borne in mind that the 
quantity @ appearing in UxsGup’s formula is twice that defined by our formula 


(11.38). 
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P(p) 


1-0000 
0-9221 
0-7121 
0-4303 
0-1487 
—0-07616 | 
—0-2175 
—0-2782 
—0-2797 
—0-2485 
—0-2054 
—0-1638 
—0-1295 
—0-1033 
—0-08389 
—0-06962 
—0-05896 
—0-05076 
—0-04430 
—0-03908 
—0-03478 
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P (p) 


Pet 
fou) 


—0-03119 
—0-02815 
—0-02554 
—0-02330 
—0-02134 
—0-01963 
—0-01812 
| —0-01678 
—0-01558 
—0-01451 
—0-01355 
—0-01268 
—0-01190 
—0-01118 
—0-01053 
—0-009938 
—0-009393 
—0-008892 
—0-008429 
—0-008003 
—0-007608 
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p P(p) 
8-4 —0-007242 
8-6 —0-006902 
8-8 —0-006586 
9-0 —0-006290 
9-2 —0-006014 
9-4 —0-005757 
9-6 —0-005516 
9-8 —0-005290 

10-0 —0-005076 
10-2 —0-004877 
10-4 —0-004688 
10:6 —0-004511 
10:8 —0-004344 
11-0 —0-004183 
11-2 —0-004035 
11-4 —0-003893 
11-6 —0-003757 
11-8 —0-003630 
12-0 —0-003510 





0-00 
0-01 
0-02 
0-03 
0-04 


“1S te Wwle 


ecoocoteosees 
eee ee tee 


Cee 


0-00 


1-000 
0-989 
0-978 
0-967 
0-956 
0-946 
0-936 
0-926 
0-916 
0-906 
0-896 
0-887 
0-878 
0-869 
0-860 
0-851 
0-842 
0-834 
0-825 
0-817 
0-809 


te 
bee | 
ut 


0-00052 
0:0015) 
0-00251 
0-00350 
0-00449 
0-00548 
0-00646 
0-00745 
0-00843 
0-00940 
0-0104 
0-0114 
0-0123 
0:0133 
0:0142 
0-0152 
0-0162 
0-0171 
0-0180 
0-0190 
0-0199 
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0-25 


0-939 
0-930 
0-920 
0-910 
0-901 
0-892 
0-883 
0-874 
0-865 
0-856 
0-845 
0-840 
0-831 
0-823 
0-815 


3-00 
0-000123 | 
0-000908 
0-00169 
0-00248 
0-00326 
0-00404 
0-00483 
0-00561 
0-00639 
0-00717 
0-00794 
0-00872 
0-00949 
0-0103 
0-0110 
0-0118 
0-0126 
0-0133 
0-0141 
0-0149 
0-0156 


we SOC st wont ce 


me tt oS ee oI OD 
tem 


~] 


=] 
Oo 
for) 


0-701 


0-668 
0-663 


Pp 


0-000026 
0-000666 
0-00130 
0-00194 
0-00258 
0-00322 
0-00386 
0-00450 
0-00513 
0:00577 
0-00641 
0:00704 
0:00768 
0-00831 
0-00894 
0-00957 
0-0102 
0-0108 
0-0115 
0-0121 
0-0127 
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OWNWsI1O 
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speci or Si Secor Se St Se Sr St gr or 


Ss ed Be) od 
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WihyeNWlhwwwwb 


SSSoooeeo Sr olSFeoST Sooo 


ce 


0.000005 
0-000539 
0-00107 
0-00161 
0-00214 
0-00268 
0-00321 
0-00374 
0-00428 
0-:00481 
0-00534 
0-00587 
0:00640 
0-00693 
0-00746 
0-00799 
0-00852 
0-00905 
0-00958 
0-0101 
0-0106 


1-00 


0-368 
0-369 
0-370 


Se 


S2SESS9 


0-000001 
0-000-4555 
0-000910 
0-00136 
0-00182 
0-00227 
0-0027: 
0-00318 
0-00364 
0-00409 
0-00454 
0-00500 
0-00545 
0:00590 
0:00635 
0:00680 
0:00726 
0-00771 
0-00816 
0-00860 
0:00906 


to 
ue 
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0-244 
0-246 
0-247 
0-248 


4-00 


0-000000 
0:000393 
0-000785 
0-00118 
0:00 157 
0-00196 
0-00236 
0-00275 
0-00314 
0-00353 
0-00392 
0-00432 
0:00471 
0-00510 
0-00549 
0-00588 
0-00627 
0-00666 
0-00705 
0-00744 
0-00783 


4:25 


0-000000 
0-000343 
0-000686 
0-00103 
0-00137 
0-00171 
0-00206 
0-00240 
0-00274 
0-00308 
0-00343 
0:00377 
0-00411 
0-00445 
0-00479 
0-00513 
0-00547 
0-00581 
0-00615 
0-00649 
0-00683 
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P 


0-0468 
0-0497 
0:0525 
0-0553 
0-058] 
0-0608 
0-0635 
0-0660 
0-0687 
0-0713 
0:0737 
0-0762 
0-0786 
0-0810 
0:0833 
0-0856 
0-0879 
0-0901 
0-0922 
0-0943 
0-0964 


4-50 


2-00 


0-0183 
0-02.06 
0-0229 
0-0252 
0-0274 
0-0296 
0-0318 
0:0339 
0-0360 
0-038 1 
0-0402 
0:0422 
0-0442 
0-0463 
0-0482 
0:0502 
0-0520 
0-0540 
0:0558 
0-0576 
0-0595 


0-000000 | 


0-000302 


0-00060i 


7) 


0-000907 


0-00121 
0-00151 
0-00181 
0:00212 
0-00242 
0:00272 
000302 
0-00332 
0:00362 
0-00392 
0:00423 
0-00453 
0 00483 
0:00513 
0:00543 
0-00573 
0-00603 


lo 
lo 
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0-00633 
0:00806 
0-00979 
0-0115 
0:0132 
0-0149 
0-0166 
0-0182 
0-0198 
0-0215 
0-0231 
0:0247 
0-0263 
0-0279 
0-029+4 
0-0310 
0-0325 
0-0340 
0:0356 
0-037 1 
0-0385 


4-75 


0:000000 
0-000269 
0:000538 
0-000806 
0-00108 
0-00134 
0-00161 
0-00188 
0-00215 
0-00242 
0-00269 
0-00295 
0-00322 
0-00349 
0-00376 
0-00403 
0:00429 
0-00456 
0-00483 
0-00510 
0:00536 
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2-50 


0-00193 
0-00323 
0-00452 
0-00581 
0-007 10 
0-00838 
0-00966 
0-0109 
0-0122 
0-0134 
0-0147 
0-0160 
0-0172 
0-0184 
0-0196 
0-0208 
0-0221 
0-0233 
0-0245 
0-0256 
0-0268 


5-00 


0:000000 
0-000241 
0-000482 
0:000722 
0-000963 
0:00120 
0:00144 
0:00169 
0-00192 
0-00217 
0-00241 
0-00265 
0-00289 
0-00313 
0-00337 
0:00361 
0-00385 
0-00409 
0-00433 
0-00457 
0-00481 
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act ? —-a Pp an) 
Vo Sy, 5, 

0:0241 10-0 0-00573 15-0 | 0-00251 
0-0197 10-5 0-00519 15-5 | —0-00235 
0-0164 ‘11-0 0-00472 16-0 | 0-00221 
0-0139 11-5 0-00432 16-5 0-00208 
0-0119 12-0 0:00396 17-0 . 09-00196 
0-0108 12-5 0:00365 17-5 | 0-00185 
0-00903 13-0 0:00337 18-0 0-00175 
0-00798 13-5 0-00312 18-5 0-00166 
0-00710 14-0 0-00290 19-0 0-00157 
0-00636 14-5 0-00270 19-5 | 0-:00149 
0-00573 15-0 0-00251 20-0 ' (-00142 





Table A.4 
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1-00 0-90 0-31 0-74 | 0-67 0-62 
0-94 0-85 0-77 0-70 0-64 0-59 
0-78 0-72 0:66 0-62 0-57 1 0-53 
0-57 0-54 0-52 0-50 0-47 , O44 
0:37 0:37 0-37 0:37 0-36 0-36 
0-2) 0-23 0-25 0-26 0-27 0-27 
0-10 0-13 0-16 0-17 0-19 0-20 
0-047 0-074 0-096 0-12 0-13 , O-l4 
0-018 0-040 0-060 0-076 0-090 0-103 
0-002 0-015 0:027 0-038 0-049 0-058 
0-0001 0-0079 0-016 0-023 0-030 0-037 
0-0000 0-0053 0-011 0-016 0-021 0-026 
0-0000 0-0039 0-0078 0-012 0-016 0-019 
0-0000 0:0030 0-0060 0-0090 0-012 0-015 
0-0000 0-:0024 | 0-0048 0-0072 0-0096 0-012 
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Some of the most important astronomical 
and physical constants 


1. Astronomical constants 


One astronomical unit. 

One light year . 

One parsec = 3-26 light years 
Mass of the Sun . 

Radius of the Sun 

Mean density of the Sun 


Acceleration due to gravity at the Sun's s surface 


Total energy emitted by the Sun 
Number of seconds in one year 
Sun’s parallax 


1-4964 x 1013 cm 
9-463 x 1017 em 
3-084 x 1018 em 
1-991 x 1093 g 
6-963 x 101° cm 
1-41 g/cm? 

2-740 x 104 em/sce? 
3-79 x 10% erg/sev 
31558 x 107 sec 
8’’-790 


2. Physical constants 


Velocity of light in vacuo 
Gravitational constant . 
Planck’s constant 


Avogadro’s constant (number of atoms 
or molecules in one mole) 


Charge on the electron . . 
Rydberg’s constant for hy drogen 
Mass of the electron . . 
Mass of a hydrogen (!H) atoin . 
Mass of the proton 


Ratio of mass of the proton to mass 


of the electron . 
Boltzmann’s constant. . 
First constant in the radiation law 
Second constant in the radiation law 
Constant in the Stefan-Boltzmann law 
Displacement constant in Wien’s law 


Radius of the first orbit in the hy dro- 
gen atom 


Number of ergs in one electron- volt . 


Wavelength of a quantum of energy | eV 


Temperature corresponding to 1 cV 
Standard atmosphere . 

Mechanical equivalent of heat 

Gas constant per mole . 

Radiation density constant . 
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2-99776 x 101° em/sec 
6-670 x 10-8 dyn em?/g? 
6-624 x 10-?? erg see 


6-023 x 1023 per mole 
4-802 x 10-1° CGS units 
109,677-581 cm~} 
9-1066 x 10-8 g 

1-6734 x 10-34 g 
1-6725 x 10-24 g 


1836-5 

1-380 x 107! erg/deg 

Sxhe = 4-990 x 10-!§ erg cm 
he/k = 1-4384 cm deg 

5-672 x 1075 erg/em? deg‘ sec 
0-2897 cm deg 


h2/4 22m, e? = 0-529 x 10-8 cm 
1-6020 x 10-1? erg 

12,395 A 

11,606° K 

1,013,246 dyn/cm? atm 

4-1855 J/eal 

83144 x 107 erg/deg mole 

7-569 x 10~1* erg/em? deg! 


Periods 


~ 








Appendix III 


D. I. Mendeleev's Periodic System of the Elements 


Groups of elements 


I I} Il lV Wy VI VIL VIL 9 
{il 2 He 
Hyd Helium 
T0080) 4-003 
oi 4 Be 5B 6C 7N 80 9F 10 Ne 
Lithinm Beryllium Boron Carbon Nitrogen Oxygen Fluorine Neon 
6-940 9-02 10-82 12-010 14-008 16-0000 19-000 20-183 
1] Na 12 Mg 13 Al 14 Si 15 P 1658 17 Cl IS A 
Sodium Macnesium Aluminium Silicon Phosphorus Sulphur Chlorine Argon 
22-997 24°32 26:97 28-06 30-98 32-06 35-457 39-944 
19 K 20 Ca 2I-Se 22-75 23 V 24 Cr 25 Mn 26 Fe 27 Co 28 Ni 
Potassium Calcium Scandium Titanium Vanadium Chroinium Manganese Iron Cobalt Nickel 
39-096 40-08 45-10 47-90 50-95 52-01 54-93 55-85 58-94 58-69 
29 Cu 30 Zn 31 Ga 32 Ge 33 As 34 Se 35 Br 36 Kr 
Copper Zinc Gallium Germanium Arsenic Selenium Bromine Krypton 
63°57 65-38 69-72 72-60 74-91 78-96 79-916 83-7 
37 Rb 38 Sr 39 Y 40 Zr 41 Nb 42 Mo 43 Te 44 Ru 45 Rh 46 Pd 
Rubidium Strontium Yttrium Zirconium Niobium Molybdenuin Technetium Ruthenium Rhodium Palladium 
85-45 87-63 88-92 91-22 92-91 95-95 99 101-7 102-91 106-7 
47 Ag 48 Cd 49 In 50 Sn 51 Sb 52 Te 531 54 Xe 
Silver Cadmium Indiuin Tin Antimony Tellurium Todine Xenon 
107-880 112-41 114-76 118-70 121-76 127-61 126-92 131-3 
55 Cs 56 Ba 57 La* 72 Hf 73 Ta 74 W 75 Re 76 Os 77 Ir 78 Pt 
Caesium Barium Lanthanum Hafnium Tantalum Tungsten Rhenium Osmium Iridium Platinum 
132-91 137-36 138-92 178-6 180-88 183-92 186-31 190-2 193-1 195-23 
79 Au 80 Hg 831 T1 82 Pb $3 Bi 84 Po 85 At 86 Rn 
Gold Mercury Thallium Lead Bismuth Polonium Astatine Radon 
197-2 200-61 204-39 207-21 209-00 210 211 222 
$7 Fr 88 Ra 89 Ac** 
Francium Radium Actinium 
223 226-05 227 
*58 71 58 Ce 59 Pr 60 Nd 61 Pm , 62 Sm 63 En 64 Gd §5 Tb 66 Dy 67 Ho 68 Er 69 Tm 70 Yb 71 Lu 
Lanthanide | Cerium Praseodymium Neodymium Promethium. Samarium Europium (Gadolinium Terbium = Dysprosium Holmium Erbium Thulium  Ytterbium Lutecium 
series 140-13 140-92 144-27 J47 150-43 152-0 156-9 159-2 162-46 164-94 167-2 169-4 73-04 174-99 
**O) — 10] 90 Th 91 Pa 92 U 93 Np 94 Pu 95 Am 96 Cm 97 Bk 98 CE 99 E 100 Fm = 101 Mv 
Actinide Thorium Protaetinium Uranium Neptunium Plutonium Americium Curium Berkelium Californium Fin- Fermium Mende- 
series 232-12 231 238-07 237 239 241 242 243 244 steinium leevium 


iF 2) 


10 


11 


Is 


19 
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ionisation of 610f. 
opacity of 580f. 

Interstellar matter (IX) 573 ff, 
absorption by 5801. 
and novae 471 f. 
reddening by 5774, 

Invariance, principle of 55517. 

Tonisation 34 
in chromosphere 351 ff. 
by collision 96 ff 
in corona 387 ff. 
degree of 38 
of interstellar gas 6108. 
in planetary nebulae 425 ff. 
potential 35 
in prominences 326 ff. 
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Tonisation (cont.) 
in stellar interiors 532. 
theory of 235, 237 
Iterational method 127 


Jets 
in chromosphere 360f. 
in prominences 309 


Kirehhoff’s Law 13 
in stellar photospheres 105f. 
Knots, in prominences 309 


Limb-darkening, law of 251f. 
application 85f. 
in radio wavelengths 397 
Line broadening 
by collision damping 129ff., 141 ff., 
168 
by Doppler effect 134 ff.. 179 ff., 606 
by pressure effects 139ff., 178f., 
205f. 
by radiation damping 128{f., 606 
by self-pressure 142. 146 
by Stark cffeect 142 ff. 
statistical 140ff., 143 ff. 
Line contours 
centre-limb variation of 198 ff. 
construction of 171 ff. 
distortion by neighbouring lines 192 
elementary theory of 147ff. 
in emission 482 ff. 
interpretation of (13) 170 ff. 
theoretical and observed 151 f. 
Line intensities 
in emission, 386 401 ff., 489.7. 
laboratory 16] 
solar 161 
temperature variation of 237 ff. 
theoretical 161 
Loenl thermodynamic equilibrium 13 
Long-period variables 513f. 
Luminosity 
absolute bolometric 24 
classes 248 
Lyinan continuum 58 
quanta (L, quanta) 407 


Magnetic field 191, 266 ff. 
interstellar 601 f. 
pressure of 283 
propagation of 287 ff. 
on Sun 266 ff. 
in sunspots 298 ff. 
Magnetohydrodynaimic waves 285 


Main-sequence stars 253 
internal structure of 541 ff. 
mass-luminosity law for 254 f. 
Mass-luminosity law 247, 254, 523 
Maxwellian velocity distribution 89 
Mean life 131 
‘“‘Metallic-line” stars 232 f. 
Metastable states 414 
accumulation of atoms in 416ff. 
Molecular scattering 569 


Natural frequeney 129 
Natural line width 129 
Nebulium 402 
Negative absorption 45 
Negative hydrogen ion 54 
absorption by 54, 57, 73 
absorption coefficient of 54f. 
Negative ion 35 
Non-coherence of scattering 133f., 
186, 202, 204 ff. 
Non-hydrogen-like atoms, absorption 
coefficient of 52M. 
Novae (V) 448 ff. 
ejection of envelopes by 451 ff. 
in evolution (27) 466ff., 
energy of 473 ff. 
envelopes of 451 ff., 466 ff. 
dynamics of 469 ff. 
energy of 473 ff. 
masses of 466 ff. 
luminosity variation of 448, 455 1f. 
nebular stage of 449, 452, 457 ff. 
parallaxes of 453 ff. 
recurring 450 
spectra of 448 f7., 457 ff. 
Nova-like variables 451 
Nuclear reactions in stellar interiors 
534 fF. 


Optical depth 8 
Optical method 85 
Optical thickness 3 
Oscillator strength 130 


Partition function 37 
P Cygni type stars 478 ff. 
envclopes of 480 ff. 
outflow of matter from 480 ff. 
spectra of 479 
See also Emission lines 
Phase funetion 552 
Photo-ionisation 91 ff. 
Photosphere 1 
absorption of radiation in 56 ff. 
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Photosphere (cont.) 
radiative equilibrium of (I) 1 ff. 
structure of (7) 76ff., (17) 257 ff. 
for classes AQ to B2 76ff. 
for Sun 72f., 85f., (17) 257 1F. 
tabulated 259 
of Sun, convection in 261 ff. 
theory of (I) 1 ff. 
problems in 2 
thickness of 2 
velocity distribution in 89 ff. 
Planck’s Law 13 
Planetary atmospheres 
albedo of 565 ff. 
radiative transfer in (33) 550 ff. 
scattering in (VITI) 550 ff. 
Planetary nebulae (1V) 400 ff. 
chemical composition of 33, 432 1f. 
ionisation in 425 ff. 
Lyman continuum radiation field in 
434 ff. 
Lyman «@ radiation field in 438 ff. 
masses of 429 ff. 
nuclei of 401 
tempcraturcs of 
from hydrogen lines 406 ff. 
from nebulium lines 411 ff. 
origin of 446f. 
physical state of matter in (24) 
413 ff. 
origin of radiation of 402 ff. 
radiation pressure in 443 ff. 
radiative equilibrium in (25) 434 ff. 
spectra of 401 f. 
determination of temperature of 
419 ff. 
Plasma 89, 267 ff. 
Polarisation of radiation 512, 564, 601, 
615 
Polytropic gas sphercs 529 
Pressure cffccts in line broadening 
139ff., L78f., 205f. 
Principle of detailed balancing 48, 426 
Prominences (20) 308 ff. 
active 309 
ehcmical composition of 332f. 
classifieation of 308 ff. 
eoronal 311f. 
eoronal cloud 312 
coronal sunspot 310 ff. 
electrodynamics of 33817. 
electron pressure in 326f. 
cruptive 309f. 
excitation in 321f. 
forces in 324 ff. 
interacting 309 
interpretation of 333 
ionisation in 326 ff. 
kinetic temperature of 323, 330ff. 
metallic 317 
41* 


Prominences (cont.) 
motions in 313 ff. 
quiescent 309 
self-absorption in 317 ff. 
spectra of 316 ff. 
sunspot 310f. 
surge 311, 338 
tornado-type 311 


Radiation 
(true) absorption of 39 ff. 
damping 128 ff., 136 ff., 606 
flux of 5 
(specific) intensity of 4 
pressure 77f. 
in novae 471 
in planetary nebulae 443 ff. 
in prominences 335 ff. 
theory of, basic concepts (2) 31 
Radiative equilibrium 
condition of 12 
in faculac, absence of 302 
in stellar interiors 542 
in novae, establishment of 462 ff. 
in photospheres, theory of (I) 1 ff. 
in planetary atmospheres 553 
in planetary nebulae (25) 434 ff. 
in stars of classes AO to B2 60ff. 
in stars of solar type 70 ff. 
in stars of other classes 73 ff. 
in sunspots 290 ff. 
theory of 10 
for absorption coefficient indc- 
pendent of frequency (4) 2Iff. 
for absorption coefficient depend- 
ing on frequency (6) 56ff. 
for extendcd photospheres 75 
Radiative transfer 
in planetary atmospheres (33) 550 ff. 
in stellar photosphercs 3 ff. 
Radio emission of Galaxy 602, 605, 
614f. 
Radio emission of Sun 396 ff. 
bursts 398 
quiescent 396 
sporadic 396 
thermal 396 
Recombination 34 
Reflecting nebulae 587f. 
Relaxation time 464 
Residual intensity 107 
central 108 
in absorption lines 208 ff. 
Reversing layer 1, 86, 109f., 112, 169 
Rosscland’s Theorem 404 
Rotation 
angular vclocitics of 197 
effect on linc contours 19341. 


= 
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Saha's ionisation formula 37 
in stellar photospheres 91 fT. 
Scattering 
coefficient 552 
coherent 11] 
by free electrons 55f., 73f.. SILL. 
533, 580 FF. 
indicatrix of 552 
in planetary atmospheres (VIII) 
550 ff. 
Sehwarzsehild’s approximation 19n. 
Selective absorption 40, 109, 126 
coefficients of 118, (11) 127 ff. 
Sclf-ahsorption 
in chromosphere 346 fF. 
in prominences 317 ff. 
Self-pressure broadening 142. 146 
Shock waves, in novae 474 
Spectral sequence, interpretation of 
(16) 235 ff. 
Stark effect 
intermolecular 143, 145 
linear 144f. 
quadratic 142, 144 ff. 
Stars 
eontinuous spectrum of (I) 1 ff. 
internal structure of (VIT) 520 ff. 
line spectrum of (II) 107 Ff. 
photospheres (1) 1 ff. 
physical conditions in (31) 526 ff. 
See also Be type, Emission lines. 
Novae, P Cygni, Sun, Wolf- 
Rayet 
Statistical broadening 140ff., 143 ff. 
Stellar interiors 
sources of energy in 5934 ff. 
temperatures and densities in 526 ff. 
tabulated 543 
Stimulated emission 45, 78 
allowance for 45 ff. 
Subdwarfs 253 
chemical composition of 235 
mass-luminosity law for 255 
Sun (ID) 25047. 
atmosphere of (IIT) 256(F. 
conductivity of 268 ff. 
eleetrodynamics of (18) 265 ff, 
338 ff. 
chemical composition of 33, 230 
colour temperature of 30 
curve of growth for 164 
(mean) damping constant for 168 
electric fields in 277 ff. 
electron pressure 221 
excitation temperature of 167 
granulation 260 ff. 
plotosphere of, convection in 261 ff. 
structure of 72f., 85f., (17) 257 ff. 
tabulated 259 
radio emission from 396ff. 
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Sun (cont.) 

deviation from thermodynamic 

equilibrium in 213 ff, 264 

equatorial velocity 197 

turbulent velocity 164, 260f. 

See aiso Chromosphere, Corona. 

Faculae, Prominences, Sunspots 

Sunspots 290ff. 

adiabatic theory of 298 

eurve of growth for 293 

effective temperature of 291, 293 

electron pressure in 295 

excitation temperature of 204f. 

invisible 298 

magnetic field in 298 ff. 

radiative equilibrium in 290 ff. 

spectrum of 292 

temperature distribution in 290 ff. 

cause of lower temperature in 298 ff. 
Supernovae 451, 468, 476f. 


Temperature 
brightness 86 
colour 30 
effeetive 23 
seale of 248 ff. 
excitation 159 
determination of 162f., 166ff., 
294 f. 
kinetic 88 
of radiation 86, 209 
radio 396 
Theory of ionisation 235, 237 
Thermal motions 134 ff. 
Thermodynainiec equilibrium 
local 13 
deviations from, in stars with enve- 
lopes 400 
in Sun 213 ff. 
formulae valid for 36 
in stellar photopheres (8) 86 ff. 
Total absorption in line 108 
Total absorption coefficient 56 
Transition probabilities 45 
Transpareney 598 
Trapezium-type systems 518 
True absorption of radiation 39 ff. 
continuous 40 
sclective 40 
in planetary atmospheres 552 
T Tauri type variables 515f. 
Turbulence 134, 164ff., 180 ff. 
in Sun 164, 260f. 
21-em line 573 


Uncertainty principle 132 
Unipolar induction 338 
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Velocity distribution in photosphere Wolf-Rayet stars (cont.) 

89ff. earbon and nitrogen sequences 32, 
Venus, seattcring in atmosphere of 479 

567 fT. colour temperature of 503f. 
Virial theorem 525 continuous speetrum of 511 ff. 
Vogt-Russell theorem 524 envelopes of 480ff., 504 


helium content of 495f. 
outflow of matter from 480 ff. 


White-blue sequence 253, 475f. polarisation of radiation from 512 
White dwarfs 184, 253, 476 spectra of 478f. 

equilibrium of 546 ff. temperatures of 497f. 

structure of 544 ff. Sce also Emission lines 


Wings of line 108 
Wolf-Rayet stars 401, 478 ff. 
Balmer decrement in 494 Zone of avoidance 573 


